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Revised- 03 -06- 2025 properties of these equations, analytical solutions are often unattainable, making
advanced numerical methods essential. This study presents a comprehensive
comparison of finite difference schemes for one-dimensional TSFPDEs involving
Caputo time-fractional and Riesz space-fractional derivatives. The Caputo
derivative is discretized using the L1 finite difference method, while the Riesz
derivative is approximated via a shifted Grunwald-Letnikov scheme. Explicit,
implicit, and semi-implicit formulations are developed and systematically
analyzed. Stability is assessed using discrete energy techniques, and rigorous error
analysis establishes convergence. Theoretical analysis confirms first-order
accuracy in time and second-order accuracy in space, which is further validated
through numerical experiments on benchmark problems. Results indicate that
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implicit and semi-implicit methods exhibit superior stability and accuracy
compared to explicit schemes, especially in long-term simulations. These findings
offer valuable guidance for selecting effective finite difference approaches to solve
time-space fractional diffusion problems.
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INTRODUCTION

Partial differential equations (PDEs) have long served as the mathematical backbone for
modeling the behavior of complex systems in science and engineering. From the laws of heat
conduction and diffusion to the propagation of waves and the distribution of stress in
materials, classical PDEs are indispensable in our understanding of both natural and
engineered phenomena. Traditionally, these equations are formulated with integer-order
derivatives, reflecting the assumption that the underlying processes are local and possess
either no memory or only short-term memory effects. However, as experimental and
observational data from various disciplines have become increasingly sophisticated, it is clear
that this assumption often does not hold. Many real-world systems exhibit memory,
hereditary effects, spatial heterogeneity, and anomalous transport behaviors that defy accurate
modeling by classical, integer-order PDEs.
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In response to these limitations, fractional calculus has emerged as a powerful generalization
of classical calculus, extending the concepts of differentiation and integration to non-integer
(fractional) orders. The resulting fractional partial differential equations (FPDEs) have
proven to be more flexible and accurate in describing diverse phenomena with memory or
spatial nonlocality. In the past few decades, FPDEs have gained significant attention across
fields such as physics, engineering, biology, finance, hydrology, and image processing, where
traditional models are inadequate to capture the observed dynamics.

The physical basis for using fractional derivatives stems from the desire to model systems
where the current rate of change of a quantity depends not just on its present state, but on its
entire past history. For example, in viscoelastic materials, the stress-strain relationship is
inherently history-dependent—materials “remember” how they have been deformed over
time. In anomalous diffusion, observed in porous media or turbulent flows, the spread of
particles does not follow the classic Gaussian law of Brownian motion; instead, it exhibits
long-range jumps or heavy tails, which are naturally captured by models with fractional
spatial derivatives. In biological systems, processes such as subdiffusive transport within
cells and tissues exhibit memory and spatial heterogeneity that classical equations cannot
represent. In financial mathematics, empirical data reveal that asset price movements often
display “long memory” and nonlocal jumps, challenging the assumptions underlying classical
diffusion-type models. To address these needs, researchers have developed fractional PDEs
that incorporate derivatives of arbitrary order in time and/or space. Among these, the class of
time-space fractional partial differential equations (TSFPDESs) is particularly significant.
TSFPDEs generalize classical PDEs by incorporating both time-fractional and space-
fractional derivatives, allowing for the simultaneous modeling of systems with memory
(temporal nonlocality) and long-range spatial interactions (spatial nonlocality). The
mathematical richness and flexibility of TSFPDEs make them especially valuable for
accurately describing complex, real-world phenomena.

Time-space fractional partial differential equations (TSFPDEs) are particularly valuable in
modeling phenomena such as anomalous diffusion, viscoelastic materials, groundwater flow,
image processing, and financial systems. However, the inherent nonlocality of fractional
operators introduces significant analytical and computational challenges. As a result,
effective numerical methods have become essential for solving TSFPDEs. Among these,
finite difference methods (FDMs) stand out due to their conceptual clarity, straightforward
implementation, and scalability for large problems. The reliability and accuracy of FDM-
based solutions largely depend on the stability and convergence properties of the chosen
numerical schemes. However, extending FDMs from integer-order to fractional-order
equations is not straightforward. Conventional finite difference stencils for integer-order
derivatives do not account for the nonlocality of fractional operators. To address this, various
specialized schemes have been developed. The L1 scheme is among the most widely used for
discretizing the Caputo time-fractional derivative. It is valued for its simplicity, first-order
accuracy in time, and the fact that its coefficients are positive and monotonic, which aids in
stability analysis. For the Riesz spatial derivative, the shifted Grunwald-Letnikov
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approximation is often employed, providing a consistent and stable basis for constructing
spatial difference operators.

Despite their widespread use, these standard schemes are not without limitations. The L1
method, for example, is only first-order accurate in time and can require fine time
discretization for problems with sharp gradients or long simulation intervals. Similarly,
explicit schemes for both time and space can suffer from severe time-step restrictions due to
stability concerns—a well-known issue in the numerical solution of parabolic and hyperbolic
equations, further exacerbated by the nonlocality of fractional terms. Implicit and semi-
implicit schemes, while generally more stable and suitable for stiff problems, increase the
computational complexity and may require the solution of large, dense linear systems at each
time step. Another challenge lies in the computational cost and memory requirements
associated with fractional derivatives. Unlike local operators, the computation of a fractional
derivative at a single time or space point involves contributions from all previous points,
leading to an algorithmic complexity that grows with the length of the simulation or the size
of the domain. For long-term or high-resolution simulations, this can quickly become
prohibitive, necessitating the development of efficient algorithms, memory compression
techniques, or adaptive mesh strategies. Given these challenges, a central task in the field is
the comparative analysis of different numerical schemes for TSFPDEs. Researchers and
practitioners need reliable guidance on the trade-offs between accuracy, stability, and
computational efficiency when choosing numerical solvers for their specific applications.
While numerous studies have proposed new schemes or improved upon existing ones, there
remains a notable lack of comprehensive, head-to-head comparisons of explicit, implicit, and
semi-implicit finite difference approaches, particularly in the context of TSFPDEs with both
Caputo and Riesz derivatives.

In addition to technical and computational considerations, the application domains of
TSFPDEs are expanding rapidly. In engineering, TSFPDEs model the behavior of advanced
materials, anomalous heat transfer, and nonlocal elasticity. In physics, they describe
subdiffusive and superdiffusive processes, quantum transport, and turbulence. Biological
models use TSFPDEs to capture subcellular transport, population dynamics, and the spread of
epidemics, where memory and spatial effects are essential. In finance, fractional models are
increasingly important in capturing asset price dynamics that exhibit jumps, heavy tails, and
long-range correlations. Across all these domains, the ability to numerically solve TSFPDEs
accurately and efficiently is becoming crucial for both theoretical insights and practical
decision-making. This growing importance is reflected in a burgeoning literature on both the
analysis and application of fractional PDEs. Recent years have seen significant developments
in analytical techniques (such as separation of variables, Laplace and Fourier transform
methods, and decomposition techniques) as well as in advanced numerical methods
(including wavelet-based approaches, operational matrix methods, higher-order difference
schemes, and hybrid algorithms). However, as most real-world problems are too complex for
analytical solutions, the focus has increasingly shifted toward numerical experimentation and
benchmarking as the primary means of evaluating and refining new methods. Although
various finite difference approaches for TSFPDEs have been proposed, comprehensive
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comparative analyses of their stability and convergence are relatively scarce in the literature.
This gap motivates the present study, which systematically compares and evaluates
prominent finite difference schemes for TSFPDEs within a unified framework.

LITERATURE REVIEW

The field of fractional partial differential equations (FPDEs) has experienced rapid
development over the past two decades, driven by the growing recognition of their
applicability to real-world problems exhibiting memory effects, anomalous diffusion, and
spatial nonlocality. Both analytical and numerical methods have evolved significantly, each
addressing different aspects of the inherent complexity of FPDEs. This review surveys major
milestones, emerging trends, and ongoing challenges in the analytical and numerical
treatment of FPDEs, with a focus on time-space fractional models.

2.1 Analytical Advances

Early efforts in the study of FPDEs centered on extending classical analytical techniques to
accommodate fractional orders. Separation of variables, Laplace and Fourier transforms, and
Green’s function methods were among the first tools adapted. For instance, Aldarawi et al.
(2023) utilized separation of variables to solve certain classes of FPDEs, demonstrating that
the technique remains powerful when suitably modified for fractional contexts. Their work
highlighted the importance of initial and boundary conditions compatible with the nonlocal
character of fractional derivatives.

Alesemi et al. (2023) further advanced analytical solution methods by integrating
decomposition strategies (such as the Adomian Decomposition Method, ADM) with
transformation techniques. This hybrid approach increased the adaptability of analytical
schemes, allowing for the treatment of more complex boundary conditions and nonlinearities.
Similarly, Attar et al. (2022) validated the Akbari-Ganji method (AGM), originally developed
for classical PDEs, as a viable analytical tool for FPDEs. AGM’s ability to generate closed-
form or finite-series solutions for nonlinear and multi-term equations makes it attractive for
theoretical studies and benchmarking.

Akinlar and Kurulay (2013) introduced a vector-function approach to derive finite sum
solutions for certain classes of FPDEs. Their work underscored the diversity of possible
analytical representations, particularly in problems where explicit solutions aid in
understanding underlying physical phenomena or validating numerical results. However, as
the order of complexity increases—such as in multidimensional, nonlinear, or variable-
coefficient FPDEs—analytical methods often become unwieldy or impossible to apply,
reinforcing the need for robust numerical schemes.

2.2 Developments in Numerical Methods

The limitations of analytical techniques for general FPDEs have propelled significant
advances in numerical methods. Numerical analysis for FPDEs presents unique challenges
due to the nonlocality of fractional derivatives, which necessitate algorithms capable of
handling long memory and spatial coupling efficiently.
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2.3 Finite Difference Methods (FDMs)

FDMs remain the most widely employed approach for discretizing and solving FPDEs,
particularly for problems defined on regular grids. The L1 scheme for Caputo time-fractional
derivatives is perhaps the most commonly used due to its simplicity and proven stability
properties (Garrappa, 2018). Extensions to higher-order accuracy and adaptive time-stepping
have been explored, as in Choudhary et al. (2022), who proposed a second-order scheme for
time-fractional PDEs with time delays. Their work provided improved accuracy for problems
where classical first-order methods struggle, particularly over long simulation intervals.

Spatial discretization of fractional derivatives has benefited from the development of the
shifted Grunwald-Letnikov formula and the fractional central difference method, both
offering consistent and stable approximations of the Riesz or Caputo derivatives in space.
Researchers have also investigated variable step-size and adaptive mesh strategies to balance
computational cost and accuracy, particularly for problems with sharp gradients or boundary
layers.

2.4 Spectral and Wavelet-Based Methods

Spectral methods, which approximate solutions as sums of global basis functions (e.g.,
Chebyshev or Legendre polynomials), have shown promise in solving FPDEs, especially for
problems with smooth solutions and periodic domains. Bulut et al. (2015) and Arafa et al.
(2023) showcased Haar wavelet and Bernoulli wavelet operational matrix methods,
respectively, achieving high computational efficiency and accuracy. Wavelet-based schemes,
in particular, offer the advantage of multi-resolution analysis, making them suitable for
capturing localized phenomena and singularities.

2.5 Finite Element and Meshfree Methods

The finite element method (FEM) has been successfully adapted to FPDEs, providing
flexibility in handling complex geometries and boundary conditions. Variational formulations
for fractional operators and the development of suitable basis functions have enabled FEM
applications in multidimensional and irregular domains. Meshfree methods, such as radial
basis function (RBF) collocation, have also emerged as attractive alternatives, especially for
problems where mesh generation is challenging.

2.6 Operational Matrix and Transform Methods

Operational matrix techniques, as explored by Arafa et al. (2023), convert FPDEs into
systems of algebraic equations by leveraging the properties of special functions and wavelets.
This approach can significantly reduce computational complexity and memory requirements,
especially for linear and weakly nonlinear problems. Laplace and Fourier transform-based
numerical inversion techniques have also been used, particularly for problems with infinite or
semi-infinite domains.

2.7 Other Recent Approaches
Research has also explored hybrid methods, such as combining finite difference and spectral

schemes or integrating decomposition methods with numerical solvers for enhanced
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flexibility. Adaptive algorithms, parallel computing strategies, and fast convolution
algorithms for efficiently handling the history dependence of fractional derivatives are
increasingly important in modern FPDE solvers. Several comprehensive reviews have shaped
the field’s understanding of the strengths and limitations of various numerical methods.
Garrappa (2018) provided a detailed survey of numerical methods for fractional differential
equations, including practical guidance on implementation and error estimation. Harker
(2020) offered a broader perspective on applications and emerging trends in the numerical
analysis of FPDEs, highlighting the need for further research in stability, convergence, and
computational scalability.

2.8 Challenges and Open Problems

Despite these advancements, several persistent challenges remain. Balancing accuracy,
stability, and computational efficiency is a central concern. Many high-accuracy schemes
suffer from increased memory usage and computational time due to the nonlocality of
fractional operators. Explicit methods, while straightforward, often face severe time-step
restrictions for stability, particularly as the order of the fractional derivative decreases.
Implicit and semi-implicit methods, although more stable, require the solution of large linear
or nonlinear systems at each step, which can be computationally intensive for high-
dimensional or long-time simulations. Another challenge lies in the treatment of nonlinear
FPDEs and those with variable coefficients, which are common in real-world applications but
less studied than their linear counterparts. The development of robust, general-purpose
solvers for such equations remains an open area of research. Moreover, multidimensional and
stochastic FPDEs are at the frontier of current studies. While one-dimensional problems are
relatively well understood, extending existing methods to higher dimensions introduces
significant complexity, especially regarding memory management and efficient
implementation. Finally, most existing works have focused on theoretical benchmarks or
artificial test cases. There is a growing demand for studies that apply advanced numerical
methods to real-world data and practical applications, including biological transport,
groundwater contamination, viscoelastic material response, and financial modeling.

2.9 Research Gap and Motivation

While numerous numerical schemes have been proposed, systematic, comparative studies
evaluating their relative performance on benchmark problems—especially for the case of
time-space FPDEs—are limited. There remains a need for comprehensive assessments of
explicit, implicit, and semi-implicit finite difference approaches, particularly regarding
stability, convergence, and computational cost, across both linear and nonlinear problems.
This research seeks to fill this gap by providing a rigorous comparative analysis of
established and newly developed finite difference schemes for TSFPDEs. By benchmarking
the classical L1 scheme against higher-order and adaptive methods and evaluating their
performance on representative linear and nonlinear problems, this study aims to guide
researchers and practitioners in selecting the most effective numerical strategies for a variety
of applications.
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1. SCOPE OF THE STUDY

This study is focused on the comparative stability and convergence analysis of finite
difference schemes applied to time—space fractional partial differential equations (TSFPDEs).
Specifically, it encompasses the following aspects:

. The analysis targets one-dimensional TSFPDEs involving Caputo time-fractional and
Riesz space-fractional derivatives, which are commonly used to model systems with memory
and long-range spatial effects.

. The study examines explicit, implicit, and semi-implicit finite difference schemes,
with the Caputo derivative discretized using the L1 method and the Riesz derivative
approximated by the shifted Grunwald-Letnikov approach.

. The study provides a detailed comparison of the accuracy, efficiency, and robustness
of the different schemes, especially in the context of long-term simulations.

2. SIGNIFICANCE OF THE STUDY

This research addresses a crucial gap in the numerical analysis of time-space fractional partial
differential equations by providing a comprehensive and systematic comparison of widely
used finite difference schemes. The significance of this study is highlighted in the following
ways:

J By rigorously analyzing stability and convergence, the study advances the
understanding of how various finite difference schemes perform for TSFPDEs, especially
under different conditions of memory and spatial nonlocality.

J The findings offer valuable guidance to researchers and practitioners in selecting the
most suitable numerical schemes for solving real-world problems involving anomalous
diffusion, viscoelasticity, and other phenomena modeled by FPDEs.

. The study establishes benchmarks for the accuracy and efficiency of explicit, implicit,
and semi-implicit schemes, facilitating objective evaluation and future development of
advanced numerical methods.

3. METHODOLOGY:
The research methodology is structured as follows:

e Development of Approximation Schemes: New discrete schemes (C1, C2, C3) for
fractional derivatives are designed, building on the L1 method and introducing higher-order
corrections and adaptive mesh strategies.

e Algorithm Integration: The schemes are implemented with classical spatial
discretization methods such as Centered Finite Difference, Dufort—Frankel, and Keller Box
for both linear and nonlinear FPDEs.

e Stability and Convergence Analysis: Von Neumann stability analysis and theoretical
convergence proofs are conducted for each scheme.
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e Numerical Experiments: Benchmark FPDEs with known solutions are used to assess
error norms (L2, Loo), convergence rates, and computational performance. Both explicit and
implicit time-stepping methods are evaluated.

e Data Analysis: Numerical results are tabulated and visualized, comparing the new
methods against classical approaches for accuracy, stability, and computational cost.

4. DATA ANALYSIS AND DISCUSSIONS

In order to numerically solve the time space fractional diffusion equation, the computational
domain is divided into space and time. Suppose that the spatial interval [a, b] is cut in N
homogenous subintervals of length h=(b—a)/N, with grid points x;=a+ih, i = 0, 1..., N.
Similarly, the temporal interval [0, T] is partitioned into L uniform time steps of size At=T/L,
with time levels t, = nAt, n=0, 1..., L. Let u(xi,tn)be approximated by uj*. According to this
discretization, the approximation to the fractional derivatives in the governing equation is
built up by using finite differences. The Caputo time-fractional derivative of order 0<a<1 is
solved by finite differences by the widely used L1 scheme which is known to be simple and
effective in the issue of fractional diffusion. At the time level t,, the Caputo derivative is
approximated as

0%u(x;, t,,) 1 oty

ir‘n - -k —k—

ata Ate Z bie (™" = ™),
k=0

where the weighting coefficients bxare defined by

b = (k + 1) — k1= k > 0.

The L1 scheme represents the nonlocal temporal memory of the fractional derivatives with all
the past time levels. It offers first order time accuracy in a local truncated errorO(At>™%),
provided that the solution is smooth timewise adequately. The L1 scheme is also beneficial to
stability analysis because of its positive and monotonic coefficients.

Table 1: Error Comparison (L2 Norm) for Benchmark FPDE (a = 0.8, Grid Size = 100)

Method Linear FPDE Error Nonlinear FPDE Error
L1 Scheme 2.34e-3 4.51e-3
C1 Proposed Scheme 1.12e-3 2.08e-3
C2 Proposed Scheme 9.76e-4 1.81e-3
C3 Proposed Scheme 8.52e-4 1.52e-3

Table 1 presents the (L2) norm error values obtained for both linear and nonlinear fractional
partial differential equations (FPDEs) when solved using various numerical schemes. The
benchmark problem uses a fractional order (o = 0.8) and a spatial grid size of 100. Four
methods are compared: the classical L1 scheme and three newly proposed schemes (C1, C2,
and C3). As shown in the table, the L1 scheme yields errors of (2.34e-3) for the linear FPDE
and 4.51e-3 for the nonlinear case. The proposed schemes demonstrate significant
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improvements, with error values decreasing progressively from C1 through C3. Specifically,
the C3 scheme achieves the lowest errors, indicating superior accuracy for both linear 8.52¢-4

and nonlinear 1.52e-3 FPDEs. This comparison highlights the enhanced solution precision
achieved by the new methods, particularly for the most advanced proposed scheme (C3).

Table 2: Computational Time (Seconds) for Grid Size = 1000

Method Linear FPDE Nonlinear FPDE
L1 Scheme 1.05 2.12
C1 Proposed Scheme 0.87 1.76
C2 Proposed Scheme 0.90 1.80
C3 Proposed Scheme 0.92 1.82

Table 2 summarizes the computational times (in seconds) required by each numerical scheme
to solve linear and nonlinear FPDEs on a larger grid (grid size = 1000). The results clearly
show that all three proposed schemes (C1, C2, and C3) outperform the traditional L1 scheme
in terms of computational efficiency. For the linear FPDE, the L1 scheme requires 1.05
seconds, whereas the C1, C2, and C3 schemes complete the computations in 0.87, 0.90, and
0.92 seconds, respectively. A similar trend is observed for the nonlinear FPDE, where the
proposed schemes also result in reduced computation times compared to the L1 method.
These findings demonstrate that the proposed methods not only improve accuracy but also
enhance computational performance, making them attractive options for large-scale and time-
sensitive simulations.

CONCLUSION

The study demonstrates that the newly developed numerical schemes (C1, C2, C3) offer
substantial improvements in the accuracy and computational efficiency of solving FPDEs,
compared to the classical L1 method. These advancements are especially significant for
large-scale or complex problems where traditional methods struggle with stability or high
computation times. By integrating these schemes with established numerical frameworks, the
research provides versatile tools for researchers and practitioners dealing with FPDEs across
engineering, physics, and finance. Future work will focus on extending these methods to
multidimensional and stochastic FPDEs. In addition to providing reliable guidance on the
efficient numerical resolution of time-space fractional diffusion issues linked to various
scientific and engineering goals, the results validate the effectiveness and consistency of the
proposed numerical approaches.

LIMITATIONS:
e The study primarily focuses on one-dimensional FPDEs; extension to multidimensional
cases requires further development.

e Real-world data applications are limited; future work should include more applied case
studies.
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The methods assume smooth solutions; performance for highly irregular or discontinuous
solutions is yet to be evaluated.
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