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Abstract
The newly developed Oscillating Polar Anti Fuzzy Graph framework is established in this paper. We
define fundamental operations including anti-union, anti-composition, anti-join and anti-cartesian
Product. Furthermore, we have proved some theorems that validate these operations.
1. Introduction

Kauffmann [2] established fuzzy graphs using fuzzy relations on fuzzy sets in 1973, laying the
groundwork for graph theory. This theory was subsequently extended by Rosenfeld [3] in 1975. Later,
John N. Mordeson, Chang-shyh Peng [10] introduced operations on fuzzy graphs in 1994.The
progression of fuzzy graph theory was significant with several contributions. R. Seethalakshmi R and
Gnanajothi R.B. [4] presented the new idea of anti-fuzzy graphs in 2016. which makes a significant
advancement in the study of fuzzy structures. Building upon this work, R. Muthuraj & A. Sasirekha [6]
introduced the conception of characterisation on operations of anti-fuzzy graph.

Zhang [6] introduced the concept of bipolar fuzzy sets in 1994. Later, it was extended to bipolar
fuzzy graphs by Muhammed Akram [9]. In 2019, S. Meena Devi, S. Selvi.[7] introduced operational
frameworks on bipolar anti fuzzy graphs. As a further development of bipolar fuzzy sets, Chen et al.
[11] proposed the concept of m-polar fuzzy sets. Building on this theoretical foundation, Ghorai and
Pal [13] explored few operations and density measures in m-polar fuzzy graphs. Their subsequent work
[12] is on few m-polar fuzzy graph traits.

Most recently, in 2023, A. Anthoni Amali and J. Jesintha Rosline [8] suggested the idea of
Oscillating polar Fuzzy Graphs in addition to their real-life applications. Building on this foundation,
the present work introduces the principle of Oscillating Polar Anti Fuzzy Graph inspite of fundamental
operations involving anti-union, anti-composition, anti-join and anti-cartesian product. Additionally, we
established few theorems to provide the structural and operational properties of these graphs.

2. Preliminaries
Definition: 2.1 [3]

A fuzzy graph G = (V, 0, 1) consists of a non-empty vertex set V, along with two functions
0:V - [0,1] and w: E - [0,1] such that V x,y € V, u(x,y) < a(x) A a(y).

Definition: 2.2 [5]

A fuzzy graph G = (o, ) is called an anti-fuzzy graph if it is characterized by a pair of functions
0:V - [0,1] and w: E - [0,1] such that V x,y € V, u(x,y) = a(x)Va(y).It is symbolised as G4(a,
).

Definition: 2.3 [9]

A pair G = (A, B) is defined as a bipolar fuzzy graph with an underlying V, where A =
(ugl, ugN ) is a bipolar fuzzy setin V and B = (ug", ug" ) is a bipolar fuzzy set in E €V x V such
that, us"({x,y}) < min(uaP(x), pa?(y)) and ps¥({x,y}) = max(ua¥(x), ua(y)), Vi{x,y} € E
We call A the bipolar fuzzy vertex set of V, B the bipolar fuzzy edge set of E, respectively. Note that B
is a symmetric bipolar fuzzy relation on A. We use the notation xy for an element of E. Thus G = (4, B)
is a bipolar graph of G* = (V, E) if

us”(xy) < min(us"(x), ua () and
ug" (xy) = max(us" (%), ua"(¥)) Vxy€eE
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Definition:2.4 [7]

If a bipolar fuzzy graph has an underlying set V, it has been identified as a bipolar anti fuzzy
graph. V is defined to be a pair G = (4, B) where A = (us” , us™)is a bipolar fuzzy setin V and B =
(usP , ugM) is a bipolar fuzzy set in E € V X V such that ug?({x, y}) = max(uaP(x), us*(y)) and
.uBN({x' y}) =< min(,uAN(x), .uAN(y))’ V{x, y} €E
Definition:2.5 [8]

An Oscillating Polar Fuzzy Graph Gop: (V, agp, top) is defined to be a pair of functions with
vertex membership opp = (aop", o0p"), oop: v = [—1, 0], [0, 1]and with edge membership is denoted
with notation pop = (uep", tor®), op: v X v - [—1, 0], [0,1] for all values of a, b € V, which lies
between two equal opposite extremes of [-1, 1] Such that Gyp: (V, 09p, iop) is an OPFG with underlying
crisp graph, Gop™: (V, 0op”, Uop™)

i. ) uop"(a, b) = max(uop" (@), uop™ (b))

top”'(a, b) < min(uop’(a), pop” (b)) Vab €V
With an equal opposite extreme of the ranges [—1, 1].

3. Oscillating Polar Anti Fuzzy Graph
An Oscillating Polar Anti Fuzzy Graph Gopa: (V, 0opa, Hopa) 1S characterized by two functions

with vertex membership, gops = (opa’, 0opa"), Where, oppa: v = [—1,0], [0, 1]and with edge
membership, popa = (Hopa®s topa™), topa: v X v = [—1,0],[0, 1] for all values of a, b € V, the
membership values of ogps(a) and pppa(a, b) lie within the oscillating range of two equal and opposite
extremes in the interval [—1, 1] such that,

topa”'(a, b) = max(aopa’(a), oopa’ (b))

,UOPAN(Cl, b) < min(aopAN(a), O'OPAN(b)), VabevV
Example v1(0.3,-0.3)

(0.6,—0.6) (0.6,—0.6)

(0.6,—0.6)v, (0.7,-0.7) v3(0.5,—0.5)

Oscillating Polar Anti Fuzzy Graph

Complete Oscillating Polar Anti Fuzzy Graph
If an OPAFG meets the following requirements, it is considered complete.

topa”'(a, b) = max (aop4”(a), oopa” (b))

Hopa"(a,b) = min (o0pa" (@), 00pa" (b)) ~ Va,b €V
1v1(0.6,—0.6)

(0.6,—0.6) (0.9,—0.9)

(0.4,—0.4)v, (0.9,—0.9) v3(0.9,—0.9)

Complete Oscillating polar Anti Fuzzy Graph
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Anti-union of two OPAFG

P N P N
Let OorA1 = (O-OPAl > 00PA1 ) ancLoOPAZ = (O-OPA 2 > 00PA? )be[e}n OPAF subsets and the
edge set is represented as fopa; = (Hopay »Mora 1 )and popa, = (Hopa 5 > Hora, )- Then the anti-
union of two Oscillating Polar anti Fuzzy Graphs Gopay & Gopa,is denoted by Gopay U Gopy, and it
is defined as follows:

P P P
i) (oora; Uoopaz )(X) = 0opa; (%) , ifx € 0y — 0y,
(UOPA1PU Topaz )X =0, () ifx€o, ,— %y
(Gopay ;,UGOPA z?l(x) = min(o geA (), 00,,,700), ifx€0  No,
ii) (oopay Noopay )(x) =o00ppa; (x) , ifx € 0y — 0y
(UOPAan % opa ZN)(x) =9 opa ) ifx€ 0,27 9%,
(UOPAlll\,In T o 2g)(x) = max (o ops N, 0,,,,"x0), ifx€s No ”
iiiy  (opar Ukoraz )(Y) = tora1 (%Y) if (x,y) € vy — Hip
(Hopa; Y Fopaz D 0 Y) = HERY) ifxy)euso
(opay Y Fopa M@y =min@upgry), w Gy ity €n  fu
iv) (toray U topaz )(xY) = topar (x,Y) , if (x,y) € Uy1 — Uy
(Hopay YUl opa 20 Y) = 1 BxY) if(x,y) €p—0 v
(Hopa, UMM Y) =max(u  Nxy),u S y)if(oy)enw  Qju
Example: v1(0.4, —0.4) v1(0.2, —0.2)
(0.6, —0.6) (0.5,-0.5) (0.7,-0.7) (0.6, —0.6)
(0.6,-0.6)v, 0.7,-0.7)  v5(0.2,-02) (0.7,—0.7)v,  (0.8,-08)  v5(0.5,—0.5)
Gopa, Gopa,
The Union of these two is v1(0.2, -0.2)
(0.6, —0.6) (0.5,—0.5)
(0.6, -0.6)v; (0.7,-0.7) v3(0.2,—0.2)
Gopa, Y Gopa,
Theorem:

If Gopa, and Gopy, are Oscillating Polar Anti Fuzzy Graphs then Gppa, U Gopa, is also an OPAFG.

Proof:

Let (x' y) € .uvl n l’tvz
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Then, (topa,” U tora,”) (%, ¥) = min (uopa,”(x, ), ttopa ,* (%, ¥))
> min (max (gopa, " (%), 0opa, " (¥)) , max (5opa ,” (x), 60pa ; ¥)))
=max ((gora U oora,?)(x), (0ora,” Uaora,)(y))
(hopa,™ 0 popa,™)(x, ) = max (uopa,"(x, ¥), opa," (%, ¥))
< max (min (dpa, " (%), Gopa, " (), min (gopa N (x), 50pa N ¥)))
=min ((gora, ¥ U gora,¥)(x), (Gora, N Uoora,V)(y))
Similarly, we can prove, if (x,y) € py,_p,, then,
(topa,P U pora ) (x,¥) = max ((gora * U oora, ) (x), (Gora P U gora, ) (¥) )
(tora N 0 popa M) (x,¥) < min ((6ora,N N aora,N)(x), (Gora,N Noora,N)(y))
If (x,y) € py,—Hy,, then we get,
(topa P U pora P)(x,y) = max ((Gora,” U oora,P)(x), (Gora,” Uaora ,P)(y))
pora N 0 pora M) (x,¥) < min ((oopa,N N oopa,N)(x), (Gora,N N aora,N)(Y))

Hence the proof
Anti-Composition of two OPAFG

P N P N
Let 0ppa; = (0opay » Ooraq ) and 0ppa, = (Oopay > Oopap ) be an, OPAF s%bsets and the edge set

is represented as popa; = (Uopa; »Hora, Jand popap = (Hopap » Hopap )- Subsequently, two
Oscillating Polar Anti Fuzzy Graphs Gopa; & Gopa, possess the anti-composition shown by

GOPAl[GOPAZ] = {O'opA1 0 OorA, , HorP4, 0 Hora, } and it is defined as follows:

i) (O'OPAlp O oora 2P) (x1,x2) =max(oopa 1P(xl), Oora ZP(xz) ), V(x1,x2) €V
(O'OPAlN Ooora ZN) (x1,x2) =min(oopa N(X1) Oora ZN(XZ)) V(x1,x2) €V
i) (ﬂOPAl‘DOﬂOPA ;)((X x2)(x,y2)) = max(UOPA P(X) Hopa P(Xz, y2)), X € oy ; (x2,y2) € Mo
(,UOPA];V O pora IZV)((x x2)(x,¥2)) = min(oopa N(X) Uopa N(xz. y2)),x € ov .(XZ. y2) € o
i) (uora ~ O tora P)((xL z)(y1,2)) = max(uopa (xl» Y1), 00pa P(Z) ),VzE€oa, ,(xb }’1) S
(.uOPAle O pora 2”)((x1, z)(y1,2)) = mm(HOPA (x1, Y1), 00pa N(Z)) VzEay é(xb y1) € /Jv .
iv) (Hopa 1P O Lora ZP)((XL x2)(y1,y2)) = TTlClX(, O'OPAZP(XZ), , 00PA P(}IZ), Hopa P(X1, Y1) ),

V(x1, xz)(y y2) € .MO —u
(Hopa N O topa MY ((x1,x2) (¥1,¥2)) = min(, gopa N(x2),,0opa N(ng pora N(x1,y1) ),

1 2 2 2 1
V(x1,x2) (Y1, ¥2) € p° —
Example:
® .007,-0.7) T v3(0.3, —0.3)
(0.8, -0.8) (0.6, -0.6)
,(0.4, —0.4) l 4(0.6,—0.6)
Gopa, Gopa,
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(0.7, -0.7)

(v1,v3) (v1,v4)
(0.7,—0.7) = 08,08 (0.7,-0.7)
(0.8, -0.8) (0.8,-0.8) (0.8,-0.8)

[

('Uz, 173) (172’ 174_)

(0.4,-0.4) (0.6,-0.6) (0.6,—0.6)
GOPA1 [GOPAz]

Theorem:

If Gora, & Gora, are two Oscillating Polar Anti Fuzzy Graphs, then their composition Gopa,[Gora,]
results in a Oscillating Polar Anti Fuzzy Graph.
Proof:

Let x € 0y, and (x,y,) € py, Then, we have,

(tora, "0 pora,”) ((x, x2), (x, y2) ) = max (gora,” (), Hora,” (x2, y2))
> max (oopa,” (x), max (oopa,” (x2), 0opa,” (¥2)))
= max (max (gopa,” (%), 0opa,” (x2)) , max (oopa,’ (), 50pa,’ (v2)))
= max ((0ora, "0 0ora,”)(x, x2), (00ra, 7O c0ra,7) (%, ¥2) )

M ((x, x2), (x, y2) ) = min (gopa, " (x), pora," (x2, y2))

(MopAlNO Uora,
< min (oopa, ¥ (x), min (oopa,” (x2), g0pa," v2)))
= min (min (oopa, " (x), 00pa," (x2)) , min (oopa, " (x), o0pa," (¥2)))

= min ((UOPAlNO Oopa, My (x, x2), (GOPAlNO GOPAZN) (x,v¥2))
Let z € 0, and (x4, y1) € fy,, then the proof is obvious as above.

Let (xll xZ)i (‘xll YZ) S 'u() — MU
So, (x1,y1) € ty, , X2 # Y2, We get,

(HOPAlpo ,UOPAZP)((xl, x2), (y1,y2) ) = max (GOPAZP(XZ), UOPAZP(YZ), ,UOPAlp(xl; 1))
> max (oopa,” (x2), 0opa,” v2), max (oopa,” (x1), 0opa,’ (¥1)))

= max (max (GOPAlp(xl): UOPAZP(xZ)) , max (UOPAlp(yl)r UOPAZP(yZ)))

max ((oopa,’O oora,”)(x1,x2), (00ora,” O cora,”) (Y1, ¥2))

(1ora, NO popa,™)((x1, x2), (v1, ¥2) ) = min (Gora," (x2), cora,™ (¥2), tora, ™ (x1, y1))
< min (oopa, ™ (x2), 5opa,” (¥2), min (oopa, " (x1), 5opa, " (¥1)))
= min (min (oopa,” (x1), Gopa,” (x2)) , min (copa, " V1), 6opa," (¥2)))
= min ((oora, "0 oora,V)(x1,x2), (gora," O gora,™)(¥1,¥2))

Hence the Proof
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Anti-cartesian product of two OPAFG

Let aopa, = (0opa,” s 00pa,") and dopa, = (Gopa,” ,0opa,") be an Oscillating Polar Anti fuzzy
subsets and the edge set is represented as puopy = (topg © , ttopg ™) and pops, = (topa,” s tora, ™)
The anti cartesian product of two OPAFG Gppg, and Gopg,is indicated by Gppa, X Gopg,and it is

defined as follows:
. - )X, X ) = max(o X )0 X ))
) (Oopa; X Oopa, 1 2 OPAT 1 OPAy 2
"X s xS, X)) = o "X J,0 X)), VW L,X eV
(Oopay  oray | 1 2 oPAy 1 OPA; 2 1 2
ii) (ora, X pora, )((x,x2), (x,y2)) = max(oora, (x1),Hora, (X2,Y2))
XU )X )XY ) =mun (o "X Hu XLy )
(Mopa, OPA; 2 2 OPA1 1 OPAy 2 2
Vx€ Ovy» (xZ'yZ) € Uy,

iii) (Hopa, " x Uopa, r)((xh z), ¥1,z)) = max(Uora, r(xl, Y1), Gora, F(Z))
(opay" X Hopa," V(X 2), (0, 2)) = min (N § ), Gppy,"(2)),

VZ € 01]29 (xllyl) € “171

Example
1(0.6, —0.6) v3(0.4, —0.4)
(0.8, —0.8) (0.9,-0.9)
,(0.7, —0.7) v4(0.9, —0.9)
Gopa, Gopa,
(0.9,-0.9)
(v1,v3) ® o (vi,vy)
(0.6,—0.6) (0.9, —0.9)
(0.8,—0.8) (0.9,—0.9)
® o
(v2,v3) (0.9,-0.9) (v2,v4)
0.7,—0.7) (0.9,-0.9)
Gopa, X Gopa,
Theorem

If Gopa,and Gopy, are Oscillating Polar Anti Fuzzy Graphs, then Gopa, X Gopa,is an Oscillating
Polar Anti Fuzzy Graph.
Proof:

Let’s x € o, and (x3,y2) € py,then, we have,

(tora,” X pora,”)((x, x2), (x,¥2) ) = max (gora, " (%), pora,” (x2,y2))
> max (ggpa,” (x), max (gopa,” (x2), 50pa,’ (v2)))
= max (max (gopa,’ (%), 0opa,” (x2)) , max (oopa,’(x), 5opa,” (v2)))

= max ((O'OPAlp X O'OPAZP)(X, X2), (O'OPAlp X JOPAZP)(X, y2))
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(nopa N X pora M) ((x, x2), (x, y2) ) = min (gopa, V(x), pora,N (X2, y2))
<min (oopa,” (X), min (6opa," (x2), 0opa,” V2)))
=min (min (aopa,™ (%), 6opa,” (x2)), min (6opa,N (%), 00pa," (¥2)))

= min ((oora, ¥ X dopra,V)(x, x2), (Gora N X dora,")(x,¥2))

Let z € 0, and (x1,1) € Uy,, then we have,
(tora P X pora PY((x1,2), (¥1,2) ) = max (uora F(x1,y1), 00ra F(2))
> max (max (dopa,” (x1),00pa," 1)), 00pa,’ (2)
=max (max (oopa,’ (x1), 00pa,” (2)), max (copa 1), 00pa, (2)))
=max ((O'OPAlp X UOPAZP) (x1,2), (O'OPAlp X Oopra ZP) 1,2))
(tora,N X pora,N)((x1,2), (y1,2) ) = min (uors N(x1,y1),00r4 V(2))
<min (min (gopa,” (1), 00pa” 1)), 0opa," (2))
= min (min (UOPAlN(xl)r UOPAZN(Z)) ,min (Gopa 1N(}’1). OopPA ZN(Z)))

=min ((oora N X dora,V)(x1,2), (Gora,N X 0ora,N)(y1,2) )
Hence the proof
Anti-Join of two OPAFG
Let oppa, = (aopAlp ,aopAlN) and oops, = (0opa ZP ,O'OPAZN) be an Oscillating Polar Anti fuzzy
subsets and the edge set is represented as uopg = (Hop4 P » Hop4 Ny and tors = (Hopa, P , Hopa, My,
Then the anti-join of two OPAFG Gopy, and Gopy, is denoted by Gopa, + Gopa,and it carries the
following deﬁnitior}):

i P P P )

i) (oopa; + opay )(x) = (0ppay VU opopay )(x)ifx € 0y, Uy,

B (O_OPAPN + UOP,LP\,ZN) () = (JOP@N n Joq,A ZN) (x)ifx € O U,O-vz

ii) (.UOPA1 + .UOPAZ )(x,¥) = (Uora . U tiopa )%, ¥) = Uopa 1P(x, yifx,y € u, 1” Wy ,
(.UOPA1 ¥t .MOPAZ N, y) = (MOPAlN n MOPAZN)(x: y) = MOPAIN(x: yifx,y € /vlv1 n /lv2

111) (.UOPAlp + ,U.OPAZP)(JC, _’y) = min(aop,q 1P(x) » O0PA zp(y))

(.UOPAlN + Hopay") (x, y) = maX(aOPAlN(x) »Oopaz" )

If (x,y) € E', where E' is the set of all edges joining the nodes of ViandV,.
Theorem

If Gopa,and Gopy, are the oscillating anti polar fuzzy graphs, then Gopa, + Gopa,is an oscillating
polar anti fuzzy graph
Proof:
(,UOPAlp + MOPAZP)(X, y) = min(JOPAlp(X). UOPAZP(y))
> min ((oora,” U 0ora,”)(x), (Gora,” U g0ra,”) ())
= min ((oora,” + oora,”)(x), (Gora,” + 0ra,”)(¥))
(,UOPAlN + .UOPAZN) (o, y) = max(aopAlN(x), GOPAZN(Y))

< max ((O'OPAlN N O'OPAZN)(X), (O'OPAlN N O'OPAZN)(y) )

= max ((gora," + oora,™) (), (Gora,N + c0ra,™)(¥))

If xy € uy, U Uy, Then the result is obvious.
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Conclusion

In this research, we have effectively presented and advanced the idea of an Oscillating Polar Anti Fuzzy
Graph. We have established some fundamental operations namely anti-union, anti-join, anti-

composition and anti-cartesian product. Each operation has been rigorously proved and validated by
theorems.
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