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1. Introduction: 

Ulam [10] proposed the concept of FE(functional equation) stability in 1940, and Hyer [5] gave a answer for 

additive group in 1941 by considering a Cauchy FE. Hyers’s theorem for additive mappings was expanded by 

Aoki [13] and Rassias [15] for linear mappings, respectively. Researchers analyzed the Hyers-Ulam-Rassias 

stability results for FE with several variables in ([7], [9]). 

Zadeh proposed fuzzy set theory for the first time in 1965. A.K. Katsaras presents the fuzzy norm on a vector 

space in [1]. FE in FNS(fuzzy normed spaces) have been established recently by numerous scholars. 

([2],[3],[4],[11],[14],[16]). 

Our task involves presenting a QFE(quadratic functional equation) with a finite number of variables and 

determining its Hyer-Ulam stability.  

∑𝑚
𝑖=1 ℵ(2𝓍𝑖 − ∑𝑚

1≤𝑖≠𝑗 𝓍𝑗) = (𝑚 − 7) ∑1≤𝑖<𝑗≤𝑚 ℵ(𝓍𝑖 + 𝓍𝑗) + ℵ(∑𝑚
𝑖=1 𝓍𝑖) − (𝑚2 − 9𝑚 + 5) ∑𝑚

𝑖=1 ℵ(𝓍𝑖)                                                                                (1) 

where m ≥ 5 is finite natural number, in fuzzy normed space. The mapping which satisfies equation (1), is 

quadratic. 

Definition 1.1 Let Ω be a real vector space. A generalized functional  ℘: Ω × 𝑅 → [0,1] is called a fuzzy norm 

if for arbitrary 𝜇, 𝓍 ∈ Ω, 𝛼, 𝛽 ∈ R and ℘ satisfies 

(a) ℘(𝜇, 𝛼) = 0 for 𝛼 ≤ 0; 

(b) 𝜇 = 0 ⇔ ℘(𝜇, 𝛽) = 1 for all 𝛽 > 0; 

(c) ℘(𝛾𝜇, 𝛼) = ℘ (𝜇,
𝛼

|𝛾|
) if 𝛾 ≠ 0; 

(d) ℘(𝜇 + 𝓍, 𝛼 + 𝛽) ≥ min{℘(𝜇, 𝛼), ℘(𝓍, 𝛽)}; 
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(e) ℘(𝜇, . ) is a non-decreasing function on R and lim𝛼→∞℘(𝜇, 𝛼) = 1; 

(f) for 𝜇 ≠ 0, ℘(𝜇, . ) is continuous on R.  

Then, (Ω, ℘) is called FNS. 

Definition 1.2 If (Ω, ℘) is a FNS and the sequence {𝜇𝑛} in Ω then 

(i) 𝜇𝑛 → 𝜇 if ℘(𝜇𝑛 − 𝜇, 𝛼) → 1 as 𝑛 → ∞(𝛼 > 0). 

(ii) {𝜇𝑛} is known as fuzzy-Cauchy if ℘(𝜇𝑚 − 𝜇𝑛) → 1 as 𝑚, 𝑛 → ∞. 

(iii) If all fuzzy Cauchy sequences in subset 𝐴 ⊆ Ω are convergent in A, then the subset A is considered as 

complete. Fuzzy Banach space is a complete FNS. 

The following basic conclusion will be applied in a fixed point theory. 

Definition 1.3 Λ: Ω → Ω be a strictly contractive mapping with the Lipschitz constant 𝜂 < 1, and let ( Ω, d) be 

a generalized complete metric space. Assume that there is an integer 𝑘 that is non-negative and such that 

𝑑(Λ𝑙+1𝑎, Λ𝑘𝑎) < ∞ for a given element a. Then 

(i) the sequence {Λ𝑛𝑎}𝑛=1
∞  converges to a fixed point 𝑏 ∈ Ω of Λ; 

(ii) b is the unique fixed point of Λ in the set 𝑌 = {𝑦 ∈ Ω: 𝑑(Λ𝑛𝑎, 𝑦) < ∞; 

(iii) 𝑑(𝑦, 𝑏) ≤
1

1−𝜂
𝑑(𝑦, Λ) for all 𝑦 ∈ Y. 

. Solution of FE (1) 

The general solution of FE (1) is obtained here. In this instance, the real vector spaces are V and W. 

Theorem 2.1 If a function ℵ: 𝑉 → 𝑊 satisfies the FE (1) for all 𝓍1, 𝓍2, 𝓍3, … , 𝓍𝑛 ∈ 𝑉, then the function ℵ is 

quadratic. 

Proof. Assume that the mapping ℵ: 𝑉 → 𝑊 satisfying the equation (1). 

Substituting (0,0,0, . . . ,0) for (𝓍1, 𝓍2, 𝓍3, . . . , 𝓍𝑛) in equation (1), we get ℵ(0) = 0. 

Also, Replacing (𝓍1, 𝓍2, 𝓍3, . . . , 𝓍𝑛) by (𝓍, 0,0, . . . ,0) in equation (1), we obtain  

 ℵ(2𝓍) = (𝑛 + 3)ℵ(𝓍) − (𝑛 − 1)ℵ(−𝓍). (2) 

Substituting (−𝓍) for (𝓍) in equation (2), we obtain 

 ℵ(−2𝓍) = (𝑛 + 3)ℵ(−𝓍) − (𝑛 − 1)ℵ(𝓍). (3) 

When we replace (𝓍1, 𝓍2, 𝓍3, . . . , 𝓍𝑛) by (𝓍, 𝓍, 0,0,0, . . . ,0) in equation (1), then we obtain 

 (𝑛 − 2)ℵ(−2𝓍) − (𝑛 − 6)ℵ(2𝓍) = 16ℵ(𝓍). (4) 

Using equation (2) and equation (3) in equation (4), we get 

 ℵ(−𝓍) = ℵ(𝓍) (5) 

for all 𝓍 ∈ 𝑉. 

Therefore ℵ is an even function. Now from equation (4) using equation (5), we have 

 ℵ(2𝓍) = 22ℵ(𝓍), (6) 

for each 𝓍 ∈ 𝑉 and for every 𝑛 ∈ 𝑍+. 

Substituting (2𝓍) for 𝓍, we obtain 

 ℵ(22𝓍) = 24ℵ(𝓍) (7) 

for each 𝓍 ∈ 𝑉. 



Panamerican Mathematical Journal  

ISSN: 1064-9735 

Vol 34 No. 4 (2024) 

 
https://internationalpubls.com       855 

Substituting (2𝓍) for 𝓍, we get 

 ℵ(23𝓍) = 26ℵ(𝓍) (8) 

for each 𝓍 ∈ 𝑉. 

Similarly, for all positive integer 𝑛, we can say 

 ℵ(2𝑛𝓍) = 22𝑛ℵ(𝓍) (9) 

for each 𝓍 ∈ 𝑉.  

Again, when we replace (𝓍1, 𝓍2, 𝓍3, . . . , 𝓍𝑛) by (𝓍, 𝓍, 𝓍, 0,0,0, . . . ,0) in equation (1), then we obtain 

 (𝑛 − 3)ℵ(−3𝓍) − ℵ(3𝓍) = 9(𝑛 − 4)ℵ(𝓍). (10) 

Replacing 𝓍 by −𝓍, we get  

 (𝑛 − 3)ℵ(3𝓍) − ℵ(−3𝓍) = 9(𝑛 − 4)ℵ(−𝓍), (11)  

 ℵ(−3𝓍) = (𝑛 − 3)ℵ(3𝓍) − 9(𝑛 − 4)ℵ(−𝓍). (12) 

Using equation (12) in equation (10), we get 

 (𝑛 − 3)[(𝑛 − 3)ℵ(3𝓍) − 9(𝑛 − 4)ℵ(−𝓍)] − ℵ(3𝓍) = 9(𝑛 − 4)ℵ(𝓍), 

 (𝑛2 − 6𝑛 + 9 − 1)ℵ(3𝑥) − 9(𝑛2 − 7𝑛 + 12)ℵ(𝓍) = 9(𝑛 − 4)ℵ(𝓍), 

 (𝑛2 − 6𝑛 + 8)ℵ(3𝓍) = (9𝑛2 − 54𝑛 + 72)ℵ(𝓍), 

 (𝑛2 − 6𝑛 + 8)ℵ(3𝑣) = 9(𝑛2 − 6𝑛 + 8)ℵ(𝓍), 

 ℵ(3𝓍) = 32ℵ(𝓍), (13) 

for each 𝓍 ∈ 𝑉. 

Substituting (3𝓍) for 𝓍, we get 

 ℵ(32𝓍) = 34ℵ(𝓍) (14) 

for each 𝓍 ∈ 𝑉. 

Substituting (3𝓍) for 𝓍, we get 

 ℵ(33𝓍) = 36ℵ(𝓍) (15) 

for each 𝓍 ∈ 𝑉. 

Similarly, for all positive integer n, we can say 

 ℵ(3𝑛𝓍) = 32𝑛ℵ(𝓍) (16) 

for every 𝓍 ∈ 𝑉. Hence ℵ is a quadratic function. 

Result 2.2. The following conclusions apply if 𝑉, 𝑊 is a linear space and a function ℵ: 𝑉 → 𝑊 satisfies FE (1): 

(1) ℵ(𝑞𝑡𝑠) = 𝑞2𝑡ℵ(𝑠) for all 𝑠 ∈ 𝑉, q ∈ Q, t ∈ Z 

(2) ℵ(𝑠) = 𝑠ℵ(1) for all 𝑠 ∈ 𝑉 if ℵ is continuous. 

3  Stability of FE (1) Using FNS 

In this section, we take Ω, (Φ, 𝒢) and (Ψ, 𝒢) to be linear, FNS, Fuzzy Banach space respectively. We are 

presenting Hyer-Ulam Stability of the FE (1). Let us denote the mapping ℵ: Ω → Ψ such as: 

𝐷ℵ(𝓍1, 𝓍2, … . . 𝓍𝑛) = ∑

𝑚

𝑖=1

ℵ (2𝓍𝑖 − ∑

𝑚

1≤𝑖≠𝑗

𝓍𝑗) − (𝑚 − 7) ∑

1≤𝑖<𝑗≤𝑚

ℵ(𝓍𝑖 + 𝓍𝑗) 
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               −ℵ(∑𝑚
𝑖=1 𝓍𝑖) + (𝑚2 − 9𝑚 + 5) ∑𝑚

𝑖=1 ℵ(𝓍𝑖) (17) 

for all 𝓍1, 𝓍2, … , 𝓍𝑛 ∈ Ω. 

Theorem 3.1: Let 𝜓: Ω𝑛 → Φ be a mapping such that 

 ℘(𝜓(2𝓍, 2𝓍, 0, … ,0), 𝛼) ≥ ℘(𝜌𝜓(𝓍, 𝓍, 0, … ,0), 𝛼) (18) 

including  

 lim
𝑚→∞

𝒢(𝜓(2𝑚𝓍1, 2𝑚𝓍2, … . , 2𝑚𝓍𝑛), 22𝑚𝛼) = 1, 

for all 𝓍1, 𝓍2, … 𝓍𝑛 ∈ Ω, 0 < 𝜌 < 4 and 𝛼 > 0. If a function ℵ: Ω → Ψ with the condition ℵ(0) = 0 and such 

that 

℘(Dℵ(𝓍1, 𝓍2, ⋯ , 𝓍𝑛), 𝛽) ≥ 𝒢(𝜓(𝓍1, 𝓍2, 𝓍3, … , 𝓍𝑛), 𝛽) (19) 

for every 𝓍1, 𝓍2, ⋯ , 𝓍𝑛 ∈ Ω and 𝛽 > 0, thus, a unique quadratic mapping 𝑄2: Ω → Ψ exists that satisfies 

 ℘(ℵ(𝓍) − 𝑄2(𝓍), 𝛼) ≥ 𝒢(𝜓(𝓍1, 𝓍2, … … , 𝓍𝑛), 4|22 − 𝜌|𝛼) (20) 

for all 𝓍 ∈ Ω, 0 < 𝜌 < 4 and 𝛼 > 0. 

Proof: Replace (𝓍1, 𝓍2, … , 𝓍𝑛) by (𝓍, 𝓍, 0, . . . ,0) in equation (19), we obtain 

 ℘(4ℵ(2𝓍) − 16ℵ(𝓍), 𝛽) ≥ 𝒢(𝜓(𝓍, 𝓍, … ,0), 𝛽) 

 ℘ (ℵ(𝓍) −
ℵ(2𝓍)

22 ,
𝛽

24) ≥ 𝒢(𝜓(𝓍, 𝓍, … ,0), 𝛽). (21) 

Substituting 2𝑚𝓍 for 𝓍 in equation (21), then we get 

 ℘ (ℵ(2𝑚𝓍) −
ℵ(2𝑚+1𝓍)

4
,

𝛽

16
) ≥ 𝒢(𝜓(2𝑚𝓍, 2𝑚𝓍, … ,0), 𝛽). 

Using equation (18) and (c) part of definition (1), we get  

 ℘ (
ℵ(2𝑚𝓍)

22𝑚 −
ℵ(2𝑚+1𝓍)

22(𝑚+1) ,
𝛽

4.22(𝑚+1)) ≥ 𝒢 (𝜓(𝓍, 𝓍, 0, … ,0),
𝛽

𝜌𝑚). (22) 

Replace 𝛽 by 𝜌𝑚𝛽 in equation (22), then we get 

 ℘ (
ℵ(2m𝓍)

22m −
ℵ(2m+1𝓍)

22(m+1) ,
𝜌𝑚𝛽

4.22(m+1)) ≥ ℘(𝜓(𝓍, 𝓍, 0, … ,0), 𝛽). (23) 

Since, 

        ℵ(𝓍) −
ℵ(2m𝓍)

22m = ∑m−1
i=0 (

ℵ(2i𝓍)

22i −
ℵ(2i+1𝓍)

22(i+1) )(24) 

 

for all 𝓍 ∈ Ω. 

Now, form equation (23) and equation (24), we have 

 

℘ (ℵ(𝓍) −
ℵ(2m𝓍)

22m
, ∑

m−1

i=0

(
𝜌i𝛽

22(i+1)
)) ≥ min ⋃

m−1

i=0

{℘ ((
ℵ(2i𝓍)

22i
−

ℵ(2i+1𝓍)

22(i+1)
) ,

𝜌i𝛽

4. 22(i+1)
) 

                           ≥ 𝒢(𝜓(𝓍, 𝓍, … ,0), 𝛽) (25) 

for all 𝓍 in Ω, 𝛽 > 0. 

Replacing 𝓍 with (2𝑛𝓍) in equation (25), we get 
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 ℘ (ℵ(2n𝓍) −
ℵ(2m+n𝓍)

22m , ∑m−1
i=0 (

𝜌i𝛽

22(i+1))) ≥ 𝒢(𝜓(2𝑛𝓍, 2𝑛𝓍, 0, … ,0), 𝛽) 

                                          ≥ 𝒢 (𝜓(𝓍, 𝓍, 0, … ,0),
𝛽

𝜌𝑛). (26) 

Substituting 𝛽 by 𝜌𝑛𝛽 in equation (26), we get 

 ℘ (
ℵ(2n𝓍)

22n −
ℵ(2m+n𝓍)

22(m+n) , ∑m+n−1
i=n (

𝜌i𝛽

22(i+1))) ≥ 𝒢(𝜓(𝓍, 𝓍, … ,0), 𝛽). (27) 

Replacing 𝛽 by 
𝛽

∑m+n−1
i=n (

𝜌i

4.22(1+1))
 in (27), we observe 

 ℘ (
ℵ(2n𝓍)

22n −
ℵ(2m+n𝓍)

22( m+n) , 𝛽) ≥ 𝒢 (𝜓(𝓍, 𝓍, … ,0),
𝛽

∑m+n−1
i=n (

𝜌i

4.22(i+1))
) (28) 

for all 𝓍 ∈ Ω and all non-negative integers 𝑚, 𝑛 ≥ 0. As 0 < 𝜌 < 22  and ∑∞
𝑖=0 (

𝜌𝑖

22𝑖) < ∞. If n → ∞  then 

R.H.S of equation (28) approaches to 1. Hence {
ℵ(2m𝓍)

22m } is a Cauchy sequence in Fuzzy Banach (Ψ, 𝒢), so there 

exists a function 𝑄2: Ω → Ψ as 

 lim
𝑚→∞

ℵ(2m𝓍)

22m = 𝑄2(𝓍) (29) 

for all 𝓍 ∈ Ω. 

Putting n = 0 and taking limit m → ∞ in equation (28), 

 ℘(ℵ(𝓍) − Q2(𝓍), 𝛽) ≥ 𝒢(𝜓(𝓍, 𝓍, … ,0),4. |22 − 𝜌|𝛽). (30) 

Replacing (𝓍1, 𝓍2, ⋯ , 𝓍𝑛) by (2𝑚𝓍1, 2𝑚𝓍2, ⋯ , 2𝑚𝓍𝑛) in equation (19), we get 

 ℘(Dℵ(𝓍1, 𝓍2, ⋯ , 𝓍𝑛), 𝛽) ≥ ℘(𝜓(𝓍1, 𝓍2, … , 𝓍𝑛), 𝛽) (31) 

℘ (
1

22𝑚
Dℵ(2𝑚𝓍1, 2𝑚𝓍2, ⋯ , 2𝑚𝓍𝑛), 𝛽) ≥ 𝒢 (

1

22𝑚
𝜓(2𝑚𝓍1, 2𝑚𝓍2, … … , 2𝑚𝓍𝑛), 𝛽) 

                                 ≥ 𝒢(𝜓(2𝑚𝓍1, 2𝑚𝓍2, … , 2𝑚𝓍𝑛), 22𝑚𝛽) 

for all 𝓍1, 𝓍2, ⋯ , 𝓍𝑛 ∈ Ω, 𝛽 > 0. Also  

 lim
𝑚→∞

𝒢(𝜓(2𝑚𝓍1, 2𝑚𝓍2, … , 2𝑛𝓍𝑛), 22𝑚𝛽) = 1. (32) 

Therefore, taking the limit 𝑚 → ∞, we get 

 D𝑄2(𝓍1, 𝓍2, ⋯ , 𝓍𝑛) = 0 (33) 

for every 𝓍1, 𝓍2, ⋯ , 𝓍𝑛 ∈ Ω 

To demonstrate the uniqueness of 𝑄2, consider another quadratic mapping that satisfies equation (20) in the 

form of T2: Ω → Ψ. 

℘(𝑄2(𝓍) − 𝑇2(𝓍), 𝛽) ≥ min {℘ ((
𝑄2(2𝑚𝓍)

22𝑚
−

ℵ(2𝑚𝓍)

22𝑚
) ,

𝛽

2
) , ℘ ((

ℵ(2𝑚𝓍)

22𝑚
−

𝑇2(2𝑚𝓍)

22𝑚
) ,

𝛽

2
)} 

        ≥ 𝒢 (𝜓(2𝑚𝓍, 2𝑚𝓍, 0, … … ,0),
4.|22−𝜌|22𝑚𝛽

2
) 

        ≥ 𝒢 (𝜓(𝓍, 𝓍, … ,0),
4.|22−𝜌|22𝑚𝛽

2𝜌𝑚 ). (34) 

By taking m → ∞, (
4.|22−𝜌|22𝑚𝛽

2𝜌𝑚 ) = ∞, 



Panamerican Mathematical Journal  

ISSN: 1064-9735 

Vol 34 No. 4 (2024) 

 
https://internationalpubls.com       858 

Hence ℘ (𝜓(𝓍, 𝓍, 0, … ,0),
4.|22−𝜌|22𝑚𝛽

2𝜌𝑚 ) = 1 as m → ∞, we have Q2 = 𝑇2 

Therefore, the function 𝑄2 is unique. 

Theorem 3.2 Let 𝜓: Ω2 → D be a function such that 

 ℘ (𝜓 (
𝓍

2
,

𝓍

2
, 0, … ,0) , 𝛼) ≥ ℘ (

1

𝜌
𝜓(𝓍, 𝓍, 0, … ,0), 𝛼) (35) 

and 

 lim
𝑚→∞

℘ (𝜓 (
𝓍1

2𝑚 ,
𝓍2

2𝑚 , … … . ,
𝓍𝑛

2𝑚) ,
𝛼

22𝑚) = 1 (36) 

for all 𝓍1, 𝓍2, ⋯ , 𝓍𝑛 ∈ Ω, 𝛼 > 0, 𝜌 > 22. If a function ℵ: Ω → Ψ satisfies the condition ℵ(0) = 0 such that 

 ℘(Dℵ(𝓍1, 𝓍2, … … . 𝓍𝑛), 𝛽) ≥ 𝒢(𝜓(𝓍1, 𝓍2, … , 𝓍𝑛), 𝛽) (37) 

for every 𝓍1, 𝓍2, … , 𝓍𝑛 ∈ Ω and 𝛽 > 0, then, a unique quadratic mapping 𝑄2: Ω → Ψ exists, such that 

 ℘(ℵ(𝓍) − Q2(𝓍), 𝛼) ≥ 𝒢(𝜓(𝓍1, 𝓍2, … , 𝓍𝑛), 4. |22 − 𝜌|𝛼) (38) 

for all 𝓍 ∈ Ω and 𝛼 > 0. 

Proof: The method of proof is same as in above theorem 3.1. 

Corollary 3.3: If a mapping ℵ: Ω → Ψ with ℵ(0) = 0 and such that 

 ℘(Dℵ(𝓍1, 𝓍2, … … , 𝓍𝑛), 𝛽) ≥ 𝒢(∑𝑛
𝑖=1 ‖𝓍𝑖‖𝑝, 𝛽) (39) 

for all 𝓍1, 𝓍2, … , 𝓍𝑛 ∈ Ω. 

Then, there exists a unique quadratic mapping Q2: Ω → Ψ 

 ℘(ℵ(𝓍) − Q2(𝓍), 𝛽) ≥ 𝒢(∥ 𝓍 ∥𝑝, 4. (22 − 2𝑝)𝛽) (40) 

for all 𝓍 ∈ Ω. 

4. Counter Example: 

For the FE (1) in real normed space, we give a counterexample that demonstrates its non-stability as: 

Example 4.1 Let a function ℵ: R → R be defined as  

 ℵ(𝓍) = ∑∞
𝑡=0

𝑔(2𝑡𝓍)

22𝑡  (41) 

where 𝑔(𝓍) = {
𝜃𝓍2, |𝓍| < 1
𝜃, else

 

then the function ℵ: R → R satisfies the inequality  

 |Dℵ(𝓍1, 𝓍2, ⋯ , 𝓍n)| ≤
16(3𝑛3−13𝑛2+6𝑛+6)

3
𝜃 ∑𝑛

𝑖=1 |𝓍𝑖|
2. (42) 

for every 𝓍1, 𝓍2, ⋯ , 𝓍n ∈ R, n ≥ 8, but there does not exist a quadratic function Q2: R → R satisfies 

 |ℵ(𝓍) − Q2(𝓍)| ≤ 𝜀|𝓍|2 (43) 

for all 𝓍 ∈ R. 

 

5. Stability of FE (1) using Fixed Point Method 

Radu suggested a new approach to research the issue of FE’s stability based on fixed point alternative. Many 

authors have recently employed this method. Here fixed-point technique is used to examine the Ulam-Hyers 

stability of generalized FE. Firstly, we define a constant 𝜉𝜛 such that  
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 𝜉𝜛 = {
2    if    𝜛 = 0
1

2
    if    𝜛 = 1 

and we assume that ⨿. 

Theorem 5.1 Let 𝜑: 𝑋̂ → 𝑌̂ be an even function with condition 𝜑(0) = 0 for which there exists a mapping 

𝜁: 𝑋̂𝑚 → 𝑍 with condition 

 lim
𝑛→∞

𝑀(𝜁(𝜉𝜛
𝑛 𝑟1, 𝜉𝜛

𝑛 𝑟2, … , 𝜉𝜛
𝑛 𝑟𝑛), 𝜉𝜛

2𝑛𝛿) = 1 (44) 

for 𝑟1, 𝑟2, … , 𝑟𝑚 ∈ 𝑋̂, 𝛿 > 0, and satisfying the inequality  

 𝑁(𝐷𝜑(𝑟1, 𝑟2, 𝑟3, … , 𝑟𝑚), 𝛿) ≥ 𝑀(𝜁(𝑟1, 𝑟2, 𝑟3, … , 𝑟𝑚), 𝛿),     (45) 

for 𝑟1, 𝑟2, … , 𝑟𝑚 ∈ 𝑋̂,    𝛿 > 0, 

Let ℵ(𝑟) = 𝜁(𝑟, 𝑟, 0, … ,0) for all 𝑟 ∈ 𝑋̂. If there exists 𝜂 = 𝜂𝜛 ∈ (0,1) such that 

 𝑀 (
1

𝜉𝜛
2 ℵ(𝜉𝑟), 𝛿) ≥ 𝑀(𝜂ℵ(𝑟), 𝛿) (46) 

for 𝑟 ∈ 𝑋̂ and 𝛿 > 0, then there exists a unique quadratic mapping 𝑄: 𝑋̂ → 𝑌̂ fulfilling 

 𝑁(𝜑(𝑟) − 𝑄(𝑟), 𝛿) ≥ 𝑀 (
𝜂1−𝜛

1−𝜂
ℵ(𝑟), 𝛿), (47) 

for 𝑟 ∈ 𝑋̂ and 𝛿 > 0. 

Proof: Let 𝛾 be a generalized metric space on ⨿ : 

 𝛾(𝑔̂, ℎ) = inf{𝑤 ∈ (0, ∞: 𝑁(𝑔̂(𝑟) − ℎ(𝑟), 𝛿) ≥ 𝑀(𝑤ℵ(𝑟), 𝛿),    𝑟 ∈ 𝑋̂, 𝛿 > 0}, 

and we use, infℵ = +∞ as usual. It is demonstrated that (⨿ is complete generalized metric space using a 

similar justification in ([8], Lemma 2.1). Describe 𝜓𝜛:⨿ by 𝜓𝜛𝑔̂(𝑟) =
1

𝜉𝜛
2 𝑔̂(𝜉𝜛𝑟) for all 𝑟 ∈ 𝑋̂. 

Suppose that 𝑔̂, ℎ ∈⨿ be given such that 𝛾(𝑔̂, ℎ) ≤ 𝜖. Then 

 𝑁(𝑔̂(𝑟) − ℎ(𝑟), 𝛿) ≥ 𝑀(𝜖ℵ(𝑟), 𝑠) (48) 

for each 𝑟 ∈ 𝑋̂ and, 𝛿 > 0, When  

 𝑁(𝜓𝜛𝑔̂(𝑟) − 𝜓𝜛ℎ(𝑟), 𝛿) ≥ 𝑀 (
𝜖

𝜉𝜛
2 ℵ(𝜉𝜛𝑟), 𝛿) (49) 

for each 𝑟 ∈ 𝑋̂ and 𝛿 > 0. 

It follows from equation (46) that  

 𝑁(𝜓𝜛𝑔̂(𝑟) − 𝜓𝜛ℎ(𝑟), 𝛿) ≥ 𝑀(𝜖𝜂ℵ(𝑟), 𝛿) (50) 

for 𝑟 ∈ 𝑋̂, 𝛿 > 0. So, we get 𝛾(𝜓𝜛𝑔̂, 𝜓𝜛ℎ) ≤ 𝜖𝜂. This shows that 𝛾(𝜓𝜛𝑔̂, 𝜓𝜛ℎ) ≤ 𝜂𝛾(𝑔, ℎ), that is, 𝜓𝜛  is 

strictly contractive mapping on ⨿ with Lipschitz constant 𝜂. 

Replacing (𝑟1, 𝑟2, 𝑟3, … , 𝑟𝑚) by (𝑟, 𝑟, … ,0) in (45) and using result (c) of definition (1.1), we obtain  

 𝑁 (
𝜑(2𝑟)

22 − 𝜑(𝑟), 𝛿) ≥ 𝑀 (
𝜉(𝑟,𝑟,…,0)

16
, 𝛿) (51) 

for 𝑟 ∈ 𝑋̂ and 𝛿 > 0. Using (46) when 𝜛 = 0, it follows from (51) that 

 𝑁 (
𝜑(2𝑟)

22 − 𝜑(𝑟), 𝛿) ≥ 𝑀(𝜂ℵ(𝑟), 𝛿) (52) 

where 𝑟 ∈ 𝑋̂ and 𝛿 > 0. Therefore  

 𝛾(𝜓0𝜑, 𝜑) ≤ 𝜂 = 𝑙1−𝜛 . (53) 
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Replacing 𝑟 by 
𝑟

2
 in (51), we get,  

 𝑁 (𝜑(𝑟) − 4𝜑 (
𝑟

2
) , 16𝛿) ≥ 𝑀 (𝜁 (

𝑟

2
,

𝑟

2
, 0, … ,0),16𝛿) , 

                           = 𝑀(ℵ(𝑟),16𝛿) (54) 

for 𝑟 ∈ 𝑋̂ and 𝛿 > 0. Therefore 

 𝛾(𝜓1𝜑, 𝜑) ≤ 1 = 𝑙1−𝜛 . (55) 

Then from (51) and (55), we obtain  

 𝛾(𝜓𝜛𝜑, 𝜑) ≤ 𝑙1−𝜛 < ∞. 

Now, It follows from the fixed point alternative theorem that a fixed point 𝑄 of 𝜓𝜛 in ⨿ such that 

(i) 𝜓𝜛𝑄 = 𝑄 and lim𝑛→∞𝛾(𝜓𝜛
𝑛 𝜑, 𝑄) = 1; 

(ii) In the set 𝜀 = {𝑔̂ ∈⨿ is the unique fixed point of 𝜓; 

(iii)    𝛾(𝜑, 𝑄) ≤
1

1−𝜂
𝛾(𝜑, 𝜓𝜛𝜑). 

Assume 𝛾(𝜓𝜛
𝑛 𝜑, 𝑄) = 𝜖𝑛, we obtain 

 𝑁(𝜓𝜛
𝑛 𝜑(𝑟) − 𝑄(𝑟), 𝛿) ≥ 𝑀(𝜖𝑛ℵ(𝑟), 𝛿) (56) 

for each 𝛿 > 0. 

Since lim𝑛→∞𝜖𝑛 = 0, we obtain  

 𝑄(𝑟) = 𝑁 − lim
𝑛→∞

𝜑(𝜉𝜛
𝑛 𝑟)

𝜉𝜛
2𝑛 , 𝑟 ∈ 𝑋̂. 

Replacing (𝑟1, 𝑟2, 𝑟3, … , 𝑟𝑚) by (𝜉𝜛
𝑛 𝑟1, 𝜉𝜛

𝑛 𝑟2, 𝜉𝜛
𝑛 𝑟3, … , 𝜉𝜛

𝑛 𝑟𝑚) in (45), we get 

𝑁 (
1

𝜉𝜛
2𝑛

𝐷𝜑(𝜉𝜛
𝑛 𝑟1, 𝜉𝜛

𝑛 𝑟2, 𝜉𝜛
𝑛 𝑟3, … , 𝜉𝜛

𝑛 𝑟𝑚), 𝛿) ≥ 𝑀(𝜁(𝜉𝜛
𝑛 𝑟1, 𝜉𝜛

𝑛 𝑟2, 𝜉𝜛
𝑛 𝑟3, … , 𝜉𝜛

𝑛 𝑟𝑚), 𝜉𝜛
2𝑛𝛿) 

for each 𝛿 > 0 and each 𝑟1, 𝑟2, 𝑟3, … , 𝑟𝑚 ∈ 𝑋̂. 

We may demonstrate that function 𝑄: 𝑋̂ → 𝑌̂ is quadratic using the same justification as in the proof of theorem 

(3.1). 

Given that 𝛾(𝜓𝜛
𝑛 𝜑, 𝜑) ≤ 𝑙1−𝜛, it follows from (iii) 𝛾(𝜑, 𝑄) ≤

𝑙1−𝜛

1−𝜂
 which means (47). 

Let 𝑇 be another quadratic mapping that satisfies (47) in order to demonstrate 𝑄′𝑠 uniqueness. 

We have 𝑄(2𝑛𝑟) = 4𝑛𝑄(𝑟) and 𝑇(2𝑛𝑟) = 4𝑛𝑇(𝑟) for all 𝑟 ∈ 𝑃 and all 𝑛 ∈ 𝑁, we have  

 𝑁(𝑄(𝑟) − 𝑇(𝑟), 𝛿) = 𝑁 (
𝑄(2𝑛𝑟)

4𝑛 −
𝑇(2𝑛𝑟)

4𝑛 , 𝛿) 

                     ≥ min {𝑁 (
𝑄(2𝑛𝑟)

4𝑛 −
𝜑(2𝑛𝑟)

4𝑛 ,
𝛿

2
) , 𝑁 (

𝜑(2𝑛𝑟)

4𝑛 −
𝑇(2𝑛𝑟)

4𝑛 ,
𝛿

2
)} 

                     ≥ 𝑀 (
𝜂1−𝜛

1−𝜂
ℵ(2𝑛𝑟),

4𝑛𝛿

2
) (57) 

From (44), we have  

 lim
𝑛→∞

𝑀 (
𝜂1−𝜛

1−𝜂
ℵ(2𝑛𝑟),

4𝑛𝛿

2
) = 1. 

Consequently, 𝑁(𝑄(𝑟) − 𝑇(𝑟), 𝛿) = 1 for all 𝑟 ∈ 𝑋̂ and each 𝛿 > 0. So 𝑄(𝑟) = 𝑇(𝑟) for each 𝑟 ∈ 𝑋̂. This 

complete the proof. 

6  Conclusions 



Panamerican Mathematical Journal  

ISSN: 1064-9735 

Vol 34 No. 4 (2024) 

 
https://internationalpubls.com       861 

We have demonstrated the Hyers-Ulam stability of the following generalized QFE: 

 

∑

𝑚

𝑖=1

℘ (2𝓍𝑖 − ∑

𝑚

1≤𝑖≠𝑗

𝓍𝑗) = (𝑚 − 7) ∑

1≤𝑖<𝑗≤𝑚

℘(𝓍𝑖 + 𝓍𝑗) + ℘ (∑

𝑚

𝑖=1

𝓍𝑖) − (𝑚2 − 9𝑚 + 5) ∑

𝑚

𝑖=1

℘(𝓍𝑖) 

using direct and fixed-point methods in FNS. Also provide an example for non-stability of given QFE of m 

variable.  
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