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1.INTRODUCTION

In this paper, we investigate the total chromatic number of comb products involving various graph families. The
comb product between G and H ,denoted by (G >0 H),is a graph obtained by taking one copy of G and |V (G)|
copies of H and grafting the i-th copy of H at the vertex o to the i-th vertex of G .The total chromatic number of
a graph G,denoted y(G) is defined as the minimum number of colors needed to color the vertices and edges of
a graph in such a way that different color for two adjacent vertices, two adjacent edges and an incident vertex
and edge. A(G)+1<ytc(G)<A(G)+2, where A(G) is the maximum degree of G and this is called as total coloring
conjecture(Tcc). If it is total coloring with A(G)+1 colors it is called type-I. If it is total coloring with A(G)+2
colors it is called a type-II.

2. COMB PRODUCT OF BI-FAN WITH SIMPLE GRPHS

Definition 2.1: A Bi-Fan B(F1,mm) is obtained by joining the centre (apex) vertices of two copies of ( F1,m)by an
edge. The vertex set of B(F1,mm) is V[B(Fimm)] = {u, v, u, , v,/1 <a <m}, where u, v are apex vertices and u,,
v, are vertices.

The edge set of (Fimm)is E[B(Fimm)] = {uv, uu,,vv,/l <a<m, u,u,.,/1 <a<m-1,
VeVgs1/l < a<m-1}

Itis clear that [V[B(Fim m)]|= 2m+2 and | E[B(FLmm) | = 4m-1.
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Example 2.1: Consider the Fan graph (Fi,n)

| 4 12,.

Figure:2.1
Theorem 2.1: The TCN of Bi-fan graph is m+2, form > 3
Proof: Let BFG be a Bi-fan graph. The apex of G is denoted as u, v.
Let V={uju{viu{u,/1<a<m}u{y,/1<a<m} be the vertices and
E={uv} U{uu,/ 1<a<m}u{vy,/ 1<a<m}U{u ugsq/1<a <m-1}U{v, v 41 /1<a<m-1}

be the edges of bi-fan graph.

$=V(B([Fimm])) VE(B([Fimm])) and C={123,..}
We now define total coloring as a function f:S—C.
First provide coloring for the vertices as follows:
fQ) ={m+1}, f(v)={1}.
For I<a<m-1, f(uy) ={a+1}; f (u,,) = {1}
For I<a<m, f(v,) ={a+2}.
Next provide coloring for the edges as follows:
f (uv) ={m+2}.
For 1Ia<m, f(uu,) ={a}, f (vv,) ={a+1}
For Ifa<m-1, f(uqugyq1)= {a + 3} ; For 1a<m-1, f(v,v,41)= {a}
Hence, the coloring norm above, we get TCN of Bi-fan graph is m+2.

Example 2.2:Consider the Bi-fan graph B([Fy4.4])

4 5
3 4
u, Uus 1 V2 U3 6
2 Uy %1 Va
Uy
1 2
6
u(s) v(1)
Figure:2.2

The Total Chromatic Number of the above graph is 6.

https://internationalpubls.com 688



Panamerican Mathematical Journal
ISSN: 1064-9735
Vol 34 No. 4 (2024)

Theorem 2.2: The TCNOCP of Bi-fan graph with path graph ism+3,form>3,n > 2 andm #n

Proof: Let B(F;,m) beaBi-fangraph. V={u}u {v} U{u, ,1 < a < m}U{v, 1 < a < m} be the vertices

and E= {uv}u{ uu,, 1<a<m}u{vy,, 1I<a<m U {uzuyy,1<a< m—-1} U

{vava41/1 < a < m—1} bethe edges of bi-fan graph of B(F; i m)-

Let H be Path graph. V={ w,;/1 < a < n} be the verticesand { w,w,,,/1 < a < n — 1} be the edges of path

graph. A path B, is joined with each vertex of the bi-fan graph.

Here, A [(B (FLmm))=Pn] ={m+2}

Let S=V[(B(Fymm) < Py] VE[(B(Fimm) <! P] and C={1234,...}

We now define total coloring as a function f:S—C.

Total number of vertices is 2m+2n and total number of edges is 2(mn + m + n)-3

First provide coloring for the vertices as follows:

f(ui,)={m+2}, f(vy,,) ={m+3}.

For 1<b 5"7‘1 ,if nis odd f(u12p) = {1}

For 1<b< "7‘1 if n is odd F(uyape1) = {2}

For 1<b <=, if nis odd Fviap) = {2}

For 1<b <™, if nis odd F(Wrapea) = {1}

For I<b <2, if nis even f(u2p) = {1}

For 1<b < nT_Z if nis even fuiope1) = {2}

For 1<b 5% ,if nis even f(viap) = {2}

For 1<b <™ ifnis even F(Wrapea) = {1}

Fordcasmelad b0 fluan{ im0 o0l soddandsis o

For2<a<m+land 1I<b<n

coloring for the edges as follows:

fugav10) = {1}

1 Ifais even and b is odd; If ais odd and b is even
2 Ifais even and b is even; Ifais odd and b is odd

fvan)|

For2<a<m+l, f(u;1uq,) ={a}.

For2<a<m+l, f(v;1v,41) ={a}.

f (Upq1Uzasrs) ={m+1}. If miseven 1<a 5% and If misodd I<a<

f(Uagi1pUzar2p) ={M+2}.  Ifmiseven I<a< mT_z and If misodd 1<a<—

Vyaplh ={m+1}. Ifmiseven 1<a<Z and If misodd 1<a<
2a,b%2a+1,b 2

f(Waariptizarzs) ={m*2}.  Ifmiseven 1<a<™2 and If misodd 1<a<™>

For 1sb<n-1, f(uypUsp+1) ={

m-—1
2
m-—1
2

-1

N‘E

2

m+ 3 Ifbis odd

m+ 2 Ifbis even

https://internationalpubls.com

Next provide

689



Panamerican Mathematical Journal
ISSN: 1064-9735
Vol 34 No. 4 (2024)

For 1Sb<n-1, f(v1 V1 ps1) :{m + 2 Ifbisodd

m + 3 Ifbis even

m If bis odd

For 156 <01, f (Umanptimsr )= _ 1 16 e ooer

m Ifbis odd

For 156 <0, f Wmas pmerpsn) =00 1 1ep o ot
For2<a<m, I<b<n-1,

m+ 1Ifais evenand bis odd;Ifais odd and b is odd
m Ifaisevenandbiseven;Ifaisodd and b is even

f(VasPaps)|

For2<a<m, 1<b<n-1

Flugpu )_{ m+ 1 Ifais even and b is odd;If ais odd and b is odd

ab¥ab+1l/) "y Ifais even and b is even; If ais odd and b is even

Therefore, from the coloring norm above, the TCNOCP of Bi-fan with path graph is m+3.
Theorem 2.3: TCNOCP of Bi-fan graph with star graph is m+n+1, form> 3,n > 2 and m #n.

Proof: Let B(F; ,m) beaBi-fan graph. V= {u}u{v}u{us/1<a<m}U{vs/1<a<m} be the vertices and E={uv}
U{uua/1< a < m}pu{wa/1< a < myU{UUas1 /1< a < m-1}U{wai1 /1< a < m-1} be the edges of bi-fan graph of
B(Fl,m,m)'

Let S, be star graph. V= {w, /1< a <n-1}U {w} be the vertices and {ww,/1< a <n-1} be an edges of star
graph. A star S, is joined with each vertex of the bi-fan graph.

Here A (B(Fy ym[>Sn) = {m+n}.

S=V [(B(Fimm) ) Sx] VE[(B(Fymm) ) S,]and C={123,...}

We now define total coloring as a function f:S—C.

Total number of vertices is 2mn+2n and total number of edges is 2(mn+m+n)-3
First provide coloring for the vertices as follows:

fuig) ={m+1}, f(un)={1}

fy,1) ={m+n}, f(v)= {1}

2 Ifais even
1Ifaisodd

2 Ifaiseven
1Ifais odd

For2<a<m+l and2<bs<n f(ugp) ={a—1}

For 2<a<m+l1, f(ua,1)={

For2<a<mtl, f(vg,) :{

For2<a<m+l and 2<b<n f(v,;)={a — 1}
Next provide coloring the edges as follows:
f(uy1v11) ={m+n+1}

For2<b<n-1, f(u;pusps1) = {m+n+1}
For 2<b <n-1, f(vy puy p41) = {M+n+1}

m Ifb is odd
m —1 Ifbis even

m Ifb is odd
m —1 Ifbis even

For 1=b <n-1, f (Wns1,pUms1,041) ={

For Isb<n-1, f(Vins1,pVm+1,p+1) :{

For2<b<n, f(u;1uyp) = {m+n+ 1}
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For2<b<n, f(vy v1p)={m+n+1}

For2<a<m+l, f(u;1uq4)= {a — 1}

For2<a<m, f(v;1v,,)={a — 1}

For 2<a<m+l and 2<b <n, f(ug Ugp)={m+b —1}
For 2<a<mtland2<b<n, f(vg1V,sp)={m+ b — 1}

m+n If ais even

For2sasm, f(uqitaris) :{ m+n+1 Ifaisodd

m+n If ais even

For2sasm, f(Va1vas1,) :{ m+n+1 Ifaisodd

Therefore, from the coloring norm above, the TCNOCP of Bi-fan with star graph is m+n+1.

Theorem 2.4: The TCNOCP of Bi-fan graph with cycle graph ism+4, form>3,n>2 andm #n

Proof: Let B(F; nmm) bea Bi-fan graph. V= {u}u{v}u{us/1< a <m}U{vs/1<a <m} be the vertices and E={uv}
U{uua/1< a < mpuf{wa/1< a < myu{ulas /1< a < m-1}U{was /1< a < m-1} be the edges of bi-fan graph of
B(F1,mm)-

Let C,, be Cycle graph. V={w,/1 < a < n} be the vertices and {w,w,,,/1 < a < n} be the edges of cycle
graph.

A cycle C, is joined with each vertex of the bi-fan graph.

Here A (B (F1mm=Cn) ={m+3}

Let SSVI(B(Fymm) “J Cn] VE[(B(Fymm) <JCp] and C={1,2,3,4,... }

We now define total coloring as a function f:S—C.

Total number of vertices is 2mn+2n and total number of edges is 2mn+4m+2n-1
First provide coloring for the vertices as follows:

Case 1: If m is odd

f(uy)={m+1}, f(vy,1)={m+4}.

For 2<b <n-1, f(u1,b)={ 1 Ifbiseven

2 Ifbisodd
1 Ifbiseven
For ZSbSn—l,f(va)={2 p o

For2<a<m+land1<b<n-1

Flugy) = {1 Ifais odd and b is odd; If ais even and b is even
ab) ™ |2 If ais even and b is odd; If a is odd and b is even

For 2<a<m+1 and 1<b<n-1,

F(ay) = {1 Ifais even and b is even; If a is odd and b is odd
ab/ ™ |2 Ifais even and b is even; If a is odd and b is odd

For2<a<m-1, f(ug,)={m+1}
For2<a<m-1, f(vy,)={m+1}
Next provide coloring for the edges as follows:

f(uy1v1,1) ={m+3},
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For 1<b<n-1 £y pls pr1) :{m +2  Ifbisodd

m+3 If b is even

For I=b<n-1 FEwnen) =015 s even
For 2<a<m+1, f(ug1tgq) = {a— 1}
For 2< a<m+1, f(1,1Vq,1) ={a — 1}
For 2<a<mt+l, fugnan) = {m+ 4}
For 2<a<m+l, fWanva1) ={m + 4}
For 2sazm f(Uaittaria) :{mnfl--; ’ i?: iz ZSSn

m+ 2 Ifais odd

For2<asm, f(Va1Va+1:) :{m + 3 Ifais even

For 2<a<m+1, 1<b<n-1,
f(tapvanss) =|
For 2<a<m+l1, 1<b<n-1,
f(Vapvarss) =

Case ii. If m is even

f(ug,0)= {m+1}.f (v1,1)={m+4}.

For I<b<n-1 f(ul,b):{l If b is even

2 Ifbisodd
ozt so-{] e

For2<a< m+1land1< b< n.

1Ifais odd and bis odd;Ifais even and b is even
2 Ifais even and b is odd; If ais odd and b is even

Fuan) =

For2<a<m+1 and 1<b<n.

1 Ifais even and b is even; If a is odd and b is odd
2 Ifais even and b is even; If a is odd and b is odd

fvan) = |
Next provide the coloring for the edges as follows

f(uy1v1,1) ={m+3},

For1<b=n-1 f(uipUipsa) ={$ I 3 Ilfft? iisS:vicrll
For 1<b<n-1 fW1pV1p41) :{TTZ i g IIffl?iiSS:Vdei
For 2<a<m+l1, fuiug,) ={a—1}

For 2< a< m+1 f1104,1) ={a — 1}

For 2< a<m-+1 f(ugntaq) = {m+ 4}
For2<a<m+1 fWanvqa1) ={m + 4}

m+ 2 Ifaisodd

For2sasm f(ugita+1a) :{m +3 Ifaiseven
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For2<a<m f(Vg1Vas11) :{ m+ 2 Ifais odd

m+ 3 Ifaiseven
For 2<a<m+l, 1<b<n-1,

m+ 1 Ifais even and b is odd; If a is odd and b is odd
m+ 2 Ifaisevenandbiseven; Ifais odd and b is even

f(UapVap+1) :{

For2<a<m+l1, 1<b<n-1,

F(Vayv ) _{ m+ 1 Ifaiseven and b is odd;Ifais odd and b is odd

ab”ab+1/\m 4+ 2 Ifaiseven andbis even; Ifais odd and b is even

Therefore, from the coloring norm above, the TCNOCP of Bi-fan with cycle graph is m+4.
Theorem 2.5: The TCNOCP of Bi-fan graph with fan graph is m+n+2, form> 3,n > 2 andm #n

Proof: Let B(F1mm) be a Bi-fan graph. V= {u}u{v}u{us/1< a < m}U{vs/1< a < m} be the vertices and {uv}
U{uuy/1< a <m} U{vva/1<a <m} U{uUa+1 /1< a < m-13U{VVas1 /1< a <m-1} be the edges of Bi-fan graph of
B(Flvm'm )

Let F;, be a Fan graph. V= {w,/1< a <n}U {w}be the vertices and U {w,w,; /1<a<n-1}uU
{fww,/1< a <n} be the edges of fan graph.
A fan F, ,,is joined with each vertex of the bi-fan graph

Here, A[B(F; mm)™ (Fun)]= m+ n+1

$ = V(B([Fymmn =Fi,4])) VE(B([Fymmn >Fyn])) and C= {1, 2,3, 4, ..}

We now define total coloring as a function f:S—C.

Total number of vertices is 2mn+2n+2m+2 and total number of edges is 4mn+2m+4n-3
First provide coloring for the vertices as follows:

f(ug,)={m+1}.f (vy 1 )={m+n+1}.

2 Ifaiseven
1 Ifaisodd

2 Ifaiseven
1 Ifaisodd

1 Ifbiseven
2 Ifbisodd

1 Ifbiseven
2 Ifbisodd

For2<a<m+1 1<b<n-1

For 2<a<m+1, f(ua,l):{
For 2<a <m+l, f(Va,l):{
For 2<b<m+l, f(ul,b):{

For 2<b <n+l, f(V1,b):{

£ )= {m +n+1 Ifaisodd and b is even;Ifais even and b is even
Uap) = m+ n+ 2 Ifaiseven and b is odd; If ais odd and b is odd

For 2<a<m+l, 1<b<n-1,

£ )= {m 4+ n+ 1Ifais even and b is even; If ais odd and b is even
Vap) = m+ n + 2Ifaiseven and b is odd; If a is odd and b is odd

f(ugn)={m+1}, For 2<a<m-1,
Next provide coloring for the edges as follows;
f(u1,1v1,1) ={m+n+2},

FOr 25 b S n'2, f(ulrbulrb_'_l) :{b+1}
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For2<b<n-2, f(vy V1 p41) ={b + 1}
For2<as<m+1, f(uy u,,) = {a — 1}

For 2<a<m+1, f(vy1v,,) ={a — 1}
For2<b<n+l, f(uj uyp) ={m+>b—1}

For2<b<n+l, f(vy V1) ={m + b — 1}

For2<a<m+1land 2<b < n+1, f(ugugp)={m+>b—1}

For2<a<m+l and 2<b<ntl, f(v,1V,p) ={m + b — 1}

For2<a<m+l and 2<b <n+l, f(UgpVqps1) = {

For2<a<m+12<b<n-2, f(VgpVapi1) = {

1 Ifbiseven

2 Ifbisodd
1 Ifbiseven
2 Ifbisodd

Therefore, from the coloring norm above, the TCNOCP of Bi-fan with fan graph is m+n+2.

3. COMB PRODUCT OF BI-FISH WITH SIMPLE GRAPHS

Definition 3.1: A Bi-Fish graph obtained by joining the vertices u, , v, of two copies of fish graph by an edge
u,vy.The vertex set of Bi-Fish {u,, v,/1 <a<6},the edge set of Bi-Fish is {u;v;}U {u,u,} U {ugu,} U {u u,} U
{wus Hugus U {waue} U {usugl U {v1v3} U {v,v,} U {v3v,} U {v, 0,3 U {v,vs} U {v,v6} U {vsve

Total number of vertices is 12 and total number of edges is 15

Theorem 3.1: The TCN of Bi-fish graph is 5.

Proof: Let BFG be a Bi-fish graph. The apex of BFG is denoted as u; and v,. Bi-fish graph has 12 vertices and
15 edges. The vertices of BFG are denoted asV = {u,, us, Uy, us, ug} U {v,, V3, V,, Vs, Vg }. The edges in the
graph BFG are denoted as E={u,v; }U {u,u,} U {uzu,} U {ugu,} U {ugus} {uus U {ugugl U {usugl U
{viv3} U {vva} U {vsv,} U {vv,} U {v,vs} U {v, 6} U {vg v}

Let S= V(BFG) U E(BFG) and C={1,2, 3, ...}

We now define total coloring as a function f:S—C.

Provide coloring for the vertices and edges as follows:

Coloring Vertices count Number of edges Verified Verified
vertices edges
1 Uy, Uz, Ug, Uy, Vg - {u,us}. 5 1
2 Uy, Uy, VU, V3, Vg - {vyvs}h 5 1
3 Us, Vs. {uiu,}, {usuy, {vave}, {v1v,} 2 4
4 {uyus}, {uuy}, {usugl, {vyvsl, 6
{vsve} {vova}.
S5 {wivi} {uauel, {vave} 3
TOTAL 12 15
Hence, the coloring norm shows that the TCN of Bi-fish graph is 5.
694
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Example 3.1: Consider the Bi-fish graph

= 1
1 4 v,
-
3
5 3
u, @ 1 1® uUs 2 v, @
2
5 3
5
2
1
@&,
1 “ 2
5> @ @ 1
3
us 2 ug > T
Figure:3.1

The Total Chromatic Number of the above graph is 5.
Theorem 3.2: The TCNOCP of Bi-fish with path graph is 6, for n > 3.

]}

W,

- VU3 2

@ 2

Pe

Proof: Let BFG be a Bi-fish graph. V= {u,, v,/1 < a < 6}, be the vertices and E={u, v, }U {u,u,} U {uzu,} U
{wiud U {wusdu { waus 3 U {uauel U {usugl U {vyv3} U {v,v,} U {vzv,} U {vyv,} U {v,vs} U {v,v6} U

{vsve}

Let P, be Path graph. V={w,/1 < a < n} be the vertices and {w,w,,,/1 < a < n — 1} be the edges of path

graph. This path P, is joined with each vertex of the bi-fish graph.
Let S= V(BFG):>P,) U E(BFG)[>P,) and C={1,2, 3,4, ...}

We now define total coloring as a function f:S—C.

Total number of vertices is 12n and total number of edges is 12n+3

First provide coloring for the vertices as follows:

f(ap)={, Ilffll)’ii::fjn Ifa=14 for1<b<n
f(ugp)= {f Ilff::: ;’jedn Ifa=235 forI<b<n
fWap)= {31509 ifa=14 forisbsn
fap)= {51250 ifa=235for1sb<n

_(1Ifbiseven N
Fton)={) e on forasbn, fluer)= {3}

1Ifais odd
2 Ifaiseven

fe)={ for 2<b<n, f(ve1)= {3}

Next provide coloring for the edges as follows:
f(u1,1171,1) = {6},f(u1'1u2_1) ={3}, f(u1‘1u3'1) = {4}, f(u2,1u4,1) = {4}, fuziugq) = {3},
f(ugqusy) ={6}.f (usute1) = {2} f (us 1u61) = {4}.f (V1,1v2,1)= {4} f (v1,1v3,1)={3},
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f(W2,104,1)={3}, [ (V3,1V4,1)={4}, [ (V4,1V5,1)={6}, f (Va1V6,1)={1}, f(vs1v6,1)={4},

For 1<a<6, 1<b<n-1,

5Ifais odd and bis odd;Ifais even and b is odd
6 Ifais odd and b is even;If ais even and b is even

f (U ptap+1) :{

For 1<a<6, 1<b<n-1,

F(Vapv ) _{ 5Ifais oddand b is odd;Ifais even and b is odd

ab”ab+1/7| 6 If ais odd and b is even; If a is even and b is even

Therefore, from the coloring norm above, the TCNOCP of Bi-fish with path graph is 6.
Theorem 3.3: The TCNOCP of Bi-fish with star graph is n+4, for n > 3.

Proof: Let BGG be a Bi-fish graph. V= {u,, v,/1 <a < 6}, be the vertices and E={u,;v; }U {u,u,} U {usu,} U
{wiu} U {wusdu { waus b U {uauel U {usugl U {vyv3} U {vv,} U {vzv,} U {vv,} U {v,vs} U {v,v6} U
{vsve} be the edges.

Let S, be star graph. V= {w, /1< a < n-1}U {w} be the vertices and {ww,/1< a < n-1} be an edges of star
graph. This star S,, is joined with each vertex of the bi-fish graph.

Let S = V(BFG)=S,,) UE(BFG)[=S,) and C={1,2,3,4,...}
We now define total coloring as a function f:S— C.

Total number of vertices is 12n and total number of edges is 12n+3. First provide coloring for the vertices as
follows:

fuy)={n+3}, f(ugs)={n+3}, f(ueq)={n+3},

fi)={n+4}, f(vy1)={n+4}, f(vs1)={n+4},

fuz1)=A{n+4}, f(usq)={n+4}, f(us,)={n+4},

fz1)={n+3}, f(v31)={n+3}, f(vs,)={n+3},

f(ugp)={n+4} If a=14and6, for2<b<n

f(ugp)={n+3} If a=23and5, for2<b<n

f(ap)={n+3} If a=14and6, for2<b<n

f(ap)={n+4} If a=23and5,for2<b<n

Next provide coloring for the edges as follows:

fQuyav10) = {042} f (ugauz,0) = {n+1}, f(ugauz) = {n} f(uzauaq) = {n},
fuzauaq) ={n+1}, f(ugaus) = {n+2}.f (Ust6,1) = {n+4}f (us1ueq) = {n+1},

fi1v21) = {n+l}, f(viavsq )={n}, f(v21vs1 )=} f(V31vs1 )={n+1l}, f(vaq1vs: )={n+2},
f(41v61)={n+3}, f (vs16,1)={n+1},

For 1<a<6,1<b<n-1, f(v,1vqp) = {b-1}.

For1<a<6,1<b<n-1, f(ug1ugsp) = {b-1}.

Therefore, from the coloring norm above, the TCNOCP of Bi-fish with star graph is n+4.
Theorem 3.4: The TCNOCP of Bi-fish with cycle graphis 7, for n > 3.

Proof: Let BFG be a Bi-fish graph. V= {u,, v,/1 < a < 6}, be the vertices and E={u,v,}U {u,u,} U {uzu,} U
{wiw} U {uus}u { wus b U {uguel U{usug} U {v w3} U {v,v,} U {vv,} U {vg v} U {v,ws} U {v,ve} U
{vsve} be the edges.
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Let C,, be Cycle graph. V={w, /1 < a < n} be the vertices and {w,w,,,/1 < a < n} be the edges of cycle graph.
A cycle C, is joined with each vertex of the bi-fish graph.

Total number of vertices is 12n and total number of edges is 12n+15

Let S = V(BFG)>C,) U E(BFG)[>C,) and C={1,2,3,4,...}

We now define total coloring as a function f:S- C.

We provide colors when n is even .

https://internationalpubls.com

Coloring | Vertices count Number of edges Vertices Number of
count edges
1 f(ugp—1)for 1I<b < g, f(V41V6,1) 6n 1
Ifa=1 & 4.
f (g for 1sb <2,
Ifa=2,3 & 5.
fWap—1 )for 1sb <7,
Ifa=2,3 & 5.
f(Wazp) for 1<b<7,
Ifa=1 & 4.
f(ue2p) forlsbs< g
fezp) forlsb<=.
2 f(ugzp) forl<b< %, f(ug1t61) sn 1
Ifa=1 & 4.
fugpp-1) forisbs<?,
Ifa=2,3 & 5.
f(Wazp) forisbs?,
Ifa=2,3 & 5.
f(Waz2p-1) for Isb < 2,
If a=1 &4.
3 f(uiauzg) , f(UzaUs 1) 6
f(us1ue)f (V11V31)
f(W2,1V41).f (Vs5,1V6,1)
4 f(ug2p-1) for1<b Sg fuyauzy) f(us uay) n 4
f(We2p_1) for1<b Sg f(W11v21).f (V3,1V4,1)
S f(uaz2p-1Ua2p) 6n
for 1<a<e,
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I<b< g f (Wa2p-1Va2p)
for 1<a<e,

I<b<

N

6 f (Ua2pUa2b41) 6n

for 1I<a<6,1<b<™2

f(Wa2pVaz2p+1)
for1<a<6, 1sb<™2
f(Uanta)
for 1<a<e,
f WanVas)
for1<a<eé,
7 fug,1v11)f (Ugatis 1) 3
f(V41v51)
TOTAL 12n 15

Therefore, from the coloring norm above, the TCNOCP of Bi-fish with cycle graph is m+n+2.
Theorem 3.5: The TCNOCP of Bi-fish with fan graph is n+5, for n > 3.

Proof: Let BFG be a Bi-fish graph. V= {u,, v,/1 < a < 6}, be the vertices and E={u,v,}U {u,u,} U {usu,} U
{wiu} U{wusd U { wyus 3 U {wuuel U {usugl U {vyv33 U {v,v,} U {v3v,} U {vyv,} U {vyvs} U {v,v6} U
{vsve} be the edges.

Let F;, be a Fan graph. V= {{w,/1<a <n}uU {w}be the vertices and U {w,w, + 1 /1<a<n-1}U
{{ww,/1< a <n} be the edges of fan graph..

A fan F, is joined with each vertex of the bi-fish graph.

Let S = V(BFG)>F, ,,) U E(BFG) >F, ;) where C={1,2, 3, 4, ...}

We now define total coloring as a function f:S— C.

Total number of vertices is 12n+12 and total number of edges is 24n+3

First provide coloring for the vertices as follows:

For 1<a<6, 1<b<n, f(ug,)={b+1},

For1<a<6,1<b<n, f(v,, )= {b+1}

fQu)={n+5}, f(up ={n+4}, f(uz)={n+4}, f(uy)={n+5}, f(us) ={n+4}, f(us) ={n+3}
fwi)={n+4}, £ (v, )={n+5} , f(v;)={n+5}, £ (vy) ={n+4} £ (vs )={n+5} , f(ve) ={n+3}
Next provide coloring for the edges as follows;

fuavy) = {n+1},f (uyuy) = {n+2}, f(uyus) = {n+3}, f(uu,) ={n+3},

fusuy) ={n+2}, f(uyus) = {n+1},f (usue) = {n+4},
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flusug ) = {n+2}, f(v1v;) = {n+2}, f(v1v3 )={n+3}, f(vv, )={n+3}, f(v3v, )={n+2}, f(v,vs )={n+1},
f (04v6)={n+5}, f(vsv6)={n+2},

For 1<a<6and I<b<n, f(v,v,;) = {b}.

For1<a<6and ISb <n, f(uzu,,) = {b}.

n+2 Ifbisodd

n+ 3 Ifbiseven

n+4 Ifbisodd
n+5 Ifbiseven

For 1£a<6.1<b<n-1, f(VapVaps1) = |

For1<a<6,1<b<n-1, f(ugpUqps+1)= {

Therefore, from the coloring norm above, the TCNOCP of Bi-fish with fan graph is n+5.
Theorem 3.6: The TCNOCP of Bi-fish with complete graph isn+4 , for n > 4.

Proof: Let BFG be a Bi-fish graph. V= {u,, v,/1 < a < 6}, be the vertices and E={u, v, }U {u,u,} U {uzu,} U
{wuw} U {uusdu { waus b U {ugue} U {usug U (v w3} U {v,v,} U {vav,} U {v v} U {vwg} U {v, v} U
{vsve} be the edges.

Let K, be complete graph. V= {w, /1< a < n} be the vertices and {wawa+1 /1< a < @} be an edges of star
graph. A Complete graph K,, is joined with each vertex of the bi-fish graph.

Let S = V(BFG)=K,) U E(BFG) [>K,,) where C= {1,2, 3,4, ...}

We now define total coloring as a function f:S— C.

Total number of vertices is 12n and total number of edges is 6n2-6n+15

First provide coloring for the vertices as follows:

V={ugp }: 1<a<6,1<b<n}U{va: I<a<6,1<b<n}
ForlIfa=1&4.{1<b<n}, f(ugp)={b}

For Ifa=2,3 & 6. {2< b <n},f (ug, )= {b-1}.

For 2<b <n}, f(usyp )= {b-1}.

f(uz1) =f (us1)= f (w1 )= {04}, f(us1)={n+2}

Forifa=1& 4. {I<b<n}, f(v,,)={b-1}.

Forlfa=23&5. {I<b<n}, f(v,, )= {n+3}.

For {2<b<n}, f(ve, )= {b-1}.

fy,1)={n+3}, f(uy,1 )={n+4}, f (V61 )={n+3}.

Next provide coloring for the edges as follows:

fQuy,1v1) = {21 f (ur,1u2,1) = {042}, f(u10u3,1) = {n+3}, f(uz1us,) = {n+3},
fuzaug ) ={n+2}, fugqus,) = {n+4}f (us1u6,1) = {2},

flusiuer ) = {n+3}, f(v11v21) = {n+2}, f(v1v31 )={n+3}, f(v21vs1 )={n+3}, f(v31vs1 )={n+2},
fWa1V51)={2}, f(Wa1v61)={1}, f (V51v6,1)={n+4},

ned) f(va,bva,c) = {b+C}.

Forl<a<6and 1<b< S

For1<a<6and 1<b< @, fugpugc) = {b+c}.

Therefore, from the coloring norm above, the TCNOCP of Bi-fish with complete graph is n+4.

https://internationalpubls.com 699



Panamerican Mathematical Journal
ISSN: 1064-9735
Vol 34 No. 4 (2024)

Conclusion:

We found the total chromatic number of comb product involving graphs namely, Bi-fan with cycle, Bi-fan with
star, Bi-fan with fan, Bi-fish with path, Bi-fish with star, Bi-fish with cycle, Bi-fish with fan and Bi-fish with
complete graph.
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