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1. Introduction

The concept of an incline, introduced by Cao, is an algebraic structure, a special type of a semi rings.
The notion of inclines and their applications are described broadly in Cao, Kim and Roush [2]. Kim and Roush
[4] have surveyed and outlined algebraic properties of inclines and incline matrices.
Inclines are additively idempotent semi rings in which products are less than or equal to each factor. An incline

is a structure which has an associative, commutative addition and distributive multiplication such that x+x=x,

x+xy=x and y+xy =y forall x,y €L

An element a in an incline is said to be regular if a solution exists for the equation axa = a, and such a solution

is called a generalized inverse (or g-inverse) of a. An incline L is regular if and only if every element of L is

regular. A matrix P™L,  (the set of mxn matrices over an incline £) is regular iff there exists A™/L’ ~ Such that
PAP =P, and Such A is called g-inverse of P. In [6] meenakshi and kaliraja have studied the regular IVFM. In
[8] Meenakshi and Poongodi have introduced on generalized regular interval valued fuzzy matrices.
Recently the concept of generalized regular interval valued fuzzy matrix was introduced by Poongodi [8]. Jenita
have represented an generalized regular fuzzy matrices [7].
A matrix P(=[P., Pu]) ™L,7, (the set of nxn-interval incline matrices) is said to be right k-regular if there exista
matrix A(=[AL, Au]) ™L,”. Such that [P.*ALPL, Pu*AuPu] = [PLX, PUX], for some positive integer k. A is called a
right k-g-inverse of P, Let Pi-{1,}={[AL, Au)/ [PL*ALPL, PukAuPy] = [PLX, Pu¥]}. Which is an extension of the
Concept of generalized Regular Fuzzy interval incline matrices.

In this paper we investigate the k-regular interval incline matrices.
2. Preliminaries

In this section, we recall some basic definitions and results needed are given.
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Definition 2.1

An interval Incline is a non-empty set of elements £’ with binary operations addition and multiplication

denoted as (+, ) defined on LXL" — L7

For all [x, xu], [yw, yul, [zu, zu] ™ML
(i) [xc, xul+ [ye, yol = [yw yul*Ixe, xul;
(i1) [xv, xu] + (Iyv, yul*[zu, zo]) = (X xol+ Iy, yol) +lze, 2]
(i) [xu, xu](Iye, yul*[ze, zu]) =[x, xullyw yul+ X, xu] [z, zo];
(iv) [xw, xul(Iyw, yollzw, zu]) = (X xol [y, YuDlzw 2ul;
(V) (Iyw, yul*[zw, zuD)IXe, o] = [yw, Yollxe, xul+[ze, zo] X, xul;
(Vi) [xu, xul#+ [xc, xu] =[x xal;
(vii) [x0, Xul+ Xy, xuyo] = X0, Xu];
(viii) [yL, yul+ [Xuyw, xuyu] = [y, yul;
In an interval incline (£, +, -) acting a relation ‘<’ described as on L.
Interval values fuzzy sets, Interval distributive lattices are the best example for interval inclines.

In an interval incline (L, +, -) acting a relation of ordering < described as on L".
For some [xt, xu], [yL, yu] ™ML’

[XL, Xu] < [YL, yu] or x. <yLand xy <yy ifand only if [x., xu]+ [yL Yul = YL, Yul
By the incline axioms (vii) and (viii), we have
[Xuyw, xuyul < [X4, xu] and [Xoyw, Xuyu] < [y yuls
The following characteristics of this interval incline order relation are from (P1) and (P2).

For [x, xu], [yL, yu] ™ML’
Property 1: [Xc+yL, Xu+yu] > [X, Xu] and [XL+yr, Xu+yu] > [y, yu]

Property 2: [xcyL, Xuyu] < [XL, Xu] and [Xwye, Xuyu] < [y, yul;

Definition 2.2
An Interval Incline Matrix (11IM) of order mxn is defined by P=[Pjj, Piju]lmn the ij" element of P is an
interval incline matrices containing all the elements as intervals P, is the lower matrix of P and Py is the upper
matrix of P.
For P=[Pij, Piju] and Q=[Qjj., Qiju] of order mxn their addition denoted by P+Q defined as

P+Q= ([Pii.+QiiL, Piju+Qiju) —(1)

and their multiplication denoted by PQ is defined as,

PQ = () =([ - rijU]):(zn:PikLijL,PikUijUj,i:1, 2,3,.. . mandj=1,2,....1

n
=(z P Quit» Pru Quu ] i=1,2,3,...,mandj=1,2,...,r
k=1

where P= [P, Pu]ma and Q= [QL, Qu]nxs
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Their multiplication denoted by PQ = [PLQL, PuQulmxs P= [P, Pu], P+ Py = Py iff Pjj. > Qjj. and Pjju> Qju iff

P+Q=P
In this interval incline elements having the lower limit and the upper limit are same then the interval incline
coincides with the incline.
Remark 2.3
An Interval incline matrices (1IM) is a matrix with the entries are the (interval) elements belongs to the
Interval incline by (£%). In particular the interval incline matrix the lower incline matrix and upper incline
matrix, that is P™IIM’s which is defined as P(=[Pv, Pul)=[pi, piju]-
Remark 2.4
For P(=[Pv, Pu])™L,... PT, Pi", Pj", R(P),C(P), p«(P), pc(P) denotes the transpose of P, i the row of P, j*"
column of P, row space of P, Column space of P, row rank of P, Column rank of P respectively.
Lemma 2.5 [6]
For P=[P,, Py] ™L,.... and Q =[Qv, Qu] €L, then the following hold:
(i) P'™=[P.7, PT]
(ii) PQ=[P.QL, PuQu]
Lemma 2.6 [6]
For P, Q €(1IM)m,

() RQ) € RP) & Q= AP for some A€(IIM)n,
(i) C(Q) € C(P) © Q = PB for some BE(lIM),
Lemma 2.7 [6]
For P €(IIM)mn and Q €(11M)y, then the following hold:
() ®EPQ < R(P)

(i) C(PQ) = C(Q)
Lemma 2.8 [6]
For P, Q € Ly, if P isregular then
() R(Q) € NR(P)* Q= QPP for each P-of P
(i) c(Q) € c(P)« Q =PPQ for each P-of P
3. k-regular Interval incline matrices
Definition 3.1
A matrix P=[P., Py] ™L7, is said to be right k-regular if there exists a matrix A™L",  (A=[AL, Auv] ™L",)
such that [P *ALPL, PU*AuPU] = [PLX, Py, for some positive integer k. A=[A, Au] is called a right k -g-inverse
of P. the set of all k-g inverse is defined asand [Py, Pulk-{1.}={[AL, Au]/ [PL*ALPL, PU*AuPu] = [PLX, PUM}-
Definition 3.2
A matrix P=[P., Py] ™ML, is said to be left k-regular if there exists a matrix B=[B., By] ™L’, such that

[PLBLPLK, PuBUPU] = [PLX, PUM], for some positive integer k.
B=[B., Bu] is called a left k-g-inverse of P.
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Let [P|_, Pu] k-{1|}={[B|_, Bu]/ [pLBLPLk, PuBUpUk] = [ka, Puk]}.
Let [Pr, Pulk-{1:}= [Pv, Pulk-{1:}U[P., Pulk-{1;}
In general, right k-regular is different from left k-regular.

pm/fis said to be k-regular if it is both left and right k-regular

These are illustrated in the following examples.

Example 3.3
" [0,0] [0.2,05] [0,0] ]
Let us consider P = [0,0] [0.5,1] [0.3,0.5] e(IIM)3X3
[0.1,05] [0,0]  [0,0] |
" [0,0] [0.2,05] [0.2,0.5]]
For this, P? =|[0.1,0.5] [0.51] [0.3,0.5]
| [0,0] [01,05] [0,0] |
[0.1,05] [0.2,05] [0.2,05]
P*=|[0.1,05] [051] [0.3,05]
[0,0] [0.1,0.5] [0.1,0.5]
[0.4,05] [0,0] [0.3,05]
For A=/[0.2,05] [051]  [0,0]
[0,0] [0.1,0.5] [0.4,0.5]

P3AP =P3. Hence P is 3-regular.
For k=3, P2AP=P? but PAP3# P®
Hence A is a right 3-g-inverse but need not be a 3-g-inverse, and also a right k-g-inverse need not be a left k-g-
inverse.
Remark 3.4
Each interval element of the set Pk-{1} is called a k-g-inverse of P. If P is k-regular then P is g-regular for all
integer q > k. For k=1, Pk-{1} reduces to the set of all g-inverses of a regular interval matrix P.

Lemma 3.5
Let P(=[P., Pu]) ™ML, is said to be k-regular interval incline matrix A(=[AL, Au]) be a k- g inverse of P and
ALY then
0)
(i)
(iii)
(iv)

[ALT, AyT] ™ [PLT, PuTlk -{1}
[MAL, AAu] ™[APL, APulk —{1}
[p(AL), p(AU)] Z[p(PXL), p(P*)]
If R and S are permutation interval matrices, then
[RUTPLSLT, RuTPuSu™] ™ [RLPLSL, RuPuSulk —{1}.
Proof
Let [AL, Au] be a k- g inverse of [P, Pu] then [PLKALPL, PU*AUPU] = [P, PUY]

Taking the transpose on both sides, we get
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[(kaALPL)T, (pUkAUpU)T] - [(PLk)TALTPLT, (Puk)TAUTPUT]
= [(PLT)kALTPLT, (PUT)kAUTPUT]
= [PX, P
Thus [ALT, Au"] ™ [P.T, Pu"lk-{1}
(i) Let [Pr, Pu] = [PiL, Piju] then [APL, APy] = [PLA, Pur] and AA=A
Hence [MPLFALPL), M(PUKAUPU)]
= [APLK, APUM]
Thus [AAL, AAu] ™[APL, APulk {1}
(i) Since [PL*ALPL, Pu*AuPu] = [P, PU¥]
= [p(PLALPL), p(PU*AUPU)]

= [p(PL), p(PU)]
=[p(PL), p(Pu)] < [p(AL), p(Au)]
(iv) Since [Ri, Ru] and [Si, Su] are interval permutation matrices, R and S are invertible R = RT, S = ST
Let [PL*ALPL, PuAUPU] = [PLK, Pu]
[RLPLASL (SLTALRLT) RLPL*SL , RuPu*Su (SuTAuRU") RuPU*Su ]
= [RLPLK(SLSLNAL(RLTRLPLYSL , RuPu* (SuSuNAU(RUTRU)PU*SY ]
= [RLPL*ALPLSL, RuPUAuPuSU ]
= [RU(PL*ALPL)SL , Ru(Pu* AuPu)Su ]
=[RLP*SL, RuPU*Su]
Thus [SLTALRLT, SUTAURUTI™ [RLPLKSL , RuPu¥Sulk -{1}
Hence the proof
Theorem 3.6
Let [P., Pu]™L,” and k be a positive integer, then [AL, AuJ™ Pk-{L} & [ALT, AT|™Pk-{1,}.
Proof
Let [AL, Au]™Pk-{1,}
S[PALPL, PU*AuPU] = [P, P

& [PALPL, PUAUPU]T = [P, PUAT
S[(PLALPYT, (PU*AUPY)T] = [(PLT)Y, (PuT)"]
S[PUTALT(PLNS PUTAUT(PUT) = [(PLT), (PuT)']
S[AT, AUTTPTK -{1}

Remark 3.7

In particular for k=1, Definition (3.1) and (3.2) reduce to regular I1M poineer in [12] and in the case P.= Py,
Definition (3.1) and (3.2) reduce to regular incline matrix [11].
Theorem 3.8

Let P=[P., Pu] ™(l1IM),. Then P is right k-regular interval incline matrix iff P_and Py ™/L, are right k-

regular.
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Proof

Let P=[P., Pu] ™(1IM),
Since P is right k-regular 1M, there exists
A(=[AL Ad)™(1IM)n, Such that [PL*ALPL, PU*AUPY] = [P, P
Let A=[AL, Au] with A, Ag™/L,
Then by Lemma (2.5)(ii),
[PLYALPL, PU*AUPU] = [PX, PUN]
PLKALPL = PiXand Py*AuPy = PU*
Therefore Py is right k-regular and Py is right k-regular ™.7,. Thus P is right k-regular I11M.

= PLand Py ™/L’, are right k-regular.

Conversely, Suppose P and Py ™/L,, are right k-regular, then P.*A_P. = P, and
PUAUPy = Py*for some AL and Ay ™L7 . A ™(PLK-{1,}, Au™(Pu)k-{1/}.
Since P <Py, it is possible to choose at least one U™(P)k-{1,}and V™(Pu)k-{1,} Such that U < V.
Let us define the interval incline matrix Z = [U, V]. Then by Lemma (2.5) (ii),
PZP = [PLX, PU] [U, VI[PL, Pu]
= [PLUPL, PUtVP]
= [P, Py
= pk
Thus P is right k-regular 11M.
Theorem 3.9
Let P=[P., Pu] ™(IIM),. Then P is left k-regular interval incline matrix iff P_ and Py ™/’ are left k-regular.
Proof
This can be proof is similar to Theorem (3.8) and hence omitted.
Lemma 3.10
For [P, Pu], [QL, Qul™(lIM),, and a positive integer Kk, the following hold.
(i) If [P, Pu] is right k-regular and [R(QL), R(Qu)] S [R(PL¥), R(P)]
then, [QL, Qul= [QLALPL, QuAUPU] for each right k-g- inverse [AL, Au] of [Pr, Pu].
(i) If [P, Py] is left k-regular and [C(QL), C(Qu)] S[C(P.¥), C(PU]
then, [QL, Qu] = [PLBLQL, PuBuQu] for each left k-g- inverse [BL, Bu] of [P., Pu].
Proof
(i) Since [R(QL), R(Qu)] S[R(PLX), R(PUM)], by Lemma (2.6), there exists [Z., Zu] such that  [Qr, Qu] =
[ZLPX, ZuPUM].
Since [Py, Pu] is right k-regular , by Definition (3.1),
[PL*ALPL, PU*AUPU] = [PLX, PUM] for some [AL, Au] ™[AL, Aulk-{1}
Hence [QL, Qu] = [ZLPL¥, ZuPuM]
= [ZLP*ALPL, ZUPUJ*AUPY]
= [QLALPL, QuAUPU]
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Thus (i) holds.

(ii) Since [C(QL), C(Qu)] S[C(PM), C(PUM], by Lemma (2.6), there exists W such that

[Qu, Qu] = [PLWL, PyWy]
Since [Py, Pu] is left k-regular.
By Definition (3.2), [PLBLPL¥, PuBuPu¥] = [PL, Pu¥] for some [By, Bu] ™[P., Pulk-{1/}
Hence [QL, Qu] = [PL*WL, Py*Wy]
= [PLBLPL'WL, PuBuPukWy]
=[PLBLQL, PuBuQu]
Thus (ii) holds.
Theorem 3.11
For [Pr, Pu], [QL, QuI™(IIM)a, with [R(PL), R(Pu)] = [R(QL), R(Qu)] and
[R(PLX), R(PUM] = [R(QLX), R(QUM] then [Py, Pu] is right k-regular 1IM iff [Qc, Qu] is right k-regular 11M.

Proof

Let [P, Pu] be a right k-regular 11M satisfying [R(Q¥), R(QUY)] S [R(PLH), R(PUH]and  [R(PL), R(Pu)]
S [R(Q), R(Qu)] -
since [R(QL), R(QU)] S[R(PLY), R(PUMI,
by Lemma (4.7) [Q%, Qu*]= [QL*ALPL, Qu*AuPy] for each k-g-inverse [Ac, Au] of [P, Pu].
since [R(PL), R(Pu)] < [R(QL), R(QU)],

by Lemma (2.6), [Py, Pu] = [BLQL, BuQu] for some [Bi, Bu]™ (I11M)n.
substituting for [PL, Pu] in [QL%, Qu¥]= [QLXALPL, QurAUPY],
we get, [Q%, QU = [QLYALPL, QuFAuPY]
= [Q*ALBLQL, Qu*AuBULQU]
= [Q*Z.QL, Qu*ZuQu] where [ALBL, AuBU] = [ZL, Zu]
Hence [QL, Qu] isright k-regular I1M.
Conversely, if [QL, Qu] is right k-regular [1M.

satisfying [R(PLY), R(PUM)] € [R(QM), R(QUM] and [R(QL), R(Qu)] S[R(Pv), R(Pu)], then [P, Py] is right k-

regular 1IM can be Proved in the same manner.
Hence the Theorem.
Theorem 3.12
For [Pr, Pu], [Qu, Qu]™(I1M)a, with [C(PL), C(Pu)] = [C(Qu), C(Qu)] and
[C(PLM), C(PUM] then [Py, Pu] is left k-regular 1IM iff [Qy, Qu] is left k-regular 1IM.
Proof
This is similar to Theorem (3.11) and hence omitted.
Theorem 3.13
For [Pv, Pul, [Qu, QuI™(IIM)n, with [R(PL), R(Pu)] = [R(QL), R(Qu)] and [R(PL), R(PU)] = [R(QX), R(Q*V)]
then the following are equivalent:
(i) [Pv, Pu] isright k-regular 1IM
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(if) PLand Py are right k-regular interval incline matrices

(iii) [Qu, Qu] isright k-regular 1M
(iv) Quand Qu are right k-regular interval incline matrices

Proof

(i) < (ii) and (iii) < (iv) are precisely Theorem (3.8)
(i) < (iii) This follows Theorem (3.11).

Theorem 3.14
For [Pv, Pu], [Qu, QuI™(IIM)n, with [C(Pr), C(Pu)] = [C(Qu), C(Qu)] and
[C(PLY), C(PUM] = [C(QLY), C(QUM)] then the following are equivalent:
(i) [Pv, Pu] is left k-regular 1M
(if) Prand Py are left k-regular interval incline matrices
(iii) [Qu, Qu] is left k-regular 1IM
(iv) Qrand Qu are left k-regular interval incline matrices

Proof

(i) < (ii) and (iii) < (iv) are precisely Theorem (3.9)
(i) < (iii) This follows Theorem (3.12).

Theorem 3.15
Let [P, Pul™(1IM), and k be a positive integer, then the following hold
(i) If A= [AL, Au] ™PK-{1}, then pc(PL¥) = pe(PL¥AL), pe(PU*) = pc(PukAu) and
pr(PL) < p(ALPL) < pr(AL), pr(PU") < pr(AuPu) < pr(Au)
(i) If [AL, Au] ™Pk-{1/}, Then pc[(PL¥), (PU¥)] = pc[PL*AL, Pu*Au] and
pe[PLX, PU¥] < p{ALPL, AuPu] < pr[PL, Pul.
(iii) If A= [AL, Au] ™AK-{1;}, then pr(P*) = p(ALPL¥), pr(PU*) = p(AuPU¥) and
Pe(PL) < pe(PLAL) < pe(PL), pe(Pu*) < pe(PuAu) < pe(Pu)
(iv) If [AL, Au] ™Pk-{1;} then p/[P.%, Pu¥] = p{ALPX, AuPU¥] and
pr[PLX, PUK] < pe[PLAL, PuAU] < pe[PL, Pu]
Proof
Let [PL, Pu] Since A= [Ac, Au] ™Pk-{1/},
By Definition (3.1) and Lemma (2.5) (ii)
PLYAPL = Prkand PU*AUPy = PU*
By Lemma (2.7) , we get
C(P =C(PLFALPL) SC(PLFAL) S C(PX) — 3.1and

C(P) = C(PU*ALPY) SC(PU*AU) S C(PU) — 32

pe(PL) = pe(PL*AL) and pe(Pu) = pe(Pu*Au)
Since P.*ALP.= P X and PU*AuPy = PJ*
we have P = PLYAPL = PL(APL2= . . ... . = PLY(ALPL)K
PU = PU*AWPy = PR (AP = . . .. .. = PUK(AUPU)¥
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Therefore, PLk = PLX(ALPL)¥, Hence

R(PLk) = R(PLk(ALPL)k) c R((ALPL)k) < R(ALPY) € R(PL) — 3.3
Therefore R(PLX) SR(ALPL) S R(PL)

pr(PL) < pr(ALPL) < pr(PL)
Similarly, Py = Py*(AuPu)X,

Hence  R(Pu") = R(PU(AuPu)¥) € R((AuPu)*) S R(AuPu) S R(Pu)
Therefore R(Pu) SR(AuPy) SR(Pu) — 3.4

pr(PU") < pr(AuPu) < pr(Pu)
Thus (1) holds.
Since, [P, Pul™(1IM), , From (3.1) and (3.2)
C(P") = [C(PLY), C(PU]
= [C(PAL), C(PJ*AU)]
= C(PkA)
and pe[(PL), (Pu)] = pe[PL*AL, PUA]
Similarly From (3.3) and (3.4)
R(PY) = [R(PL), R(PU]
S [R(ALPL), R(AuPu)]

S[R(Pu), R(Pu)]
=R(P)
Therefore, [R(PLY), R(PUM] S [R(ALPL), R(AuPu)] S[R(PL), R(PU)]

Pl (P9, (P < pr[ALPL, AuPu] < pi[PL, Pu].
Thus (ii) holds.
Proof is similar to that of (iii) and hence omitted.

proof is Similar to that of (iv) and hence omitted
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