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1.Introduction

Many authors such asSingh, T.P., Kusum and Gupta, D.(2010), Zadeh, A. B. (2015), Peng
(2016),Raheja et al. (2016), Reed and Zhang (2017), Sharma U and Garg K (2022) worked on
queuing theory having feedback facility. Kumar and Taneja (2017), worked on the feedback queuing
system comprising of three servers linked in series hierarchically in which a customer firstly join the
first server, then either he/she may leave the system after getting the service or may move to the
second higher ordered server for further service. From the second server either he/she may go outside
the system or back to the first lower ordered server or may go to the third highest ordered server for
further service depending upon the need of customer. From the third highest ordered server he/she
may go outside the system or to the second server or to the first server. Here it is assumed that the
customer may revisit any server atmost once and once he/she reached the third server second time,
he/she will quit the system. However, they did not discuss about the situation when the number of
servers are more than three. Kamal et al. (2023) worked on hierarchically structured four server
feedback queueing system. But they assumed the revisit only once. There may be systems in place
where services are provided in a hierarchical manner having four servers with the provision of
service more than twice; as a result, the current chapter is dedicated to examining these systems.
Administrative offices, medical facilities, and hierarchical organizations may all encounter this kind
of circumstance.

https://internationalpubls.com 150


mailto:1surender210882@gmail.com

Panamerican Mathematical Journal
ISSN: 1064-9735
Vol 33 No. 03 (2023)

As a result, the current paper discusses a queue system where customers can either proceed to the
second higher level server based on their pleasure with the service, or they can exit the system after
the first server completes their task. The customer may move to the next higher-level third server for
more service after receiving care from the second server. There's also a possibility that he or she will
quit the system or come back to the original server with criticism. If the customer is not satisfied,
they can leave the system after being satisfied or they can go from this server to any of the lower-
level servers. Every server in the system has the same set of resources. In this instance, we have
taken into account the circumstance in which a client is obligated to return up to a certain number of
times. Each time you come back, your chances of getting on any given server are considered to be
unique. With the use of the differential-difference method, the queue lengths have been established.

2.Notations

A: Mean Arrival rate at 1% server (S; )

w1: service rate of 1% server (S; )
- service rate of 2"server (S2)

us. service rate of 3" server (S3)

g service rate of 4™ server (S4)

p'12: the probability of customer going from 1%to 2" server ith time

p': the probability of exit of customer from 1% server ith time.

piz: the probability of exit of customer from 2" server ith time.

p'ss: the probability of customer going from 2™ to 3 server ith time.
p'>1: the probability of customer going from 2™ to 1% server ith time.
p's: the probability of exit of customer from 3" server ith time.

pi31: the probability of customer going from 3" to 1% server ith time.

p's2: the probability of customer going from 3™ to 2™ server ith time.

p's4 the probability of customer going from 3™ to 4™ server ith time

p's: the probability of exit of customer from 4™ server ith time.

p's: : the probability of exit of customer from 4" to 1% server ith time.

p's2: the probability of customer going from 4™ to 2" server ith time.

p'ss: the probability of customer going from 4™ to 3" server ith time.

AizZaipli v A =zaip1i2
i-1 i=1

n. n-1 n. ..
Bz :Zbl p; 1 le = Zbl p;l 1 st :Zbl plzs
i=1 i=1 i=1
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3.Formulation of Problem

The queue network consists of four service channels in hierarchical order i.e. lower level (Server 1)
to higher levels (Server 2, server 3 and then server 4) if required. It is assumed that customer arrives
at first server from outside the system and then goes to second, third and fourth server. The situation
has been shown by the following sate transition diagram:

P P P
F 3

I r [
: S S5 P2 S S P
> .S e > =3 > I

n p'- n n: i ny

1z P
P P

Movement of the Customers from Various Servers

If the customer gets service from first server ith time, then p; + p;, =1. After getting service from
second server ith time, we have pj + pj, + ps, =1. Customer after getting service from the third server

ith time, we have p}+ pi, + p, + p, =1and after from fourth server, we have p; + pj, + pi, + Py, =1

Hence we can write:

Salpi+dalpl, =1

i=1 i=1

n o n-1 n o
Db p+> bipy + > b'py; =1
i=1 i=1 i=1

n . . n . i n-1 i i n-1 i i
pNLEDNL IS ST NS L
i=1 i=1 i=1 i=1

n . n-1 n-1 n-1
Zdl P. +zdl Pas +Zdl Pa +Zdl Py =1
i=1 i=1 i=1 i=1
Thus we have:

A1+A12:1
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Bo+Bx+By=1
C3+C3yp+C3+Cxpn=1
Ds+Ds3+Dap+Dy=1

If we denote Q. n,nun, (t) as the probability of ny, n, ns, ng customers at time t on 1%, 2", 3 and 4"
server S;, S, S3& S, resp. at time t, then we have the steady state equations as:

(/14-,“1 T, T +lu4)Q”1v“z'”3'"4 -

/,{’in—]_,nz,ng,n‘l +A/’t_[ in+1,n2,n3,n4 +A12:“1Qn1+1,n2—1,n3,n4 + BZ/’LZin,n2+1,n3,n4 +

Ba3p2Qnynyt1ns—1,na TB2112Qn, —1np+1,n5ms T C3300  mymating + C38U30n npms+ing—1 T
C32U3Qn, ny—1n3+1ny T C31H3CQ0, —1nymz+1n, T

BAYA in,nz,ng,nﬁl + D, in—l,nz,ng,n4+l + D1y, Qm,nz—l,ng,n4+1 + D1, in,nz,n3—l,n4+l .. (1)
Putn =0

(ﬂv+ﬂ2 + 44 +/L‘4)Qo' n,,Ny,n,= A Q,n,, Ny, N, +

Aoty Ql,nz—l,n3,n4 +B,u, QO,n2+l,n3,n4 + Byt QO,n2+1,n3—l,n4 +C313Q0m,n3+1,n4

Cautty QO,nz,n3+1,n4—1 +Coty Qo,nz—l,r13+1,n4 + D,u, QO,nz,n3,n4+1 + Dty QO,nz—l,ng,n4+l + D1y QO,nz,n3—1,n4+1
.. (2)
Putn,=0

(X’ + lul + /,13 + :u4 )Qr11,0,n3,n4 = /1 in—l,O,n3,r14 +
A in+1,0,n3,n4 +B,u, in,l,n3,n4 +Byss, in,l,ns—l,n4 +By, in—l,l,n3,n4
Catty in,O,n3+1,n4 +Coutty in,O,n3+1,n4—1 +Cathy erl—l,O,n3+1,n4 +D, 4, erl,O,n3,n4+l

+D41:u4 in—l,O,n3,n4+1 + D43/u4 in,O,ngfl,nAJrl e (3)

Putnz=0

(At + 1+ 1) Qs 0m, = AQy 100, +

Ay in+1,n2,0,n4 + A in+1,n2—1,0,n4 +B,1 in,n2+1,0,n4 + Byt in—l,n2+1,0,n4
Caus in,nz in Tt Coutt sz anat Cootl in,nz—l,l,m +C, 14 infl,nz an, T

D4:u4 in,nz,o,nﬁl + D41:u4 erl—l,nz,o,n4+1 + D42:u4 in,nrl,o,nﬁl .. (4)

Putns = 0
(ﬂ’+/ul +/u2 +/“3)in,nz,n3,0 = ﬂ“in—l,nZ,n&O +

Ay in+1,n2,n3,0 + ALy in+1,n2—l,n3,0 +B,14 in,n2+1,n3,0 + Bty in,n2+l,n3fl,0 +
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leﬂz in—l,n2+l,n3,0 + C3:”3 in,nz,n3+1,0 + C32/13 in,nz—l,n3+1,0 + C31:“3 in—l,nz,n3+1,0 +

Dty Qy nynyz T Dastty Qo iy nyn + Doty Qy nyinya + Dastls Quy iy 11 ...(5)

Forng, n,=0

(A+u+u, )QO,O,n3,n4 =AuQ o, +

B4, Qo,l,n3,n4 + Byt QO,l,n3—1,n4 +Cyuh QO,n3+l,n4 +Cyutt QO,O,n3+1,n4—l +

Dty Qo.00,n,41 + Dastts Qo o, 10,41 ...(6)
Forny, n;=0

(/1 Tty )QO,nz,O,n4 =A1Q o, +

Aoty Ql,nz—l,o,n4 +B, 1, Qo,nz+1,o,n4 +

Catts Qo n, 1.0, T Caatls Qo 10,1

C321u3 Qo,nz—l,l,n4 + D4/J4 QO,nz,O,n4+1 + D42/J4 QO,nzfl,O,n4+l .o (7)

Forns, ny=0

(/1 + i, + ﬂs)Qo,nz,n3,o = ALMQLnZ,ng,o + AL Ql,nz—l,n3,0 +

B, 14, Qo,n2+1,n3,0 + Bty Q0,n2+1,n3fl,0 +Cyut Qo,nz,n3+l,0 +

Doty Qo 0, n 1 + Doty Qo -10y1 + Dastls Qo 11 (8
Forn,, n;=0

(/1 Tty )in,o,o,n4 =AQ, 1000, T

At Q,00m, + Bt Qion, +

B,.4t, anl,l,o,nA +C, 14 in,o,1,n4 +C,, 14 in,O,l,n4—1 +C, 14 infl,O,l,nA

+D, 14 in,O,O,n4+l + Dyt in—l,O,O,n4+l -9

Forn,, ny=0

(A+u+ :u3)Qn1,0,n3,0 =2Q, 10m0+

A Q100 T Batly Qyin, 0+ Boatlo Quin 10

B,.1t, anl,l,nS,O +C, 14 in,o,n3+1,0 +C, 14 in—l,O,n3+l,0 +D,u, in,O,n3,1 +

Dty Qn, 10,1 + Dastts Quy 00,12 ...(10)

Forns ny=0

https://internationalpubls.com

154



Panamerican Mathematical Journal
ISSN: 1064-9735
Vol 33 No. 03 (2023)

(At +1)Q,, 0,00 =AQy 10,00+

A Q1,00 T Aokl Qiin, 100+

B, Q4100 + Basts Qi 100

+C, 14 in,nz 10 TCous in,nz—l,l,o +

Cautts Qim0+ Datty Q01 +

Dty Qn, 1,00+ Daotty Q102 (1)
Forni=n,=n3=0

(A+ ) Q000 = Akt Quoon, +Batly Qion,

+Ca Qg 01, +Caatls Q010,14 + Datts Q00,0 ...(12)
Forni=nz3=n;=0

(A+16)Qon, 00 = At Qo0 +

Aoty Q100 +Bot, Qo100 +

Catts Qo 10 +Cantls Qo110 +

D,u, QO,nZ,O,l +D,, 1, QO,nZ—l,O,l ...(13)
Forn,=n3=n,=0

(/1 + M)in,o,o,o =4 Qn1—1,0,0,0 + AL Qn1+l,0,0,0

B, 14, in’1’0’0 + B, 14, th_l’l’c,’0 +

Catt; Q010 +Cartts Q1010 +

D,44, Q001+ Dartts Qu, 1001 ...(14)
Forni=n;=n,=0

(A+45) Qom0 = Ath Qoo+

B, Qo im0 + Boatlo Q10 +

Catts Qo0,n,:10 T Datty Qo 00,1 + Daztty Qo o, 11 ...(15)
Forni=n,=n3=ns=0

AQp000 = Aty Qoo+ Botty Q100 +Catts Qo1 + Dyt Quo01 ...(16)

We assume here the initial condition
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otherwise

1 ;
invnzyn31n4 = 0

We also define

Where
IX|=IY|=|z|=|R|=1...(17)

Also we define partial generating function as

(o]
an,n3,n4(X) = Z in,nz,n3,n4an
n1=0

G‘I’lg,n4(Xl Y) = z an,n3,n4(x)-yn2

Tl2=0
0o

nz
Gnl,nzrn3rn4y
n2=0

Gn4(X'Y;Z) = Z Gn3,n4(X; Y)Zn3

Tl3=O
= > 6, (Y. DR
n4=0
On solving (1) to (16) & using (17) we have:

11Go (V,Z,R) 15 (41 +412Y)]
+12Go (X,Z,R)[l—%(BZ +By1 X+Bj3 Z)])

+u3Go (XY R)[1—2(C3+C31 X+C32 Y +C34R)] )

(n,n,,n;,n, #0

+14Go (X,Y,2)[1-5(Dy+Da1 X+Ds2 Y +D43.7)] )

F(X,leaR): /1(1_X)+/,{1[1—%(A1+A12 Y)]

1
+i2 [1—7(32 +B21X+B>3 Z)]
1
+us [1_E(C3 +C31X+C32 Y+C34R)]

1
+lg [1 —E(D4 +D41 X+D42 Y+D43 Z)]

where f = <

https://internationalpubls.com

(11Go (Y, Z,R) |1 = 3 (A1 + ApY))]
+12Go (X,Z,R) [1 = 3 (B2 + ByuX + By32)))
+u3Go (X,Y,R) [1 =2 (C3 + C31X + CxY + C34R)| )

generating

F(X,Y,Z,R)zi i i i Qu oy, XY Z¥R™

..17(D)

(18)

(+14Go (X,Y,2) [1 = 2 (D4 + Dis X + DigY + Di32)| )

function as

.. 17(4)

w17(B) Gy iy, (V)

..17(B1)

. 17(C)G(X, Y, Z)

(18A)
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( 1

A= X) + [1 -4+ A12Y)]
1

) [1 —5 (B2 + By X + Bz3Z)]

g =1 1 (18B)
3 |1 =7 (C3 + C31X + CxY + C34R)|
1
(+it4 [1 = 1 (D4 + Dy X + DyY + Dy 2)|
for convenience let us defined
GO(Y,Z,R)=G1 , GO(X,Z,R)=G2 (180)
G,(X,Y,R)=G, G,(X,Y,Z)=G,

Solving the linear equations obtained from (18), we have

—(D43C34+D4p Bp3 C34+C33 Bp3_1)A+
#1B21 412 (D43C34—1)+1u123(+1-Dy3C34—Dyp B23C34—C32B23+1)
—u1D41A12B23C34—11C31412 823 (
Gy = Go(Y,Z,R) = =4~ 19
1 o(Y,Z,R) 11 (D43 C34+D4p Bp3C34+C32B23 1)+ (19)
U1B21A12(1—Dy3C34)+11D41A12B23C34
+11031412B23

—A12 (D43 C34—1)A+upBp1 A12(Dg3C34—1)
+142 (—D43 C34 —Dygp Bp3 C34 —C32 Bo3 +1)
_ _ ~U2D41A12Br3C34—12C31 412 Bo3
Gy = Go(X,Z,R) = 142 (D43 C34+Dy2 Bo3 C34+C32 B3 —1) (20)
+112B21A12(1—Dy3C34)+12D41A12B23C34
+uzC31412 B3

A12 B3 A+13(D43C34+Dgp Bp3 C34+C32B23—1)
u3B21A12(1—D43C34)+13Ds1A12B23C3a
_ _ Fu3C31412B73
G3 = Go(X,Y,R) = #3(D43C34+D42 B33 C34+C32 B3 —1) (21)
+13B21A12 (1—D43C34)+13D41 A12 B23C34
+u3C31 412 B3

A12B23C34A+14 (D43 C34+Dyp Bp3C34+C33 B3 —1)
+u4aBr1A12(1-D43C34)+1uaDy1A12B23C34
_ _ 114031412873
Gy = Go(X,Y,2) = 144(D43C34+D42 Bp3 C34+C32 Bp3 —1) (22)
+114B21A12(1—D43C34) 14Dy A12B23C34
+14C31A12B23

From (18)

of
oX

1
+u, G (X, Z,R) [1 - ?(Bz + By X + 3232)])

1 -1
= Go(Y, Z'R)F [A1 + A1pY] + upGo (X, Z, R) [7321]

1
+u3Go(X,Y,R) [7 631] + u3G3(X,Y,R) [1 - 2(63 + (31X + (37 + C34R)]

—Dyq
R

1
+usGo(X,Y,Z) ( ) + 4G (X, Y, Z) [1 - E(Dz} + Dy X + DypY + D43Z)]

of
(8_)() = G, — 14,B,,6, — 16,C,G; — 11,D,,G,
(1111)
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(Z—}i) =1 + (% (A, + A12Y)> + 2 (_71321) +

-1 —Dyq
U3 (7631) T Uy (— R )

52)
0X/1,11,1)

= —A+ u; — puBy1 — p3Cs1 — usDyy

o* f -2 —1,B

G (X, Z, R)[%)+%G§(X,Z,R)[1—Y1(Bz +B,X +stz)}

-1 -1
G (X, Y, R)[?C3l)+y3Gé(X,Y, R)[?Cﬂ}

1 -1
+uzGeL(X, Y, R) (1 =5 (G + 03X + (Y + C34R) + u3G§(X,Y,R) [7C31]

_ 1

+u, G X, 7,20 ( R41)40 (X, Y,Z() [_71041])

1
+us Gy ((X, Y,Z7) [1 - E(D4 + Dy X + DypY + D43Z)]>

aZf 1 1 1
W = —2‘11161 - ,UZleGZ - l'lZBZlGZ - l’L3C3lG3
(1,1,1,1)

—#3(:3163} - #4D41Gi — UgDy1Gy
= =26,

(28] uf5aaay)]

ox?

0°g
5,
(1111

Let Lg, denote the mean queue length at the 1% server S;.

(g_{()(l,l,l,l) (%)(1,1,1,1) + (%)(1,1,1,1) (?’272)(1,1,1,1)

2
2 [(Z_i)(l,l,l,l):l

Lg; =

By putting the values;
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[11G1 — Uz B21 Gy — u3C31G3 — pyDyy Go ] (—2p9)
Lg, = +(=A+ 41 — 1pBoy — #3C31 — paDyy ) (=241 Gy)
2[(=A + g — upByy — p13C31 — ugDay)]?
(u1Gy — pBy1Gy — u3Cs1G3 — paDyy Gy)
(=A+ py — uBy1 — u3Csy — paDyyp)?

G
: | @
(=A+u1—u2Br1—p3C31—i4D4q)

Lg1 = —iy

Again from (18)

Gv

oY
1

+u,Go(X, Z,R) [ﬁ (B + By1 X + 3232)]

-1 1
) = Go(Y,Z,R) [71412] + w1 Gy (Y,Z,R) [1 X (A1 + A12Y)]

1

1
+u,Go | X,Y, 20 [ R“] (X, Y,Z() [1 == (D4 + Dy X + DyY + D432)])
40
of
G_Y =-uGA, + 1,6, — 11,G,D,,
(LLL)
ag - 1
3 - M(%}rﬂz [Y—Z(B2 1B, X + stz)}
C D
+,U3( Zszj"',uzt( RAZ]
ag
(W) = —Aqpuq + py — u3Csp — usDyy
(1,1,1,1)
a°f -1 —A
<m> = G (1,2, R) (A ) + mGh (v, 2, R) (2)
1 -2
+u1G3*(Y,Z,R) [1 - }(fh + A12Y)] + uGo(X,Z,R) [W (B + By X + 3232)]
D D
+u,GL(X, Y, 2) ( R42) + u,GE(X, Y, 2) [ R“]
1
+usG3r(X,Y,2) [1 - (D4 + Dy1 X + DyyY + D43Z)]
92 f)
Y = —2UyG;
2
<6Y (1,1,1,1)
o’g -2
v 22 (B, + B, X +B,,Z)

azg>

av7 = —2Uy
2

<6Y 1,1,1,1)
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Let Lgs denote the mean queue length at the 2™ server S,.

(%)(1,1,1,1) ((5;272)(1,1,1,1) + (%)(1,1,1,1) (%)(1,1,1,1)

Lq, = ) 7
2|(5) 10
(6Y)(1‘1,1‘1)
(—11G1 A3 + Gy — 1aDap Go)(—2p3) +
Lg, = (A2 + pp — 13Cs0 — H4Dap) (=215 G)

2[—Aqpu1 + po — u3C3p — pugDyr]?

Lq, = —4 (=11G1412 +p2Go—114 D4 Ga) Gy
2 2| (—Arppu1+uo—13C3 —1aDa2)?  (=A1gp1+2—13C32—14Ds3)

(25)
From (18)

(%) = mGh(ZR) |1 - o A0)| + 260X, 2, R) [_523]

1
+1,G3(X,Z,R) [1 - ?(B2 + By X + 3232)]

1
+uzGo (X, Y,Z() [ﬁ (C3 + C3:X + C3Y + C34R)])

of
(a_z) =—14,B,,G, + 1,6,
(1111)

11 1 By 1
aZZ :'u”lGO (Y’Z'R)|:1_Y(A1+A12Y)}_:u2TGO(X'Z’R)

+1,GE (X, Z, R){l—Yl(BZ +B, X + stz)}

+/JZGé(X Z, R)(_$Z3J+N3GO (X Y, R)(;—gj[(% +C31X +C32Y +C34R]
o’ f ]
—241,G,
[622 (1111
&g 1 1
> {7 823}+y3[?(c3+cslx +C,Y +C34R)}
-1
4, (E D43j
0° -2
6792 _ Z§‘3 (C,+CyyX +CyY +CyR)
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82
(az% j =2t
(111)

Let Lo denote the mean queue length at the 3™ server Ss.

(%)(111’1,1) (3272)(1,1,1,1) + (%)(1,1,1,1) (327];)(1,1,1,1)

2
2 [(%)(1,1,1,1)]

_ (=H2By3Gy + u3Gs)(—=2u3) + (—pzBaz + pz — uaDy3) (—2p3G3)

Lqgsz =

L
7 2[—pyBy3 + p3 — paDysl?
(—p2B23 Gy +1u3G3) G3
- _ 26
Las Hs [(—M2323+ﬂ3—D43M4)2 (—u2Ba3+ug—paDy3) (26)
From (18)
af 1

1
+uGo (X, Z, R) [1 b7 (B + By X + 3232)]
1
+u3Gd (X, Y,R() [1 -7 (C3 4+ C31 X + C35Y + C34R)]>

Cs 1
+usGo(X,Y,R) <— 74) + 1sGo(X,Y, Z) (ﬁ) [Dy + Day X + DgpY + Dy3Z]

of
(_j = —14C4,G; + 14,G,
oR (1111)

0 f
oR?

G (Y2, R){l-%(/s&ﬂzv)}wz G (X,Z. R){l—%(Bz LB X + stz)}

+1,G, (XY, R)[l—%(c3 +Cyy X +C,Y +C34R)}

+16Go (X, Y, R)[%}_ G w

—%GO(X,Y,Z)[Q, + DX +D,,Y +D,,Z]

o* f j
=-21,G,
(GRZ (1111)
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P _C 1
a4 (—34}/14 [?(q +D, X +D,Y + D432)}

oR z
g
— =—1,C,, +

( R J(MM) My gy T Hy

o’y _ 2u

= R34 (D,+DuX +D,Y +D,,Z)

d%g
[a?j ~
(1112)

Let L4 denote the mean queue length at the 4™ server S,.

(%)(1,1,1,1) (3275)(1,1,1,1) + (%)(1,1,1,1) (g%)(l,l,l,l)

Lqy = 2
2(8) i

_ (—u3C34G3 + pusGy) (—2p4) + (—p3C34 + pg) (—2p4Gy)

Lq
! 2[—p3C34 + psl?
_ o [CpsCe4G3+uaGa) Gy
Las = —ns [ (—13C34+14)? —u3634+u4] (27)

If Lg be the mean queue length of the whole system then
Lo= Lg:+La.+Lgst+Las
From (24), (25), (26) and (27) we have

(41G1 — UpBy1 Gy — p3C31G3 — gDy Gy)

Lg=—pu
Y| (=24 iy — paBzy — u3Cs1 — paDay)?
Gy
+
(—=A+ g — pupBy1 — 13C31 — pgDyy)
—u (—u1G1 A1 + Gy — usDyy Gy) G
2 [(=Arap + H2 — 13C3p — aDaz)? T (—Arzis + sy — 3C32 — HaDaz)
—u l (=#2B23G; + p13G3) G3
3|(—pzBaz + p3 — Daspia)? ' (—paBas + ts — paDys)

u (—u3C34G3 + psGy) + Gy l
* (—u3C3a + psg)? —Uz3C34 + Uy

...(28)
Where G, G,, Gz and G, are given by (19), (20), (21) and (22).

4 Conclusion
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As a result, we can calculate the system's mean queue length from (28), which allows us to use this
queue model to estimate future events in reaction to certain alterations. To make accessible to clients
who are waiting, adjustments could be made to the arrival pattern, the average length of service, the
number of servers, or the available space.
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