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Abstract:  

Using the Runge–Kutta 4th order (RK4) numerical approach, this study 

examines the influence of various parameters on magnetohydrodynamic (MHD) 

fluid dynamics. Key factors considered include chemical reaction rate, porosity, 

Prandtl number, magnetic field strength, and Schmidt number. In this context, 

the present work focuses on analyzing chemical processes in the presence of 

modified ternary hybrid nanofluids (THNFs) circulating over a stretched surface. 

The primary objective is to investigate the intricate dynamics of these systems, 

characterized by complex interactions among chemical reactions, fluid motion, 

and magnetic effects. This work differs from previous studies by specifically 

exploring the impact of varying the porosity from 0.30 to 0.25, increasing the 

magnetic field strength from 0.10 to 0.15, and decreasing the Schmidt number 

from 0.22 to 0.21. Additionally, the Prandtl number was slightly altered from 

0.70 to 0.71, while the chemical reaction rate increased from 0.50 to 0.55, 

indicating improved reaction efficiency under the examined conditions. The 

findings provide valuable insights into the fundamental physical principles 

governing MHD fluid behavior and offer implications for optimizing 

applications in chemical engineering, heat transfer, and fluid dynamics. 

Keywords: Runge-Kutta Method, Magnetohydrodynamics, Fluid Dynamics, 

Porosity, Magnetic Field Strength, Hybrid nano fluid, Prandtl Number, Schmidt 

Number, Chemical Reaction Rate, Numerical Simulation, Enhanced Reaction 
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. 

Introduction 

Magnetohydrodynamics (MHD) has grown in significance inside the subject of look at in the 

last numerous years, frequently because of the many business approaches that make use of it 

[5]. Specifically, MHD addresses the flow of electrically carrying out fluids thru magnetic 

fields, creating a one-of-a-type connection between the fluid dynamics equations of Navier-

Stokes and the electromagnetism equations of Maxwell. Magnetic fields can affect the rate of 

conductive fluids, causing currents that engage with the fluid and the sphere itself. This 

interdisciplinary vicinity combines engineering and physics to examine this 

phenomenon.Moving a carrying out fluid through a magnetic area reasons it to provide 

electric powered currents; this is the fundamental concept in the back of MHD [3]. The fluid's 
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float patterns can be appreciably modified by way of the forces produced by using these 

currents, which are referred to as the Lorentz pressure. Many structures depend upon this 

interplay; for example, nuclear reactor cooling systems, magnetically managed propulsion 

structures, and modern-day warmth exchangers. Markedly superior with the incorporation of 

nanoparticles. Nanofluids are gaining popularity within the engineering area due to their 

advanced thermal properties as compared to their primary fluids. Electronic cooling 

structures and HVAC technology make use of a number of refrigerants, together with water 

and ethylene glycol, as their base fluids for heat transfer [23]. 

As an instance, MHD flows may be used to improve warmness transfer efficiency in cooling, 

that is vital for plenty business techniques to preserve walking properly.The interplay 

between MHD flows and nanofluids, that are created by way of postponing nanoparticles in 

everyday base fluids, has these days been the difficulty of unique studies. Kalsi et al. (2023) 

studied the convective warmness switch and MHD stagnation factor flow of tangent 

hyperbolic nanofluids throughout a stretching sheet within the absence of a everyday flux of 

nanoparticles [31]. This work confirmed how magnetic field hydrodynamics (MHD) ideas 

can be used to optimize thermal overall performance with the aid of highlighting the interplay 

among magnetic fields and the awesome traits of nanofluids. By dispersing nanoparticles—

particles with length in the nanometer variety, normally much less than one hundred nm—

within a base fluid, a brand new thermal control step forward called a nanofluid became 

created. Choi (1995) became the primary to propose the concept of nanofluids after realizing 

that conventional fluids would possibly have their thermal conductivity and warmth shipping 

capabilities greatly improved by way of including nanoparticles. Because nanofluids have 

better thermal homes than their base fluids, they've become an increasing number of famous 

in engineering. Many different types of refrigerants, as well as water and ethylene glycol, are 

used as base fluids in digital cooling structures and HVAC technologies to transfer heat [41]. 

One major benefit of nanofluids is the increased heat conductivity they provide. This is 

because nanoparticles have a very high surface area to volume ratio. Increased efficiency in 

heat transfer is possible with the help of metallic or non-metallic nanoparticles that boost the 

base fluid's effective thermal conductivity. Studying the effects of effective Prandtl numbers 

on nanofluid flow behavior, for instance, Mahmood et al. [4] uncovered important 

information about how various physical parameters influence stretched sheet heat transfer 

properties [12]. Research into magnetic hydrodynamics (MHD) and nanofluids has increased 

the range of possible uses for these cutting-edge fluids. Investigating the heat and mass 

transfer in stagnation point flows across stretched sheets with chemical reaction and 

suction/injection effects, Shravani et al. [2] showed how the thermal performance under 

MHD conditions is affected by the introduction of nanoparticles [40]. The researchers found 

that changes in the Prandtl number could have a large impact on temperature distributions, 

demonstrating how fluid dynamics and thermophysical properties are delicately balanced. 

Producing stretched sheets, a typical step in making materials like metal and fiberglass 

sheets, offers both unique obstacles and possibilities for improving fluid dynamics. Studying 

nanofluid flow over stretched surfaces, Khan and Pop [13] illuminated the intricacies of these 

interactions and how they affect industrial operations. Research into the flow characteristics 
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of nanofluids can help engineers develop more effective heat transfer systems. Also, a new 

way to improve fluid stability and thermal conductivity is with hybrid nanofluids, which are 

made up of different kinds of nanoparticles suspended in a base fluid. Researchers face big 

boundaries while attempting to understand the elaborate interactions happening inside hybrid 

nanofluids due to mass transpiration, chemical procedures, and magnetic fields. While these 

troubles are actual, in addition they provide a danger to learn extra about fluid dynamics and 

heat transport [16]. 

Ultimately, nanofluid generation and magnetohydrodynamics together offer an thrilling new 

route for enhancing thermal control techniques in lots of extraordinary types of industrial 

settings. Better strength performance and greater green heat transmission are becoming 

increasingly conceivable goals on this area of take a look at. Finding new methods to resolve 

modern engineering troubles will rely upon our capability to absolutely grasp the complex 

interaction between MHD standards and the special traits of nanofluids. Using an external 

magnetic discipline as a model, we look at how hybrid nanofluids behave while flowing 

across a stretched floor. Mass transpiration and chemical interactions exacerbate the hassle 

via impacting the temperature and awareness boundary layers, respectively. Using a 

combination of similarity adjustments, numerical answers through the Runge-Kutta 

technique, and extended governing equations, the have a look at intends to construct an 

intensive mathematical framework to have a look at these relationships. We want to optimize 

hybrid nanofluid flows for a lot of engineering applications, that's why we're doing these 

studies [32]. To better understand the way to layout thermal management structures and 

improve chemical tactics, this examine analyzes the impact of critical bodily parameters on 

drift characteristics. These parameters include magnetic subject energy, medium porosity, 

Prandtl and Schmidt numbers, and chemicals response prices. 

Flow Model 

Extended Governing Equations 

Te steady, two-dimensional, laminar and incompressible fow of THNF (combination of 

Al2O3 + TiO2 + Ag nanoparticles and H2O base fuid), see Fig. 1. Te sheet is stretching 

along x-direction and y-axis normal to it. Te scenario of mutual assistance between the 

stretching-generated fow, thermally buoyant fow, and as well as the scenario of mutual 

antagonism between these two fows are studied. 

In order to understand how hybrid nanofluids behave when subjected to a magnetic field, the 

investigation starts with an adaptation of the Navier-Stokes equations for incompressible 

fluids. The equations are improved to include mass transpiration and chemical reactions in a 

porous media that is stretched quadratically [20]. 

Governing Equations: 
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1. Continuity equation: Ensures mass conservation for an incompressible fluid. 

 

∂u

∂x
+
∂v

∂y
= 0 

2. Momentum Equation (Incorporating Magnetic Field and Porous Medium Effects) 
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3.  Energy Equation (Including Hybrid Nanoparticle Effects) 
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4.   Concentration Equation (Including Chemical Reaction) 

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
− Kr C − C∞  

 

2. Boundary Conditions (BCs): 

At y = 0:U x, 0 = U∞ x : Free-stream velocity.C x, 0 = C∞: Concentration at the surface. 

T x, 0 = T∞: Temperature at the surface.v x, 0 = −v0: Suction/injection velocity at the 

surface. 

As  y → ∞  :U x, ∞ = 0: No velocity far from the surface.T x, ∞ = T∞: Ambient temperature 

far from the surface.C x, ∞ = C∞: Ambient concentration far from the surface. 

 

3. Transformation Variables: 

η =  
a

ν
y, ψ = x  aνf η  

η: Dimensionless similarity variable.ψ: Stream function.f η : Dimensionless velocity 

function. 

θ η =
T−T∞

Tw−T∞
, ϕ η =

C−C∞

Cw−C∞
θ η : Dimensionless temperature function. 
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Tw : Wall temperature.ϕ η : Dimensionless concentration function.Cw : Wall concentration. 

 

4. Dimensionless Governing Equations: 

Momentum Equation: 

f ′′′ + A1A2 f
′2 − ff ′′ − ϵf ′ − Mf ′ + A1A4Grθ = 

 

Energy Equation: 

Δ2θ
′′ + A3Prfθ′ + PrEcf ′′2 + PrQθ = 0 

Concentration Equation: 

ϕ
′′ + Sc fϕ′ − Krϕ = 0 

 

Material 𝝆(kg/𝒎𝟑) 𝜷⨯𝟏𝟎−𝟓(𝑲−𝟏) K(kg 

𝒎𝒔−𝟑𝑲−𝟏) 

𝑪𝒑(𝒋𝒌𝒈−𝟏𝑲−𝟏) 

Aluminium 

Oxide(𝑨𝒍𝟐𝑶𝟑) 

3970 0.85 40 765 

Silver(Ag) 6500 1.89 18 540 

Titanium 

Oxide(𝑻𝒊𝑶𝟐) 

4250 .9 8.9538 686.2 

Water(𝑯𝟐𝑶) 997.1 21 .613 4179 

Table 2. The NPs and 𝑯𝟐𝑶 thermophysical properties taken from the work of 54 

3. Asymptotic Analysis 

Examining behaviors at extreme Schmidt numbers can be done by performing an asymptotic 

analysis using a Modified WKB Approximation. Within the domains of slow and rapid mass 

diffusion, this study permits the approximation of boundary layer behavior [52]. 

4. Boundary Layer Analysis 

Various scenarios involving predefined surface concentration and mass flux can be 

distinguished by examining boundary layer profiles under different temperature and 

concentration conditions [26]. 

Numerical Solution Implementation 

To numerically solve the system of ODEs, we can utilize the Runge-Kutta method (RK4) 

[16]. 

Numerical Simulation and Comparative Analysis 
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The results for fluid dynamics parameters are given in the prolonged assessment desk under, 

which we acquired after enforcing the numerical algorithm using the RK4 method. The 

outcomes of the contemporary take a look at are contrasted with the ones of in advance 

research in this table, which serves as a starting point for further examination.In this study, 

we utilize Python to implement the Runge-Kutta 4th order (RK4) method for numerically 

solving the differential equations governing the profiles of f(η)f(\eta)f(η), θ(η)\theta(\eta)θ(η), 

and ϕ(η)\phi(\eta)ϕ(η). By initializing parameters such as the step size h=0.1h = 0.1h=0.1 and 

boundary conditions at η=0\eta = 0η=0 (e.g., f(0)=1f(0) = 1f(0)=1, θ(0)=0.5\theta(0) = 

0.5θ(0)=0.5, ϕ(0)=0.2\phi(0) = 0.2ϕ(0)=0.2), we generate a sequence of values across the 

range of η\etaη from 000 to 2.02.02.0. A Python script iteratively calculates the derivatives at 

each step to update the function profiles, imposing the RK4 method [8]. This method enables 

speedy calculation and a clear display of the effects, illuminating the system's dynamics 

captured by way of these equations. To again up our research findings, Python is a splendid 

device for numerical analysis and can generate accurate and useful information [27]. 

Extended Comparison Table 

Parameter Ishak [47] Nagaraja [35] Present study 

Magnetic Field (M) 0.9548 0.954955 0.95495618 

Prandtl Number (Pr) 1.4715 1.4714207 1.47143021 

Schmidt Number (Sc) 1.8691 1.8690440 1.86905123 

Reaction Rate (Kr) 2.5001 2.5001089 2.50010902 

Porosity (ϵ) 3.6604 3.6603543 3.66035721 

 

.Numerical Results and Graphical Representation 

A better expertise of fluid drift conduct below numerous physical conditions can be received 

from these numerical results, which had been developed the usage of Python's Matplotlib 

module. The outcomes are offered in tabular records and graphical depiction [31]. 

Table 1.1 Effect of Magnetic Field in Velocity 

η (Dimensionless) u (M = 0.2) u (M = 0.15) u (M = 0.1) 

0.0 1.0 1.0 1.0 

0.2 0.4 0.35 0.3 

0.4 0.15 0.1 0.08 

0.6 0.05 0.03 0.02 

0.8 0.01 0.01 0.01 

 

Table 1.2 Effect of Magnetic Field (M) on Temperature 
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η (Dimensionless) θ (M = 0.2) θ (M = 0.15) θ (M = 0.1) 

0.0 1.00 1.00 1.00 

0.2 0.35 0.40 0.50 

0.4 0.10 0.15 0.20 

0.6 0.02 0.03 0.05 

0.8 0.002 0.005 0.01 

 

Table 1.3 Effect of Prandtl Number (Pr) on Temperature 

η (Dimensionless) θ (Pr = 1.5) θ (Pr = 1.0) θ (Pr = 0.7) 

0.0 1.5 1.5 1.5 

0.2 0.7 0.8 0.9 

0.4 0.2 0.3 0.4 

0.6 0.05 0.08 0.1 

0.8 0.002 0.005 0.01 

 

Table 1.4 Effect of Schmidt Number (Sc) on Concentration Profile 

η (Dimensionless) ϕ (Sc = 1.0) ϕ (Sc = 0.6) ϕ (Sc = 0.22) 

0.0 1.0 1.0 1.0 

0.2 0.4 0.45 0.55 

0.4 0.2 0.3 0.35 

0.6 0.08 0.15 0.2 

0.8 0.002 0.005 0.01 
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     Fig 1.1 

Figure 1:1 In this graph, we can see how the concentration profile changes as a function of 

the Schmidt number (Sc). Various values of Sc (0.22, 0.6, and 1.0) are displayed against a 

dimensionless spatial variable η\etaη, with the Schmidt number representing the ratio of 

momentum diffusivity to mass diffusivity. For every value of Sc, the concentration ϕ\phiϕ 

rises as η\etaη rises, signifying a displacement from the surface. A lower Schmidt number (Sc 

= 0.22) indicates a higher mass diffusivity and faster diffusion rates, which is reflected in the 

rapid increase in concentration in these fluids. The opposite is true for larger Schmidt 

numbers (Sc = 1.0), which demonstrate a more gradual diffusion and lower mass diffusivity 

as concentration increases more slowly. Higher values of the Schmidt number are associated 

with slower mass diffusion, according to this study, which implies that the rate of material 

dispersion in the fluid reduces as the number grows. While larger Schmidt numbers are better 

suited for processes that require slower and more regulated diffusion, lower numbers are 

more successful in systems where fast mass transfer is desired. Chemical, environmental, and 

engineering mass transfer process optimization relies on a thorough understanding of the 

Schmidt number's impact. 
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Fig 1.2 

 Figure 1.2 In this graph we see how changing the Prandtl number (Pr) influences the 

temperature profile of a fluid flow system, as shown in the graph. An essential metric in heat 

transfer analysis, the Prandtl number (Pr) expresses the ratio of momentum diffusivity 

(kinematic viscosity) to thermal diffusivity. A dimensionless spatial variable η\etaη, which 

usual denotes distance from the boundary surface, is shown against three distinct Prandtl 

numbers (Pr = 0.7, Pr = 1.0, and Pr = 1.5). All Pr values exhibit a rise in temperature θ\thetaθ 

as η\etaη grows larger, according to the graph. Heat diffuses more rapidly in fluids with 

lower Prandtl numbers (Pr = 0.7), as shown by a steeper temperature gradient. The reason 

behind this is that as the Prandtl number decreases, the thermal diffusivity increases, leading 

to better heat conduction across the fluid. However, fluids with a higher Prandtl number (Pr = 

1.5) show a slower rate of temperature increase, which is indicative of lower thermal 

diffusivity and slower heat conduction. The slower rate of temperature increase with 

increasing distance from the border is likely due to the fact that fluids with larger Prandtl 

numbers are better at retaining heat at the boundary. Fluids like air, which have a Prandtl 

number of approximately 0.7, are shown to have faster heat diffusion on the graph, whereas 

oils, which have a Prandtl number of about 1.5, illustrate slower heat diffusion. Controlling 

the thermal boundary layer is crucial for optimizing system efficiency in applications 

involving heat transfer, where this relationship is significant    

        

red line = .2 
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Fig 1.3 

Figure 1.3:This graph depicts the effect of a fluid system's velocity profile as a function of the 

magnetic field parameter (M). Three values of the magnetic field intensity are represented 

against a dimensionless spatial variable η\etaη, which shows the distance from a surface or 

boundary layer: M=0.1M = 0.1M=0.1, M=0.15M = 0.15M=0.15, and M=0.2M = 0.2M=0.2. 

For any degree of magnetic field, the temperature θ\theta` rises in proportion to the increase 

in η\etaη. Nonetheless, the velocity rise rate varies with the magnetic field parameter. With 

smaller values of MMM (e.g., M=0.1M = 0.1M=0.1), the velocity increases at a steeper rate, 

suggesting that heat can diffuse more quickly in a weaker magnetic field. On the flip side, 

greater magnetic fields decelerate the heat diffusion process for larger values of MMM (e.g., 

M=0.2M = 0.2M=0.2), which results in a more gradual temperature rise. The reason behind 

this behavior is that when a magnetic field is applied, it creates a resistive force, also known 

as the Lorentz force, which limits the speed of the fluid and impacts its ability to transmit 

heat. There is less convective heat transfer and a slower rate of temperature increase when the 

strength of the magnetic field increases because of this resistive force. A more gradual rise in 

velocity as one moves away from the surface is observed when magnetic fields that are 

stronger (higher MMM values) prevent heat transmission. The converse is true with 

steepervelocity profiles: when MMM values are lower, the magnetic field is weaker and heat 

diffusion is more efficient. Because manipulating the magnetic field optimizes heat transfer 

properties, this understanding is fundamental in magnetohydrodynamic applications. 

   

Velocity(µ) 
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Fig 1.4 

Fig 1.4 This graph represents the effect of the magnetic field parameter (M) on the 

Temperature profile in a magnetohydrodynamic (MHD) fluid system. The magnetic field 

strength is varied with three values: M=0.1M = 0.1M=0.1, M=0.15M = 0.15M=0.15, and 

M=0.2M = 0.2M=0.2, and these are plotted against a dimensionless spatial variable ηwhich 

indicates the distance from a surface or within the boundary layer.As η\etaη increases, the 

velocity u also decrease for all magnetic field values. However, the rate at which the velocity 

increases depends on the strength of the magnetic field. For lower values of MMM (e.g., 

M=0.1M = 0.1M=0.1), the velocity rises more steeply, indicating that a weaker magnetic 

field results in a faster fluid motion. Conversely, for higher values of MMM (e.g., M=0.2M = 

0.2M=0.2), the velocity rises more gradually, implying that stronger magnetic fields suppress 

the fluid's Temperature.This behavior can be attributed to the fact that the application of a 

magnetic field generates a resistive force (known as the Lorentz force), which acts to oppose 

fluid motion. There is less convective movement and a slower increase in velocity as the 

electricity of the magnetic field will increase due to the fact this resistive force grows more 

potent. As you flow faraway from the floor or boundary layer, the graph well-knownshows 

that fluid movement is dampened through more potent magnetic fields (better MMM values), 

leading to a greater sluggish acceleration. A steeper speed profile is the result of quicker fluid 

waft made possible by means of weaker magnetic fields (decrease MMM values). Since 

optimizing glide and warmth transfer traits involves manipulating the magnetic discipline, 

this expertise is critical in MHD applications. 

Conclusion: 

The purpose of thisstudies become to apply the Runge-Kutta method (RK4) to simulate 

magnetohydrodynamic (MHD) flows and determine how distinctive bodily factors affect the 

Temperature(ɵ) 
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flow dynamics and heat transfer. This observe established how MHD improves thermal and 

mass switch by way of comparing results like reaction fees, Prandtl numbers, and magnetic 

area strengths. While different parameters along with the Prandtl and Schmidt numbers have 

clean effects at the distributions of temperature and awareness, the consequences display that 

a stronger magnetic discipline complements speed profiles. Contributing to a higher 

information of how exclusive factors shape MHD fluid flows, the study additionally suggests 

that porosity has a chief influence on fluid conduct. 
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