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Abstract:  

In this paper, we investigate the total chromatic number of comb product involving 

various graph families. The comb product between G and H ,denoted by (G  o H), is a 

graph obtained by taking one copy of G and |V (G)| copies of H and grafting the i-th 

copy of H at the vertex o to the i-th vertex of G .The total chromatic number of a graph 

𝐺,denoted χtc(G)  is defined as the minimum number of  colors  needed to color the 

vertices and edges of a graph in such a way that  different colors for two adjacent 

vertices,  two adjacent edges and  an  incident vertex and edge. We explore the total 

chromatic number of comb product involving graphs namely, Bi-fan with cycle, Bi-fan 

with star, Bi-fan with fan, Bi-fish with path, Bi-fish with star, Bi-fish with cycle, Bi-fish 

with fan and  Bi-fish with complete graph. 

Keywords: Total chromatic number, Comb product, Bi-fan, Bi-fish, path, star, cycle, 

fan and complete. 

1.INTRODUCTION 

 In this paper, we investigate the total chromatic number of comb products involving various graph families. The 

comb product between G and H ,denoted by (G o H),is a graph obtained by taking one copy of G and |V (G)| 

copies of H and grafting the i-th copy of H at the vertex o to the i-th vertex of G .The total chromatic number of 

a graph 𝐺,denoted χtc(G)  is defined as the minimum number of  colors  needed to color the vertices and edges of 

a graph in such a way that different color for  two adjacent vertices, two adjacent edges and  an incident vertex 

and edge. Δ(𝐺)+1≤𝜒𝑡𝑐(𝐺)≤Δ(𝐺)+2, where Δ(𝐺) is the maximum degree of 𝐺 and this is called as total coloring 

conjecture(𝑇𝑐𝑐). If it is total coloring with Δ(𝐺)+1 colors it is called type-I. If it is total coloring with Δ(𝐺)+2 

colors it is called a type-II.  

   

2. COMB PRODUCT OF BI-FAN WITH SIMPLE GRPHS 

Definition  2.1:  A Bi-Fan B(F1,m,m) is obtained by joining the centre (apex) vertices of two copies of ( F1,m)by an 

edge. The vertex set of B(F1,m,m) is V[B(F1,m,m)] = {u, v, 𝑢𝑎 , 𝑣𝑎/1 ≤ a ≤ m}, where u, v are apex vertices and 𝑢𝑎, 

𝑣𝑎 are vertices.  

The edge set of  (F1,m, m ) is  E[B(F1,m,m)] = {uv, u𝑢𝑎,v𝑣𝑎/1 ≤ a ≤ m, 𝑢𝑎𝑢𝑎+1/1 ≤ a≤ m-1,    

                                                                       𝑣𝑎𝑣𝑎+1/1 ≤  a ≤  m − 1 }  

It is clear that  |V[B(F1,m, m)] | =  2m+2 and | E[B(F1,m,m) | = 4m-1. 

                  

 

 

 

mailto:kthirusangu@gmail.com
mailto:mvimalabai24@gmail.com


Panamerican Mathematical Journal 

ISSN: 1064-9735 

Vol 34 No. 4 (2024) 

 

688 
https://internationalpubls.com 

Example 2.1: Consider the Fan graph  (F1,n ) 

 

Figure:2.1 

Theorem 2.1:  The TCN of Bi-fan graph is m+2, for m ≥ 3 

Proof:  Let   BFG be a Bi-fan graph. The apex of G is denoted as u, v. 

Let V={u}∪{v}∪{𝑢𝑎/1≤ a ≤ m}∪{𝑣𝑎/1≤ a ≤ m} be the vertices and  

      E={uv} ∪{u𝑢𝑎/ 1≤ a ≤ m}∪{v𝑣𝑎/ 1≤ a ≤ m}∪{𝑢𝑎𝑢𝑎+1/1≤ a ≤ m-1}∪{𝑣𝑎𝑣𝑎+1/1≤ a ≤ m-1}  

      be the edges of bi-fan graph.   

S = V(𝐵([F1,m,m])) ∪E(𝐵([F1,m,m])) and C={1,2,3,…} 

We now  define total coloring  as a function f:S→C.  

First provide coloring for the vertices as follows: 

  𝑓(𝑢) ={m+1},  𝑓(𝑣) = {1}.                      

For 1≤ a ≤ m-1, 𝑓(𝑢𝑎) ={a+1}; 𝑓(𝑢𝑚) = {1}.      

For 1≤ a ≤ m, 𝑓(𝑣𝑎) ={a+2}. 

Next provide coloring for the edges as follows: 

𝑓(𝑢𝑣) ={m+2}. 

For 1≤ a ≤ m, 𝑓(𝑢𝑢𝑎) ={a}, 𝑓(𝑣𝑣𝑎) ={a+1}     

For 1≤ a ≤ m-1, 𝑓(𝑢𝑎𝑢𝑎+1)= {𝑎 + 3} ; For 1≤ a ≤ m-1, 𝑓(𝑣𝑎𝑣𝑎+1)= {𝑎}     

Hence, the coloring norm above, we get  TCN of Bi-fan graph is m+2. 

Example 2.2:Consider the Bi-fan graph 𝐵([F1,4,4]) 

 

Figure:2.2 

The Total Chromatic Number of the above graph is 6. 
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Theorem 2.2: The TCNOCP of Bi-fan graph with path graph is m+3, for m ≥ 3, n ≥ 2  and m ≠ n 

Proof:  Let B(F1,m,m)  be a Bi-fan graph. V= {u}∪ {v} ∪{𝑢𝑎  ,1 ≤  a ≤  m} ∪ {𝑣𝑎 , 1 ≤  a ≤  m} be the vertices 

and E= {uv}∪{  𝑢𝑢𝑎, 1≤ a ≤ m }∪{𝑣𝑣𝑎 , 1≤ a ≤ m }∪ { 𝑢𝑎𝑢𝑎+1, 1 ≤ a ≤  m − 1}   ∪ 

{𝑣𝑎𝑣𝑎+1/1 ≤  a ≤  m − 1 }  be the  edges of bi-fan graph of B(F1,m,m). 

 Let H be Path graph. V={ 𝑤𝑎/1 ≤  a ≤  n} be the vertices and { 𝑤𝑎𝑤𝑎+1/1 ≤  a ≤  n − 1 } be the edges of path 

graph. A path  𝑃𝑛 𝑖𝑠 joined with each vertex of the bi-fan graph.  

Here, Δ [(B (F1,m,m)) Pn] ={m+2} 

Let S=V[(B(F1,m,m)  𝑃𝑛] ∪E[(B(F1,m,m)  𝑃𝑛]  and  C={1,2,3,4,…} 

We now  define total coloring  as a function f:S→C.  

Total number of vertices is 2m+2n and total number of edges is 2(mn + m + n)-3 

First provide coloring for the vertices as follows: 

𝑓(𝑢1,1)={m+2}, 𝑓(𝑣1,1) ={m+3}. 

For 1≤ b ≤
𝑛−1

2
 , if n is odd                    𝑓(𝑢1,2𝑏) = {1}           

For 1≤ b ≤ 
𝑛−1

2
, if n is odd                    𝑓(𝑢1,2𝑏+1) = {2}  

For 1≤ b ≤
𝑛−1

2
 , if n is odd                    𝑓(𝑣1,2𝑏) = {2}           

For 1≤ b ≤ 
𝑛−1

2
, if n is odd                    𝑓(𝑣1,2𝑏+1) = {1} 

For 1≤ b ≤
𝑛

2
 , if n is even                    𝑓(𝑢1,2𝑏) = {1}           

For 1≤ b ≤ 
𝑛−2

2
, if n is even                𝑓(𝑢1,2𝑏+1) = {2}  

For 1≤ b ≤
𝑛

2
 , if n is even                    𝑓(𝑣1,2𝑏) = {2}           

For 1≤ b ≤ 
𝑛−2

2
, if n is even                𝑓(𝑣1,2𝑏+1) = {1} 

For 2≤ a ≤ m+1 and 1≤ b≤ n          𝑓(𝑢𝑎,𝑏)={
1 If a is even and b is odd; If a is odd and b is even 
2 If a is evenand b is even; If a is odd and b is odd

    

 For 2≤ a ≤ m+1 and 1≤ b≤ n         𝑓(𝑣𝑎,𝑏)={
1 If a is even and b is odd; If a is odd  and b is even 
2 If a is even and b is even; If a is odd  and b is odd

    Next provide 

coloring for the edges as follows:  

𝑓(𝑢1,1𝑣1,1) = {1} 

For 2≤ a ≤ m+1, 𝑓(𝑢1,1𝑢𝑎,1) ={a}.   

For 2≤ a ≤ m+1, 𝑓(𝑣1,1𝑣𝑎,1) ={a}.   

𝑓(𝑢2𝑎,1𝑢2𝑎+1,1) ={m+1}.           If m is even 1≤ a ≤ 
𝑚

2
   and If m is odd 1≤ a ≤ 

𝑚−1

2
    

𝑓(𝑢2𝑎+1,𝑏𝑢2𝑎+2,𝑏) = {m+2}.      If m is even 1≤ a ≤ 
𝑚−2

2
   and If m is odd 1≤ a ≤ 

𝑚−1

2
    

𝑓(𝑣2𝑎,𝑏𝑢2𝑎+1,𝑏) ={m+1}.           If m is even 1≤ a ≤ 
𝑚

2
   and If m is odd 1≤ a ≤ 

𝑚−1

2
    

𝑓(𝑣2𝑎+1,𝑏𝑢2𝑎+2,𝑏) ={m+2}.       If m is even 1≤ a ≤ 
𝑚−2

2
   and If m is odd 1≤ a ≤ 

𝑚−1

2
    

For 1≤ b ≤ n-1,  𝑓(𝑢1,𝑏𝑢1,𝑏+1) ={
𝑚 + 3  If b is odd 
𝑚 + 2  If b is  even
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 For 1≤ b ≤ n-1,  𝑓(𝑣1,𝑏𝑣1,𝑏+1) ={
𝑚 + 2  If b is odd 
𝑚 + 3  If b is even

         

  For 1≤ b ≤ n-1, 𝑓(𝑢𝑚+1,𝑏𝑢𝑚+1,𝑏+1)={
𝑚         If  b is odd 
𝑚 − 1  If  b is even

           

For 1≤ b ≤ n-1, 𝑓(𝑣𝑚+1,𝑏𝑢𝑚+1,𝑏+1)={
𝑚         If b is odd 
𝑚 − 1  If b is even

          

For 2≤ a ≤ m, 1≤ b≤ n-1,  

𝑓(𝑣𝑎,𝑏𝑣𝑎,𝑏+1)={
m + 1 If a is even and  b is odd; If a is odd and b is odd 
m     If a is even and b is even; If a is odd  and b is even

           

For 2≤ a ≤ m, 1≤ b≤ n-1 

𝑓(𝑢𝑎,𝑏𝑢𝑎,𝑏+1) ={
m + 1  If a is even and  b is odd; If a is odd and b is odd 
m         If a is even and b is even; If a is odd  and b is even

         

Therefore, from the coloring norm above, the TCNOCP of Bi-fan with path graph is m+3. 

Theorem 2.3: TCNOCP of Bi-fan graph with star graph is m+n+1, for m> 3, n ≥ 2  and m ≠ n. 

Proof:  Let B(F1,m,m)  be a Bi-fan graph. V= {u}∪{v}∪{ua/1≤ a ≤ m}∪{va/1≤ a ≤ m} be the vertices and  E={uv} 

∪{uua/1≤ a ≤ m}∪{vva/1≤ a ≤ m}∪{uua+1 /1≤ a ≤ m-1}∪{vva+1 /1≤ a ≤ m-1}  be the edges of bi-fan graph of 

B(F1,m,m). 

Let    𝑆𝑛 be star graph. V= {𝑤𝑎 /1≤ a ≤ n-1}∪ {w}  be  the vertices and {𝑤𝑤𝑎/1≤ a ≤ n-1} be an edges of   star 

graph. A star  𝑆𝑛 is joined with each vertex of the bi-fan graph. 

Here Δ (B(F1,m,m Sn) = {m+n}.  

S=V [(B(F1,m,m) )  𝑆𝑛] ∪E[(B(F1,m,m) )  𝑆𝑛] and   C= {1,2,3, … } 

We now  define total coloring  as a function f:S→C.  

Total number of vertices is 2mn+2n and total number of edges is   2(mn+m+n)-3 

First provide coloring for the vertices as follows: 

𝑓(𝑢1,1) = {m+1}, 𝑓(𝑢𝑚)= {1} 

𝑓(𝑣1,1) = {m+n}, 𝑓(𝑣𝑚)= {1} 

 For 2≤ a ≤ m+1,  𝑓(𝑢𝑎,1)={
 2  If a is even 
1 If a is odd 

          

 For 2≤ a ≤ m+1, 𝑓(𝑣𝑎,1) ={
 2  If a is even 
1 If a is odd 

           

For 2≤ a ≤ m+1 and 2≤ b≤ n     𝑓(𝑢𝑎,𝑏) = {𝑎 − 1}      

For 2≤ a ≤ m+1 and 2≤ b≤ n   𝑓(𝑣𝑎,𝑏)= {𝑎 − 1}          

Next provide coloring the edges as follows: 

𝑓(𝑢1,1𝑣1,1) ={m+n+1}  

For 2≤ b ≤ n-1,  𝑓(𝑢1,𝑏𝑢1,𝑏+1) = {𝑚 + 𝑛 + 1}     

For 2≤ b ≤ n-1, 𝑓(𝑣1,𝑏𝑢1,𝑏+1) = {m+n+1}        

 For 1≤ b ≤ n-1, 𝑓(𝑢𝑚+1,𝑏𝑢𝑚+1,𝑏+1) ={
𝑚         If b is odd 
𝑚 − 1  If b is even

          

 For 1≤ b ≤ n-1, 𝑓(𝑣𝑚+1,𝑏𝑣𝑚+1,𝑏+1) ={
𝑚         If b is odd 
𝑚 − 1  If b is even

         

 For 2≤ b ≤ n , 𝑓(𝑢1,1𝑢1,𝑏) = {𝑚 + 𝑛 + 1}     
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 For 2≤ b ≤ n,  𝑓(𝑣1,1𝑣1,𝑏) ={𝑚 + 𝑛 + 1}      

 For 2≤ a ≤ m+1, 𝑓(𝑢1,1𝑢𝑎,1)= {𝑎 − 1}              

 For 2≤ a ≤ m, 𝑓(𝑣1,1𝑣𝑎,1) ={𝑎 − 1}               

For   2≤ a ≤ m+1 and 2≤ b ≤ n, 𝑓(𝑢𝑎,1𝑢𝑎,𝑏)= {𝑚 + 𝑏 − 1}      

For   2≤ a ≤ m+1 and 2≤ b ≤ n, 𝑓(𝑣𝑎,1𝑣𝑎,𝑏) ={𝑚 + 𝑏 − 1}       

For 2≤ a ≤ m, 𝑓(𝑢𝑎,1𝑢𝑎+1,1) ={
     𝑚 + 𝑛            If a is even 

𝑚 + 𝑛 + 1     If a is odd
           

For 2≤ a ≤ m, 𝑓(𝑣𝑎,1𝑣𝑎+1,1) = {
𝑚 + 𝑛           If a is even 
𝑚 + 𝑛 + 1  If a is odd

                   

Therefore, from the coloring norm above, the TCNOCP of Bi-fan with star graph is m+n+1. 

 

Theorem 2.4: The TCNOCP of Bi-fan graph with cycle graph is m+4, for m ≥ 3, n ≥ 2  and m ≠ n 

Proof: Let B(F1,m,m)  be a Bi-fan graph. V= {u}∪{v}∪{ua/1≤ a ≤ m}∪{va/1≤ a ≤ m} be the vertices and  E={uv} 

∪{uua/1≤ a ≤ m}∪{vva/1≤ a ≤ m}∪{uua+1 /1≤ a ≤ m-1}∪{vva+1 /1≤ a ≤ m-1}  be the edges of bi-fan graph of 

B(F1,m,m). 

Let  𝐶𝑛  be Cycle graph. V={𝑤𝑎/1 ≤ a ≤ n} be the vertices and {𝑤𝑎𝑤𝑎+1/1 ≤ a ≤  n} be the edges of cycle 

graph. 

 A cycle  𝐶𝑛 𝑖𝑠 joined with each vertex of the bi-fan graph.  

Here Δ (B (F1,m,m Cn) ={m+3} 

Let S=V[(B(F1,m,m)  𝐶𝑛] ∪E[(B(F1,m,m)  𝐶𝑛]  and  C= {1,2,3,4,… } 

We now  define total coloring  as a function f:S→C.  

Total number of vertices is 2mn+2n and total number of edges is 2mn+4m+2n-1 

First provide coloring for the vertices as follows: 

Case 1: If m is odd 

𝑓(𝑢1,1)={m+1}, 𝑓(𝑣1,1)={m+4}.   

For 2≤ b ≤ n-1,  𝑓(𝑢1,𝑏)={
1    If b is even 
2     If b is odd   

         

 For 2≤ b ≤ n-1, 𝑓(𝑣1,𝑏)={
1    If b is even 
2     If b is odd   

           

 For 2 ≤  a ≤  m + 1 and  1 ≤  b ≤  n − 1 

 𝑓(𝑢𝑎,𝑏) = {
1 If a is odd and  b is odd; If a is even and b is even 
2 If a is even and b is odd; If a is odd  and b is even

      

For 2≤ a ≤ m+1 and 1≤ b≤ n-1,    

𝑓(𝑣𝑎,𝑏) = {
1 If a is even and b is even; If a is odd and b is odd 
2 If a is even and b is even; If a is odd and b is odd

       

For 2≤ a ≤ m-1, 𝑓(𝑢𝑎,𝑛)={m+1} 

For 2≤ a ≤ m-1, 𝑓(𝑣𝑎,𝑛)={m+1}   

 Next provide coloring for the edges as follows: 

𝑓(𝑢1,1𝑣1,1) ={m+3},  
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For 1≤ b ≤ n-1                         𝑓(𝑢1,𝑏𝑢1,𝑏+1) ={
𝑚 + 2         If b is odd 
𝑚 + 3        If b is even

           

For 1≤ b ≤ n-1                     𝑓(𝑣1,𝑏𝑣1,𝑏+1) ={
𝑚 + 2         If b is odd 
𝑚 + 3        If b is even

           

For 2≤ a≤ m+1,                     𝑓(𝑢1,1𝑢𝑎,1) = {𝑎 − 1}                                    

For 2≤ a≤ m+1,                     𝑓(𝑣1,1𝑣𝑎,1) ={𝑎 − 1}                                   

 For  2≤ a≤ m+1,              𝑓(𝑢𝑎,𝑛𝑢𝑎,1) = {𝑚 + 4}                                  

 For   2≤ a ≤ m+1,             𝑓(𝑣𝑎,𝑛𝑣𝑎,1) ={𝑚 + 4}                             

  For   2≤ a ≤ m             𝑓(𝑢𝑎,1𝑢𝑎+1,𝑎) ={
  𝑚 + 2   If a is odd 
𝑚 + 3      If a is even

             

 For 2≤ a ≤ m,               𝑓(𝑣𝑎,1𝑣𝑎+1,1) ={
  𝑚 + 2  If a is odd 
𝑚 + 3  If a is even

              

For 2≤ a ≤ m+1, 1≤ b≤ n-1,    

𝑓(𝑢𝑎,𝑏𝑣𝑎,𝑏+1) ={
m + 1  If a is even and b is odd; If a is odd and b is odd 

m + 2   If a is even and b is even;  If a is odd  and b is even
  

For 2≤ a ≤ m+1, 1≤ b≤ n-1,    

𝑓(𝑣𝑎,𝑏𝑣𝑎,𝑏+1) ={
m + 1  If a is even and  b is odd; If a is odd  and b is odd 

m + 2   If a is even and b is even;  If a is odd  and b is even
         

Case ii. If m is even 

𝑓(𝑢1,1)= {m+1},𝑓(𝑣1,1)={m+4}.   

For 1≤ b ≤ n-1         𝑓(𝑢1,𝑏)={
1    If b is even 
2     If b is odd   

          

 For 1≤ b ≤ n-1        𝑓(𝑣1,𝑏)={
1    If b is even 
2     If b is odd   

            

 For 2 ≤ a ≤  m + 1 and 1 ≤  b ≤  n. 

 𝑓(𝑢𝑎,𝑏) = {
1 If a is odd and  b is odd; If a is even and b is even 
2 If a is even and b is odd; If a is odd  and b is even

      

For 2≤ a ≤ m+1 and   1≤ b≤ n.    

𝑓(𝑣𝑎,𝑏) = {
1 If a is even and b is even; If a is odd and b is odd 
2 If a is even and b is even; If a is odd and b is odd

       

  Next provide the coloring for the edges as follows 

𝑓(𝑢1,1𝑣1,1) ={m+3},  

For 1≤ b ≤ n-1                   𝑓(𝑢1,𝑏𝑢1,𝑏+1) ={
𝑚 + 3         If b is odd 
𝑚 + 2        If b is even

           

For 1≤ b ≤ n-1                    𝑓(𝑣1,𝑏𝑣1,𝑏+1) ={
𝑚 + 2         If b is odd 
𝑚 + 3        If b is even

           

For 2≤ a≤ m+1,                       𝑓(𝑢1,1𝑢𝑎,1) = {𝑎 − 1}                                   

For 2≤ a≤ m+1                        𝑓(𝑣1,1𝑣𝑎,1) ={𝑎 − 1}                                    

For 2≤ a≤ m+1                         𝑓(𝑢𝑎,𝑛𝑢𝑎,1) = {𝑚 + 4}                       

 For  2 ≤ a ≤ m + 1                  𝑓(𝑣𝑎,𝑛𝑣𝑎,1) ={𝑚 + 4}                                    

For 2≤ a≤ m   𝑓(𝑢𝑎,1𝑢𝑎+1,𝑎) ={
  𝑚 + 2   If a is odd 
𝑚 + 3      If a is even
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For 2≤ a≤ m   𝑓(𝑣𝑎,1𝑣𝑎+1,1) ={
  𝑚 + 2  If a is odd 
𝑚 + 3  If a is even

              

For 2≤ a ≤ m+1, 1≤ b≤ n-1,    

𝑓(𝑢𝑎,𝑏𝑣𝑎,𝑏+1) ={
m + 1  If a is even and b is odd; If a is odd and b is odd 

m + 2   If a is even and b is even;  If a is odd  and b is even
  

For 2≤ a ≤ m+1, 1≤ b≤ n-1,    

𝑓(𝑣𝑎,𝑏𝑣𝑎,𝑏+1) ={
m + 1  If a is even and  b is odd; If a is odd  and b is odd 

m + 2   If a is even and b is even;  If a is odd  and b is even
 

Therefore, from the coloring norm above, the TCNOCP of Bi-fan with cycle graph is m+4. 

Theorem 2.5: The TCNOCP of Bi-fan graph with fan graph is m+n+2, for m≥ 3, n ≥ 2  and m ≠ n 

Proof: Let B(F1,m,m ) be a Bi-fan graph. V= {u}∪{v}∪{ua/1≤ a ≤ m}∪{va/1≤ a ≤ m} be the vertices and {uv} 

∪{uua/1≤ a ≤ m} ∪{vva/1≤ a ≤ m} ∪{uua+1 /1≤ a ≤ m-1}∪{vva+1 /1≤ a ≤ m-1} be the edges of Bi-fan graph of 

B(F1,m,m ).  

Let  𝐹1,𝑛 be a Fan graph. V= {𝑤𝑎/1≤ a ≤ n}∪ {w}be the vertices and ∪ {𝑤𝑎𝑤𝑎+1 /1≤ a ≤ n-1}∪   

 {𝑤𝑤𝑎/1≤ a ≤ n} be the edges of fan graph. 

 A fan 𝐹1,𝑛𝑖𝑠 joined with each vertex of the bi-fan graph  

Here, Δ[B(F1,m,m)  (F1,n)]= m+ n+1 

S = V(𝐵([F1,m,mn F1,n])) ∪E(𝐵([F1,m,mn F1,n])) and C= {1, 2, 3, 4, ...} 

We now  define total coloring  as a function f:S→C.  

Total number of vertices is 2mn+2n+2m+2 and total number of edges is 4mn+2m+4n-3 

First provide coloring for the vertices as follows: 

𝑓(𝑢1,1)={m+1},𝑓(𝑣1,1)={m+n+1}.   

 For 2≤ a ≤ m+1,  𝑓(𝑢𝑎,1)={
2    If a is even 
1     If a is odd   

          

 For 2≤ a ≤ m+1,  𝑓(𝑣𝑎,1)={
2    If a is even 
1     If a is odd   

          

 For 2≤ b ≤ m+1,  𝑓(𝑢1,𝑏)={
1    If b is even 
2     If b is odd   

         

  For 2≤ b ≤ n+1, 𝑓(𝑣1,𝑏)={
1    If b is even 
2     If b is odd   

          

 For 2 ≤  a ≤  m + 1,   1 ≤  b ≤  n − 1 

 𝑓(𝑢𝑎,𝑏) = {
m + n + 1  If a is odd and  b is even; If a is even and b is even 

m + n + 2  If a is even and b is odd; If a is odd  and b is odd
      

For 2≤ a ≤ m+1, 1≤ b≤ n-1,    

𝑓(𝑣𝑎,𝑏) = {
m + n + 1 If a is even and b is even; If a is odd and b is even 

m + n + 2 If a is even and b is odd; If a is odd and b is odd
       

𝑓(𝑢𝑎,𝑛)= {m+1}, For 2≤ a ≤ m-1,    

 Next provide coloring for the edges as follows; 

𝑓(𝑢1,1𝑣1,1) ={m+n+2},  

For 2≤ b ≤ n-2, 𝑓(𝑢1,𝑏𝑢1,𝑏+1) ={b+1}           
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 For 2≤ b ≤ n-2, 𝑓(𝑣1,𝑏𝑣1,𝑏+1) ={𝑏 + 1}             

 For 2≤ a≤ m+1, 𝑓(𝑢1,1𝑢𝑎,1) = {𝑎 − 1}               

 For 2≤ a≤ m+1, 𝑓(𝑣1,1𝑣𝑎,1) ={𝑎 − 1}                  

 For 2≤ b≤ n+1,  𝑓(𝑢1,1𝑢1,𝑏) = {𝑚 + 𝑏 − 1}       

 For 2≤ b≤ n+1, 𝑓(𝑣1,1𝑣1,𝑏) ={𝑚 + 𝑏 − 1}          

For 2 ≤  a ≤  m + 1 and   2 ≤  b ≤  n + 1, 𝑓(𝑢𝑎,1𝑢𝑎,𝑏) = {𝑚 + 𝑏 − 1}       

For 2≤ a ≤ m+1 and   2≤ b ≤ n+1,  𝑓(𝑣𝑎,1𝑣𝑎,𝑏) ={𝑚 + 𝑏 − 1}         

For 2≤ a ≤ m+1 and 2≤ b ≤ n+1, 𝑓(𝑢𝑎,𝑏𝑣𝑎,𝑏+1) = {
 1      If b is even 

2    If b is odd
              

For 2≤ a ≤ m+1 2≤ b≤ n-2, 𝑓(𝑣𝑎,𝑏𝑣𝑎,𝑏+1) = {
 1     If b is even 

2    If b is odd
              

Therefore, from the coloring norm above, the TCNOCP of Bi-fan with fan graph is m+n+2. 

3. COMB PRODUCT OF BI-FISH WITH SIMPLE GRAPHS 

Definition 3.1:  A Bi-Fish graph obtained by joining the vertices 𝑢1 , 𝑣1 of two copies of  fish graph by an edge 

𝑢1𝑣1.The vertex set of  Bi-Fish {𝑢𝑎, 𝑣𝑎/1 ≤ a ≤ 6},the edge set of Bi-Fish  is {𝑢1𝑣1}∪ {𝑢2𝑢4} ∪ {𝑢3𝑢4} ∪ {𝑢1𝑢2} ∪

{𝑢1𝑢3}{𝑢4𝑢5}∪ {𝑢4𝑢6} ∪ {𝑢5𝑢6} ∪ {𝑣1𝑣3} ∪ {𝑣2𝑣4} ∪ {𝑣3𝑣4} ∪ {𝑣1𝑣2} ∪ {𝑣4𝑣5} ∪ {𝑣4𝑣6} ∪ {𝑣5𝑣6}. 

Total number of vertices is 12 and total number of edges is 15 

Theorem 3.1: The TCN of Bi-fish graph is 5. 

Proof: Let BFG be a Bi-fish graph.  The apex of BFG is denoted as 𝑢1 and 𝑣1. Bi-fish graph has 12 vertices and 

15 edges. The vertices of BFG are denoted   as 𝑉 =  {𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6}  ∪ {𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6 }. The edges in the 

graph BFG are denoted as E={ 𝑢1𝑣1 } ∪ {𝑢2𝑢4} ∪ {𝑢3𝑢4} ∪ {𝑢1𝑢2} ∪  {𝑢1𝑢3}  { 𝑢4𝑢5 } ∪ {𝑢4𝑢6} ∪ {𝑢5𝑢6} ∪

{𝑣1𝑣3} ∪ {𝑣2𝑣4} ∪ {𝑣3𝑣4} ∪ {𝑣1𝑣2} ∪ {𝑣4𝑣5} ∪ {𝑣4𝑣6} ∪ {𝑣5𝑣6}. 

Let S= V(BFG) ∪ E(BFG) and C ={1 ,2, 3, …}   

We now  define total coloring  as a function f:S→C.  

Provide coloring for the vertices and edges as follows: 

Coloring Vertices count Number of edges Verified 

vertices 

Verified 

edges 

1 𝑢2, 𝑢3, 𝑢6, 𝑣1, 𝑣4 .  {𝑢4𝑢5}. 5 1 

2 𝑢1, 𝑢4, 𝑣2, 𝑣3, 𝑣6 . {𝑣4𝑣5}. 5 1 

3 𝑢5, 𝑣5. {𝑢1𝑢2}, {𝑢3𝑢4}, {𝑣3𝑣4}, {𝑣1𝑣2}. 2 4 

4  {𝑢1𝑢3}, {𝑢2𝑢4}, {𝑢5𝑢6}, {𝑣1𝑣3}, 

{𝑣5𝑣6},{𝑣2𝑣4}. 

 6 

5   {𝑢1𝑣1}, {𝑢4𝑢6}, {𝑣4𝑣6}.  3 

 TOTAL  12 15 

Hence, the coloring norm shows  that the TCN of Bi-fish graph is 5. 
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Example 3.1: Consider the Bi-fish graph 

 

Figure:3.1 

The Total Chromatic Number of the above graph is 5. 

Theorem 3.2: The TCNOCP of Bi-fish with path graph is 6, for  n ≥ 3.   

Proof: Let BFG be a Bi-fish graph. V= {𝑢𝑎, 𝑣𝑎/1 ≤ a ≤ 6}, be the vertices and E={𝑢1𝑣1}∪ {𝑢2𝑢4} ∪ {𝑢3𝑢4} ∪

{𝑢1𝑢2} ∪ {𝑢1𝑢3} ∪ { 𝑢4𝑢5 } ∪ {𝑢4𝑢6} ∪ {𝑢5𝑢6} ∪ {𝑣1𝑣3} ∪ {𝑣2𝑣4} ∪ {𝑣3𝑣4} ∪ {𝑣1𝑣2} ∪ {𝑣4𝑣5} ∪ {𝑣4𝑣6} ∪

{𝑣5𝑣6} 

Let 𝑃𝑛 be Path graph. V={𝑤𝑎/1 ≤  a ≤  n} be the vertices and {𝑤𝑎𝑤𝑎+1/1 ≤  a ≤  n − 1 } be the edges of path 

graph. This path  𝑃𝑛  𝑖𝑠 joined with each vertex of the bi-fish graph.  

Let S= 𝑉(BFG) 𝑃𝑛) ∪ 𝐸(BFG) 𝑃𝑛)  and  C= {1,2, 3, 4, …}   

We now  define total coloring  as a function f:S→C.  

Total number of vertices is 12n and total number of edges is 12n+3 

  First provide coloring for the vertices as follows: 

𝑓(𝑢𝑎,𝑏 )= {
1 If b is odd 
2 If b is even

        If  a = 1,4   for 1≤ b ≤ n 

𝑓(𝑢𝑎,𝑏 )= {
2 If a is odd 
1 If a is even

          If a = 2,3,5  for 1≤ b ≤ n 

𝑓(𝑣𝑎,𝑏 )= {
2 If b is odd 
1 If b is even

        If  a = 1,4   for 1≤ b ≤ n 

𝑓(𝑣𝑎,𝑏 )=  {
1 If a is odd 
2 If a is even

        If a = 2,3,5 for 1≤ b ≤ n 

𝑓(𝑢6,𝑏 )= {
1 If b is even 
2 If b is odd    

       for 2≤ b ≤ n, 𝑓(𝑢6,1 )= {3} 

𝑓(𝑣6,𝑏 )={
1 If a is odd 
2 If a is even

          for 2≤ b ≤ n, 𝑓(𝑣6,1 )= {3} 

Next provide coloring for the edges as follows: 

𝑓(𝑢1,1𝑣1,1) = {6},𝑓(𝑢1,1𝑢2,1) = {3}, 𝑓(𝑢1,1𝑢3,1) = {4}, 𝑓(𝑢2,1𝑢4,1) = {4}, 𝑓(𝑢3,1𝑢4,1) = {3},  

𝑓(𝑢4,1𝑢5,1) = {6},𝑓(𝑢4,1𝑢6,1) = {2},𝑓(𝑢5,1𝑢6,1) = {4},𝑓(𝑣1,1𝑣2,1)= {4},𝑓(𝑣1,1𝑣3,1)={3},  
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𝑓(𝑣2,1𝑣4,1)={3}, 𝑓(𝑣3,1𝑣4,1)={4}, 𝑓(𝑣4,1𝑣5,1)={6}, 𝑓(𝑣4,1𝑣6,1)={1}, 𝑓(𝑣5,1𝑣6,1)={4},  

For 1≤ a ≤ 6, 1≤ b≤ n-1,    

𝑓(𝑢𝑎,𝑏𝑢𝑎,𝑏+1) ={ 
5 If a is  odd and  b is odd; If a is even and b is odd 

6  If a is odd and b is even; If a is even and  b is even
   

For 1≤ a ≤ 6, 1≤ b≤ n-1,    

𝑓(𝑣𝑎,𝑏𝑣𝑎,𝑏+1) ={ 
5 If a is  oddand  b is odd; If a is even and b is odd 

6  If a is odd and b is even; If a is even  and b is even
    

Therefore, from the coloring norm above, the TCNOCP of Bi-fish with path graph  is 6. 

Theorem 3.3: The TCNOCP of Bi-fish with star graph is n+4, for  n ≥ 3.   

Proof: Let BGG be a Bi-fish graph. V= {𝑢𝑎, 𝑣𝑎/1 ≤ a ≤ 6}, be the vertices and E={𝑢1𝑣1}∪ {𝑢2𝑢4} ∪ {𝑢3𝑢4} ∪

{𝑢1𝑢2} ∪ {𝑢1𝑢3} ∪ { 𝑢4𝑢5 } ∪ {𝑢4𝑢6} ∪ {𝑢5𝑢6} ∪ {𝑣1𝑣3} ∪ {𝑣2𝑣4} ∪ {𝑣3𝑣4} ∪ {𝑣1𝑣2} ∪ {𝑣4𝑣5} ∪ {𝑣4𝑣6} ∪

{𝑣5𝑣6} be the edges. 

Let  𝑆𝑛 be star graph. V= {𝑤𝑎 /1≤ a ≤ n-1}∪ {w}  be  the vertices and {𝑤𝑤𝑎/1≤ a ≤ n-1} be an edges of   star 

graph. This star 𝑆𝑛  is joined with each vertex of the bi-fish graph.  

Let  𝑆 = 𝑉(BFG) 𝑆𝑛) ∪ 𝐸(BFG) 𝑆𝑛)  and   C= {1,2, 3, 4, …}   

We now define total coloring   as a function  f:S→ 𝐶. 

Total number of vertices is 12n and total number of edges is 12n+3. First provide coloring for the vertices as 

follows: 

𝑓(𝑢1,1 )= {n+3},  𝑓(𝑢4,1 )= {n+3},   𝑓(𝑢6,1 )= {n+3},    

𝑓(𝑣1,1 )= {n+4},  𝑓(𝑣4,1 )= {n+4},   𝑓(𝑣6,1 )= {n+4},    

𝑓(𝑢2,1 )= {n+4},  𝑓(𝑢3,1 )= {n+4},   𝑓(𝑢5,1 )= {n+4},    

𝑓(𝑣2,1 )= {n+3},  𝑓(𝑣3,1 )= {n+3},   𝑓(𝑣5,1 )= {n+3},     

𝑓(𝑢𝑎,𝑏 )= {n+4}   If   a =1,4 and 6, for 2≤ b ≤ n 

𝑓(𝑢𝑎,𝑏 )= {n+3}   If   a =2,3 and 5, for 2≤ b ≤ n 

𝑓(𝑣𝑎,𝑏 )= {n+3}   If   a =1,4 and 6, for 2≤ b ≤ n 

𝑓(𝑣𝑎,𝑏 )= {n+4}   If   a =2,3 and 5, for 2≤ b ≤ n 

Next provide coloring for the edges as follows: 

𝑓(𝑢1,1𝑣1,1) = {n+2},𝑓(𝑢1,1𝑢2,1) = {n+1}, 𝑓(𝑢1,1𝑢3,1) = {n}, 𝑓(𝑢2,1𝑢4,1) = {n}, 

𝑓(𝑢3,1𝑢4,1) = {n+1}, 𝑓(𝑢4,1𝑢5,1) = {n+2},𝑓(𝑢4,1𝑢6,1) = {n+4},𝑓(𝑢5,1𝑢6,1) = {n+1}, 

𝑓(𝑣1,1𝑣2,1) = {n+1}, 𝑓(𝑣1,1𝑣3,1 )={n}, 𝑓(𝑣2,1𝑣4,1 )={n}, 𝑓(𝑣3,1𝑣4,1 )={n+1}, 𝑓(𝑣4,1𝑣5,1 )={n+2}, 

𝑓(𝑣4,1𝑣6,1)={n+3}, 𝑓(𝑣5,1𝑣6,1)={n+1},  

For 1≤ a ≤ 6 ,1≤ b ≤ n-1,  𝑓(𝑣𝑎,1𝑣𝑎,𝑏) = {b-1}.   

For 1≤ a ≤ 6 ,1≤ b ≤ n-1, 𝑓(𝑢𝑎,1𝑢𝑎,𝑏) = {b-1}.   

Therefore, from the coloring norm above, the TCNOCP of Bi-fish with  star  graph  is n+4. 

Theorem 3.4:  The TCNOCP of Bi-fish with cycle  graph is 7, for  n ≥ 3.   

Proof: Let BFG be a Bi-fish graph. V= {𝑢𝑎, 𝑣𝑎/1 ≤ a ≤ 6}, be the vertices and E={𝑢1𝑣1}∪ {𝑢2𝑢4} ∪ {𝑢3𝑢4} ∪

{𝑢1𝑢2} ∪ {𝑢1𝑢3} ∪ { 𝑢4𝑢5 } ∪ {𝑢4𝑢6} ∪ {𝑢5𝑢6} ∪ {𝑣1𝑣3} ∪ {𝑣2𝑣4} ∪ {𝑣3𝑣4} ∪ {𝑣1𝑣2} ∪ {𝑣4𝑣5} ∪ {𝑣4𝑣6} ∪

{𝑣5𝑣6} be the edges. 
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Let 𝐶𝑛 be Cycle graph. V={𝑤𝑎/1 ≤ a ≤ n} be the vertices and {𝑤𝑎𝑤𝑎+1/1 ≤ a ≤  n} be the edges of cycle graph. 

A cycle 𝐶𝑛 𝑖𝑠 joined with each vertex of the bi-fish graph.  

Total number of vertices is 12n and total number of edges is 12n+15 

Let  𝑆 = 𝑉(BFG) 𝐶𝑛) ∪ 𝐸(BFG) 𝐶𝑛)  and   C= {1,2, 3, 4,…}  

We now define total coloring   as a function  f:S→ 𝐶. 

We provide colors when  n is even .                                                                 

Coloring Vertices count Number of edges Vertices 

count 

Number of 

edges 

1 𝑓(𝑢𝑎,2𝑏−1 )for 1≤ b ≤ 
𝑛

2
,  

                  If a=1 & 4. 

𝑓(𝑢𝑎,2𝑏 )for 1≤ b ≤ 
𝑛

2
, 

                 If a=2, 3 & 5. 

𝑓(𝑣𝑎,2𝑏−1 )for 1≤ b ≤ 
𝑛

2
, 

   If a=2, 3 & 5. 

𝑓(𝑣𝑎,2𝑏 )  for 1≤ b ≤ 
𝑛

2
,  

If a=1 & 4. 

 𝑓(𝑢6,2𝑏 )   𝑓or 1≤ b ≤ 
𝑛

2
.  

𝑓(𝑣6,2𝑏 )    for 1≤ b ≤ 
𝑛

2
.  

 𝑓(𝑣4,1𝑣6,1) 6n 1 

2 𝑓(𝑢𝑎,2𝑏)   for 1≤ b ≤ 
𝑛

2
,  

               If a=1 & 4. 

𝑓(𝑢𝑎,2𝑏−1 )   for 1≤ b ≤ 
𝑛

2
,  

            If a=2,3 & 5. 

𝑓(𝑣𝑎,2𝑏)     for 1≤ b ≤ 
𝑛

2
,  

                   If a=2,3 & 5. 

𝑓(𝑣𝑎,2𝑏−1) for 1≤ b ≤ 
𝑛

2
,  

                   If a=1 &4.  

 𝑓(𝑢4,1𝑢6,1) 5n 1 

3  𝑓(𝑢1,1𝑢3,1) , 𝑓(𝑢2,1𝑢4,1)  

 𝑓(𝑢5,1𝑢6,1)𝑓(𝑣11𝑣3,1) 

𝑓(𝑣2,1𝑣4,1),𝑓(𝑣5,1𝑣6,1) 

 6 

4 𝑓(𝑢6,2𝑏−1)   for 1≤ b ≤ 
𝑛

2
  

𝑓(𝑣6,2𝑏−1)   for 1≤ b ≤ 
𝑛

2
 

𝑓(𝑢1,1𝑢2,1) 𝑓(𝑢3,1𝑢4,1) 

 𝑓(𝑣1,1𝑣2,1),𝑓(𝑣3,1𝑣4,1) 

      n 4 

5   𝑓(𝑢𝑎,2𝑏−1𝑢𝑎,2𝑏) 

for 1≤ a ≤ 6,  

 6n 
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  1≤ b ≤ 
𝑛

2
 𝑓(𝑣𝑎,2𝑏−1𝑣𝑎,2𝑏) 

 for 1≤ a ≤ 6,  

   1≤ b ≤ 
𝑛

2
 

6  𝑓(𝑢𝑎,2𝑏𝑢𝑎,2𝑏+1) 

for 1≤ a ≤ 6, 1≤ b ≤ 
𝑛−2

2
  

𝑓(𝑣𝑎,2𝑏𝑣𝑎,2𝑏+1) 

for 1≤ a ≤ 6, 1≤ b ≤ 
𝑛−2

2
 

 𝑓(𝑢𝑎,𝑛𝑢𝑎,1) 

 for 1≤ a ≤ 6,  

 𝑓(𝑣𝑎,𝑛𝑣𝑎,1) 

for 1≤ a ≤ 6,                            

 6n 

7 

 

 𝑓(𝑢1,1𝑣1,1)𝑓(𝑢4,1𝑢5,1) 

𝑓(𝑣4,1𝑣5,1 ) 

 3 

 TOTAL  12n 15 

 

Therefore, from the coloring norm above, the TCNOCP of Bi-fish with cycle graph is m+n+2. 

Theorem 3.5: The TCNOCP of Bi-fish with fan graph is n+5, for  n ≥ 3.   

Proof: Let BFG be a Bi-fish graph. V= {𝑢𝑎, 𝑣𝑎/1 ≤ a ≤ 6}, be the vertices and E={𝑢1𝑣1}∪ {𝑢2𝑢4} ∪ {𝑢3𝑢4} ∪

{𝑢1𝑢2} ∪ {𝑢1𝑢3} ∪ { 𝑢4𝑢5 } ∪ {𝑢4𝑢6} ∪ {𝑢5𝑢6} ∪ {𝑣1𝑣3} ∪ {𝑣2𝑣4} ∪ {𝑣3𝑣4} ∪ {𝑣1𝑣2} ∪ {𝑣4𝑣5} ∪ {𝑣4𝑣6} ∪

{𝑣5𝑣6} be the edges. 

Let  𝐹1,𝑛 be a Fan graph. V= {{𝑤𝑎/1≤ a ≤ n}∪ {w}be the vertices and ∪ {𝑤𝑎𝑤𝑎 + 1 /1≤ a ≤ n-1}∪   

{{𝑤𝑤𝑎/1≤ a ≤ n} be the edges of fan graph.. 

A fan 𝐹1,𝑛𝑖𝑠 joined with each vertex of the bi-fish graph.  

Let  𝑆 = 𝑉(BFG) 𝐹1,𝑛) ∪ 𝐸(BFG) 𝐹1,𝑛) where C= {1,2, 3, 4, …}   

We now define total coloring   as a function  f:S→ 𝐶. 

Total number of vertices is 12n+12 and total number of edges is 24n+3 

First  provide  coloring for the vertices as follows: 

For 1≤ a ≤ 6, 1≤ b ≤ n, 𝑓(𝑢𝑎,𝑏 )= {b+1}, 

For 1≤ a ≤ 6, 1≤ b ≤ n, 𝑓(𝑣𝑎,𝑏 )= {b+1}   

𝑓(𝑢1 )={n+5}, 𝑓(𝑢2 ={n+4}, 𝑓(𝑢3 )= {n+4} , 𝑓(𝑢4 )={n+5} , 𝑓(𝑢5 ) ={n+4} , 𝑓(𝑢6 ) ={n+3}  

𝑓(𝑣1 )= {n+4}, 𝑓(𝑣2 )={n+5} , 𝑓(𝑣3 )={n+5} , 𝑓(𝑣4 ) ={n+4} 𝑓(𝑣5 )={n+5} , 𝑓(𝑣6 ) ={n+3}  

Next  provide  coloring for the edges as follows; 

𝑓(𝑢1𝑣1) = {n+1},𝑓(𝑢1𝑢2) = {n+2}, 𝑓(𝑢1𝑢3) = {n+3}, 𝑓(𝑢2𝑢4) = {n+3}, 

𝑓(𝑢3𝑢4) = {n+2}, 𝑓(𝑢4𝑢5) = {n+1},𝑓(𝑢4𝑢6) = {n+4}, 
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𝑓(𝑢5𝑢6 ) = {n+2}, 𝑓(𝑣1𝑣2) = {n+2}, 𝑓(𝑣1𝑣3 )={n+3}, 𝑓(𝑣2𝑣4 )={n+3}, 𝑓(𝑣3𝑣4 )={n+2}, 𝑓(𝑣4𝑣5 )={n+1}, 

𝑓(𝑣4𝑣6)={n+5}, 𝑓(𝑣5𝑣6)={n+2},  

For 1≤ a ≤ 6 and 1≤ b ≤ n, 𝑓(𝑣𝑎𝑣𝑎,𝑏) = {b}.   

For 1≤ a ≤ 6 and 1≤ b ≤ n, 𝑓(𝑢𝑎𝑢𝑎,𝑏) = {b}.   

For 1≤ a ≤ 6 ,1≤ b ≤ n-1, 𝑓(𝑣𝑎,𝑏𝑣𝑎,𝑏+1) = {
 𝑛 + 2    If b is odd 
𝑛 + 3   If b is even

 

For 1≤ a ≤ 6 ,1≤ b ≤ n-1, 𝑓(𝑢𝑎,𝑏𝑢𝑎,𝑏+1)= {
 𝑛 + 4    If b is odd 
𝑛 + 5   If b is even

 

Therefore, from the coloring norm above, the TCNOCP of Bi-fish with fan graph is n+5. 

Theorem 3.6: The TCNOCP of Bi-fish with complete graph is n+4 , for  n ≥ 4.   

Proof: Let BFG be a Bi-fish graph. V= {𝑢𝑎, 𝑣𝑎/1 ≤ a ≤ 6}, be the vertices and E={𝑢1𝑣1}∪ {𝑢2𝑢4} ∪ {𝑢3𝑢4} ∪

{𝑢1𝑢2} ∪ {𝑢1𝑢3} ∪ { 𝑢4𝑢5 } ∪ {𝑢4𝑢6} ∪ {𝑢5𝑢6} ∪ {𝑣1𝑣3} ∪ {𝑣2𝑣4} ∪ {𝑣3𝑣4} ∪ {𝑣1𝑣2} ∪ {𝑣4𝑣5} ∪ {𝑣4𝑣6} ∪

{𝑣5𝑣6} be the edges. 

Let  𝐾𝑛 be complete graph. V= {wa /1≤ a ≤ n} be the vertices and {wawa+1 /1≤ a ≤ 
𝑛(𝑛−1)

2
} be an edges of star 

graph. A  Complete graph 𝐾𝑛 𝑖𝑠 joined with each vertex of the bi-fish graph.  

Let  𝑆 = 𝑉(BFG) 𝐾𝑛) ∪ 𝐸(BFG) 𝐾𝑛) where C= {1,2, 3, 4, …}   

We now define total coloring   as a function  f:S→ 𝐶. 

Total number of vertices is 12n and total number of edges is  6𝑛2-6n+15 

First provide coloring for the vertices as follows: 

V= {𝑢𝑎,𝑏 }: 1≤ a ≤ 6, 1≤ b ≤ n}∪{vab: 1≤ a ≤ 6, 1≤ b ≤ n} 

For If a =1 & 4. {1≤ b ≤ n}, 𝑓(𝑢𝑎,𝑏 )= {b}. 

For If a =2,3 & 6. {2≤ b ≤ n},𝑓(𝑢𝑎,𝑏 )= {b-1}.    

 For 2≤ b ≤ n}, 𝑓(𝑢5,𝑏 )= {b-1}.    

𝑓(𝑢2,1 ) =𝑓(𝑢3,1 )= 𝑓(𝑢6,1 )= {n+4}, 𝑓(𝑢5,1 )={n+2}    

For If a =1 & 4. {1≤ b ≤ n}, 𝑓(𝑣𝑎,𝑏 )= {b-1}.   

For If a =2,3 & 5. {1≤ b ≤ n}, 𝑓(𝑣𝑎,𝑏 )= {n+3}.   

For {2≤ b ≤ n}, 𝑓(𝑣6,𝑏 )= {b-1}.    

𝑓(𝑣1,1 )={n+3} , 𝑓(𝑢4,1 )={n+4} , 𝑓(𝑣6,1 )={n+3}.  

Next provide coloring for the edges as follows: 

𝑓(𝑢1,1𝑣1,1) = {2},𝑓(𝑢1,1𝑢2,1) = {n+2}, 𝑓(𝑢1,1𝑢3,1) = {n+3}, 𝑓(𝑢2,1𝑢4,1) = {n+3}, 

𝑓(𝑢3,1𝑢4,1) = {n+2}, 𝑓(𝑢4,1𝑢5,1) = {n+4},𝑓(𝑢4,1𝑢6,1) = {2}, 

𝑓(𝑢5,1𝑢6,1 ) = {n+3}, 𝑓(𝑣1,1𝑣2,1) = {n+2}, 𝑓(𝑣1,1𝑣3,1 )={n+3}, 𝑓(𝑣2,1𝑣4,1 )={n+3}, 𝑓(𝑣3,1𝑣4,1 )={n+2}, 

𝑓(𝑣4,1𝑣5,1)={2}, 𝑓(𝑣4,1𝑣6,1)={1}, 𝑓(𝑣5,1𝑣6,1)={n+4},  

For 1≤ a ≤ 6 and 1≤ b ≤ 
𝑛(𝑛−1)

2
, 𝑓(𝑣𝑎,𝑏𝑣𝑎,𝑐) = {b+c}.   

For 1≤ a ≤ 6 and 1≤ b ≤ 
𝑛(𝑛−1)

2
, 𝑓(𝑢𝑎,𝑏𝑢𝑎,𝑐) = {b+c}.   

Therefore, from the coloring norm above, the TCNOCP of Bi-fish with complete graph is n+4. 
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Conclusion:  

We found the total chromatic number of comb product involving graphs namely, Bi-fan with cycle, Bi-fan with 

star, Bi-fan with fan, Bi-fish with path, Bi-fish with star, Bi-fish with cycle, Bi-fish with fan and  Bi-fish with 

complete graph. 
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