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Abstract:  
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1. Introduction  

 The concept of an incline, introduced by Cao, is an algebraic structure, a special type of a semi rings. 

The notion of inclines and their applications are described broadly in Cao, Kim and Roush [2]. Kim and Roush 

[4] have surveyed and outlined algebraic properties of inclines and incline matrices. 

Inclines are additively idempotent semi rings in which products are less than or equal to each factor. An incline 

is a structure which has an associative, commutative addition and distributive multiplication such that x+x=x, 

x+xy=x and y+xy = y for all x, y∈L 

   An element a in an incline is said to be regular if a solution exists for the equation axa = a, and such a solution 

is called a generalized inverse (or g-inverse) of a. An incline L is regular if and only if every element of L is 

regular. A matrix PLmn (the set of mxn matrices over an incline L) is regular iff there exists ALI
mn  Such that 

PAP = P, and Such A is called  g-inverse of P. In [6] meenakshi and kaliraja have studied the regular IVFM. In 

[8] Meenakshi and Poongodi have introduced on generalized regular interval valued fuzzy matrices.  

Recently the concept of generalized regular interval valued fuzzy matrix was introduced by Poongodi [8]. Jenita 

have represented an generalized regular fuzzy matrices [7].  

A matrix P(=[PL, PU]) Ln
I, (the set of nxn-interval incline matrices) is said to be right k-regular if there  exist a 

matrix A(=[AL, AU]) Ln
I. Such that [PL

kALPL, PU
kAUPU] = [PL

k, PU
k], for some positive integer k. A is called a 

right k-g-inverse of P, Let Pk-{1r}={[AL, AU]/ [PL
kALPL, PU

kAUPU] = [PL
k, PU

k]}. Which is an extension of the 

Concept of generalized Regular Fuzzy interval incline matrices. 

 In this paper we investigate the k-regular interval incline matrices.  

2. Preliminaries  

    In this section, we recall some basic definitions and results needed are given. 
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Definition 2.1 

      An interval Incline is a non-empty set of elements LI with binary operations addition and multiplication 

denoted as  (+, ∙) defined on LIxLI →LI     

For all [xL, xU], [yL, yU], [zL, zU] LI 

(i) [xL, xU]+ [yL, yU] = [yL, yU]+[xL, xU]; 

(ii) [xL, xU] + ([yL, yU]+[zL, zU]) = ([xL, xU]+[yL, yU]) +[zL, zU]; 

(iii) [xL, xU]([yL, yU]+[zL, zU]) = [xL, xU][yL, yU]+[xL, xU][zL, zU]; 

(iv) [xL, xU]([yL, yU][zL, zU]) = ([xL, xU][yL, yU])[zL, zU]; 

(v) ([yL, yU]+[zL, zU])[xL, xU] = [yL, yU][xL, xU]+[zL, zU][xL, xU]; 

(vi) [xL, xU]+ [xL, xU] = [xL, xU]; 

(vii) [xL, xU]+ [xLyL, xUyU] = [xL, xU]; 

(viii) [yL, yU]+ [xLyL, xUyU] = [yL, yU]; 

In an interval incline (L, +, ∙) acting a relation ‘≤’ described as on LI. 

Interval values fuzzy sets, Interval distributive lattices are the best example for interval inclines.  

In an interval incline (LI, +, ∙) acting a relation of ordering ≤ described as on LI.  

For some [xL, xU], [yL, yU] LI 

          [xL, xU] ≤ [yL, yU] or xL ≤ yL and xU ≤ yU if and only if  [xL, xU]+ [yL, yU] = [yL, yU] 

By the incline axioms (vii) and (viii), we have 

                          [xLyL, xUyU] ≤ [xL, xU]  and [xLyL, xUyU] ≤ [yL, yU]; 

 The following characteristics of this interval incline order relation are from (P1) and (P2).  

 For [xL, xU], [yL, yU] LI 

Property 1: [xL+yL, xU+yU] ≥ [xL, xU] and [xL+yL, xU+yU] ≥ [yL, yU]  

Property 2: [xLyL, xUyU] ≤ [xL, xU] and [xLyL, xUyU] ≤ [yL, yU]; 

 

Definition 2.2 

        An Interval Incline Matrix (IIM) of order mxn is defined by P=[PijL, PijU]mxn the ijth element of P is an 

interval incline matrices containing all the elements as intervals PL is the lower matrix of P and PU is the upper 

matrix of P.  

   For P=[PijL, PijU] and Q=[QijL, QijU] of order mxn their addition denoted by P+Q defined as   

                                 P+Q= ([PijL+QijL, PijU+QijU)         →(1)  

and their multiplication denoted by PQ is defined as,  

   ij ijL ijU

1

PQ  r r ,  r Q , Q
n

ikL kjL ikU kjU

k

P P


 
      

 
 , i=1, 2, 3, . . ., m and j=1, 2, . . . , r 

                                        
1

Q , Q
n

ikL kjL ikU kjU

k

P P


 
  
 
 , i=1, 2, 3, . . ., m and j=1, 2, . . . , r 

where P= [PL, PU]mxn and Q= [QL, QU]nxs  
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Their multiplication denoted by PQ = [PLQL, PUQU]mxs P= [PL, PU], PL+ PU = PU iff PijL ≥ QijL and PijU≥ QijU iff 

P+Q=P 

        In this interval incline elements having the lower limit and the upper limit are same then the interval incline 

coincides with the incline. 

Remark 2.3 

       An Interval incline matrices (IIM) is a matrix with the entries are the (interval) elements belongs to the 

Interval incline by (LI). In particular the interval incline matrix the lower incline matrix and upper incline 

matrix, that is PIIM’s which is defined as                                 P(=[PL, PU])=[pijL, pijU]. 

Remark 2.4 

         For P(=[PL, PU])LI
mxn, P

T, Pi
*, Pj

*, R(P),C(P), ρr(P), ρc(P) denotes the transpose of P, ith the row of P, jth 

column of P, row space of P, Column space of P, row rank of P, Column rank of P respectively. 

Lemma 2.5 [6] 

   For P=[PL, PU] LI
mxn and Q =[QL, QU] ∈LI

np, then the following hold: 

(i) PT=[PL
T, PU

T] 

(ii) PQ = [PLQL, PUQU] 

Lemma 2.6 [6] 

   For P, Q ∈(IIM)mn,  

(i) ℜ(Q) ⊆ ℜ(P) ⇔ Q = AP for some A∈(IIM)m 

(ii) C(Q) ⊆ C(P) ⇔ Q = PB for some B∈(IIM)n 

Lemma 2.7 [6] 

   For P ∈(IIM)mn and Q ∈(IIM)np, then the following hold: 

(i) ℜ(PQ) ⊆ ℜ(P)  

(ii) C(PQ) ⊆ C(Q)  

Lemma 2.8 [6] 

   For P, Q ∈ LI
mn , if P is regular then 

(i) ℜ(Q) ⊆ ℜ(P)⇔ Q = QP-P for each P- of P  

(ii) C(Q) ⊆ C(P)⇔ Q = P-PQ for each P- of P   

3. k-regular Interval incline matrices 

Definition 3.1  

    A matrix P=[PL, PU] LI
n is said to be right k-regular if there exists a matrix ALI

n   (A=[AL, AU] LI
n) 

such that [PL
kALPL, PU

kAUPU] = [PL
k, PU

k], for some positive integer k. A=[AL, AU] is called a right k -g-inverse 

of P. the set of all k-g inverse is defined as and      [PL, PU]k-{1r}={[AL, AU]/ [PL
kALPL, PU

kAUPU] = [PL
k, PU

k]}. 

Definition 3.2 

  A matrix P=[PL, PU] Ln
I is said to be left k-regular if there exists a matrix B=[BL, BU] LI

n such that 

[PLBLPL
k, PUBUPU

k] = [PL
k, PU

k], for some positive integer k.  

B=[BL, BU] is called a left k-g-inverse of P. 
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Let [PL, PU] k-{1l}={[BL, BU]/ [PLBLPL
k, PUBUPU

k] = [PL
k, PU

k]}. 

Let [PL, PU]k-{1l}= [PL, PU]k-{1r}U[PL, PU]k-{1l}                                                                   

In general, right k-regular is different from left k-regular.  

PLI
mn is said to be k-regular if it is both left and right k-regular 

These are illustrated in the following examples. 

Example 3.3 

Let us consider 

     
     

     
 

3 3

0,0 0.2,0.5 0,0

0,0 0.5,1 0.3,0.5

0.1,0.5 0,0 0,0
x

P IIM

 
 

  
 
 

 

         For this, 

     
     
     

2

0,0 0.2,0.5 0.2,0.5

0.1,0.5 0.5,1 0.3,0.5

0,0 0.1,0.5 0,0

P

 
 

  
 
 

 

           

     
     
     

3

0.1,0.5 0.2,0.5 0.2,0.5

0.1,0.5 0.5,1 0.3,0.5

0,0 0.1,0.5 0.1,0.5

P

 
 

  
 
 

 

For 

     
     
     

0.4,0.5 0,0 0.3,0.5

0.2,0.5 0.5,1 0,0

0,0 0.1,0.5 0.4,0.5

A

 
 

  
 
 

 

               P3AP =P³. Hence P is 3-regular.  

 For k=3, P3AP=P3 but PAP3≠ P3 

 Hence A is a right 3-g-inverse but need not be a 3-g-inverse, and also a right k-g-inverse need not be a left k-g-

inverse. 

Remark 3.4 

   Each interval element of the set Pk-{1} is called a k-g-inverse of P. If P is k-regular then P is q-regular for all 

integer q ≥ k. For k=1, Pk-{1} reduces to the set of all g-inverses of a regular interval matrix P. 

Lemma 3.5   

    Let  P(=[PL, PU]) LI
mn is said to be k-regular interval incline matrix A(=[AL, AU]) be a k- g inverse of P and 

λLI.  then  

(i) [AL
T, AU

T]  [PL
T, PU

T]k -{1} 

(ii) [λAL, λAU] [λPL, λPU]k –{1} 

(iii) [ρ(AL), ρ(AU)] ≥[ρ(Pk
L), ρ(Pk

U)] 

(iv) If R and S are permutation interval matrices, then 

 [RL
TPLSL

T, RU
TPUSU

T]  [RLPLSL, RUPUSU]k –{1}. 

Proof  

   Let [AL, AU] be a k- g inverse of [PL, PU] then  [PL
kALPL, PU

kAUPU] = [PL
k, PU

k] 

Taking the transpose on both sides, we get 
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 [(PL
kALPL)T, (PU

kAUPU)T] = [(PL
k)TAL

TPL
T, (PU

k)TAU
TPU

T]  

                       = [(PL
T)kAL

TPL
T, (PU

T)kAU
TPU

T]  

                                                        = [PL
k, PU

k]. 

                            Thus [AL
T, AU

T]  [PL
T, PU

T]k -{1} 

(ii) Let [PL, PU] = [PijL, PijU] then [λPL, λPU] = [PLλ, PUλ] and λλ=λ 

                            Hence [λ(PL
kALPL), λ(PU

kAUPU)]  

                                                         = [λPL
k, λPU

k] 

                             Thus [λAL, λAU] [λPL, λPU]k –{1r} 

(iii) Since [PL
kALPL, PU

kAUPU] = [PL
k, PU

k] 

                                                  ⇒[ρ(PL
kALPL), ρ(PU

kAUPU)]  

                                                          = [ρ(PL
k), ρ(PU

k)] 

           ⇒[ρ(PL), ρ(PU)] ≤ [ρ(AL), ρ(AU)]  

(iv) Since [RL, RU] and [SL, SU] are interval permutation matrices, R and S are invertible R-1 = RT, S-1 = ST 

  Let [PL
kALPL, PUAUPU] = [PL

k, PU] 

                   [RLPL
kSL (SL

TALRL
T) RLPL

kSL , RUPU
kSU (SU

TAURU
T) RUPU

kSU ] 

                = [RLPL
k (SLSL

T)AL(RL
TRL)PL

kSL , RUPU
k (SUSU

T)AU(RU
TRU)PU

kSU ] 

                = [RLPL
k ALPLSL , RUPU

k AUPUSU ] 

                = [RL(PL
k ALPL)SL , RU(PU

k AUPU)SU ] 

                = [RLPL
k SL , RUPU

k SU ] 

Thus [SL
TALRL

T, SU
TAURU

T] [RLPL
k SL , RUPU

k SU]k -{1} 

              Hence the proof 

Theorem 3.6  

    Let [PL, PU]Ln
I and k be a positive integer, then [AL, AU] Pk-{1r}⇔[AL

T, AU
T]Pk-{1l}.  

Proof  

           Let [AL, AU]Pk-{1r} 

                     ⇔[PL
kALPL, PU

kAUPU] = [PL
k, PU

k] 

                   ⇔[PL
kALPL, PU

kAUPU]T = [PL
k, PU

k]T 

             ⇔[(PL
kALPL)T, (PU

kAUPU)T] = [(PL
T)k, (PU

T)k] 

       ⇔[PL
TAL

T(PL
T)k, PU

TAU
T(PU

T)k] = [(PL
T)k, (PU

T)k] 

                                  ⇔[AL
T, AU

T]PTk -{1l} 

Remark 3.7 

    In particular for k=1, Definition (3.1) and (3.2) reduce to regular IIM poineer in [12] and in the case PL= PU, 

Definition (3.1) and (3.2) reduce to regular incline matrix [11]. 

Theorem 3.8  

 Let P=[PL, PU] (IIM)n. Then P is right k-regular interval incline matrix iff  PL and  PU Ln   are right k-

regular. 
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Proof  

  Let P=[PL, PU] (IIM)n 

Since P is right k-regular IIM, there exists  

        A(=[AL, AU])(IIM)n, Such that [PL
kALPL, PU

kAUPU] = [PL
k, PU

k] 

  Let A=[AL, AU] with AL, AULI
n  

Then by Lemma (2.5)(ii), 

       [PL
kALPL, PU

kAUPU] = [PL
k, PU

k] 

       PL
kALPL = PL

k and PU
kAUPU = PU

k 

Therefore PL is right k-regular and PU is right k-regular LI
n. Thus P is right k-regular IIM. 

            ⇒ PL and PU LI
n   are right k-regular. 

Conversely, Suppose PL and PU Ln are right k-regular, then PL
kALPL = PL

k  and 

       PU
kAUPU = PU

k for some AL and AU LI
n.   AL(PL)k-{1r}, AU(PU)k-{1r}. 

Since PL ≤ PU , it is possible to choose at least one U(PL)k-{1r}and V(PU)k-{1r} Such that U ≤ V. 

Let us define the interval incline matrix Z = [U, V]. Then by Lemma (2.5) (ⅱ),  

                 PkZP = [PL
k, PU

k] [U, V][PL, PU] 

                          = [PL
kUPL, PU

kVPU] 

                          = [PL
k, PU

k] 

                          = Pk 

Thus P is right k-regular IIM.  

Theorem 3.9 

  Let P=[PL, PU] (IIM)n. Then P is left k-regular interval incline matrix iff PL and PU LI
n   are left k-regular. 

Proof  

   This can be proof is similar to Theorem (3.8) and hence omitted. 

Lemma 3.10 

   For [PL, PU], [QL, QU](IIM)n, and a positive integer k, the following hold. 

(i) If [PL, PU] is right k-regular and [R(QL), R(QU)] ⊆[R(PL
k), R(PU

k)]  

     then, [QL, QU]= [QLALPL, QUAUPU] for each right k-g- inverse [AL, AU] of [PL, PU]. 

(ii) If [PL, PU] is left k-regular and [C(QL), C(QU)] ⊆[C(PL
k), C(PU

k)]  

      then, [QL, QU] = [PLBLQL, PUBUQU] for each left k-g- inverse [BL, BU] of [PL, PU]. 

Proof  

(i) Since [R(QL), R(QU)] ⊆[R(PL
k), R(PU

k)],  by Lemma (2.6), there exists [ZL, ZU] such that    [QL, QU] = 

[ZLPL
k, ZUPU

k].  

  Since [PL, PU] is right k-regular , by Definition (3.1),  

        [PL
kALPL, PU

kAUPU] = [PL
k, PU

k] for some [AL, AU] [AL, AU]k-{1r} 

          Hence [QL, QU] =  [ZLPL
k, ZUPU

k] 

                                    = [ZLPL
kALPL, ZUPU

kAUPU]  

                                    = [QLALPL, QUAUPU] 
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              Thus (i) holds. 

(ii) Since [C(QL), C(QU)] ⊆[C(PL
k), C(PU

k)] , by Lemma (2.6), there exists W such that  

       [QL, QU] = [PL
kWL, PU

kWU] 

        Since [PL, PU] is left k-regular. 

     By Definition (3.2), [PLBLPL
k, PUBUPU

k] = [PL
k, PU

k] for some [BL, BU] [PL, PU]k-{1l} 

Hence [QL, QU] = [PL
kWL, PU

kWU] 

                          = [PLBLPL
kWL, PUBUPU

kWU] 

                                = [PLBLQL, PUBUQU]  

          Thus (ii) holds. 

Theorem 3.11  

      For [PL, PU], [QL, QU](IIM)n, with [R(PL), R(PU)] = [R(QL), R(QU)] and  

 [R(PL
k), R(PU

k)] = [R(QL
k), R(QU

k)]  then  [PL, PU] is right k-regular IIM iff [QL, QU] is right k-regular IIM. 

Proof 

          Let [PL, PU] be a right k-regular IIM satisfying [R(QL
k), R(QU

k)] ⊆[R(PL
k), R(PU

k)] and      [R(PL), R(PU)] 

⊆ [R(QL), R(QU)] .  

     since [R(QL
k), R(QU

k)] ⊆[R(PL
k), R(PU

k)],  

by Lemma (4.7) [QL
k, QU

k]= [QL
kALPL, QU

kAUPU] for each k-g-inverse [AL, AU] of [PL, PU]. 

         since [R(PL), R(PU)] ⊆ [R(QL), R(QU)],  

  by Lemma (2.6), [PL, PU] = [BLQL, BUQU] for some [BL, BU] (IIM)n. 

substituting for [PL, PU] in  [QL
k, QU

k]= [QL
kALPL, QU

kAUPU],  

         we get,  [QL
k, QU

k]  = [QL
kALPL, QU

kAUPU]  

                                         =  [QL
kALBLQL, QU

kAUBUQU]  

                                         =  [QL
kZLQL, QU

kZUQU] where [ALBL, AUBU] = [ZL, ZU] 

Hence [QL, QU] is right k-regular IIM. 

Conversely, if [QL, QU] is right k-regular IIM. 

satisfying  [R(PL
k), R(PU

k)] ⊆ [R(QL
k), R(QU

k)]  and [R(QL), R(QU)] ⊆[R(PL), R(PU)],  then [PL, PU] is right k-

regular IIM can be Proved in the same manner.  

Hence the Theorem. 

Theorem 3.12  

For [PL, PU], [QL, QU](IIM)n, with [C(PL), C(PU)] = [C(QL), C(QU)] and  

 [C(PL
k), C(PU

k)] then  [PL, PU] is left k-regular IIM iff [QL, QU] is left k-regular IIM. 

Proof  

This is similar to Theorem (3.11) and hence omitted. 

Theorem 3.13 

For [PL, PU], [QL, QU](IIM)n, with [R(PL), R(PU)] = [R(QL), R(QU)] and  [R(PL
k), R(PU

k)] = [R(Qk
L), R(Qk

U)]  

then the following are equivalent: 

(i) [PL, PU] is right k-regular IIM  



Panamerican Mathematical Journal 

ISSN: 1064-9735 

Vol 35 No. 3s (2025) 

420 

 
 

https://internationalpubls.com 

(ii) PL and PU are right k-regular interval incline matrices  

(iii) [QL, QU] is right k-regular IIM 

(iv)  QL and QU are right k-regular interval incline matrices  

Proof 

 (i) ⇔(ii) and (iii) ⇔ (iv) are precisely Theorem (3.8) 

(i) ⇔(iii) This follows Theorem (3.11). 

Theorem 3.14 

For [PL, PU], [QL, QU](IIM)n, with [C(PL), C(PU)] = [C(QL), C(QU)] and  

 [C(PL
k), C(PU

k)] = [C(QL
k), C(QU

k)]  then the following are equivalent: 

(i) [PL, PU] is left k-regular IIM  

(ii) PL and PU are left k-regular interval incline  matrices  

(iii) [QL, QU] is left k-regular IIM 

(iv)  QL and QU are left k-regular interval incline  matrices  

Proof 

 (i) ⇔(ii) and (iii) ⇔ (iv) are precisely Theorem (3.9) 

(i) ⇔(iii) This follows Theorem (3.12). 

Theorem 3.15 

Let [PL, PU](IIM)n and k be a positive integer, then the following hold  

(i) If A= [AL, AU] Pk-{1r}, then  ρc(PL
k) = ρc(PL

kAL), ρc(PU
k) = ρc(PU

kAU) and  

      ρr(PL
k) ≤ ρr(ALPL) ≤ ρr(AL),  ρr(PU

k) ≤ ρr(AUPU) ≤ ρr(AU)  

(ii) If [AL, AU] Pk-{1r}, Then ρc[(PL
k), (PU

k)] = ρc[PL
kAL , PU

kAU]  and  

          ρr[PL
k, PU

k] ≤ ρr[ALPL, AUPU] ≤ ρr[PL, PU]. 

(iii) If A= [AL, AU] Ak-{1r}, then ρr(PL
k) = ρr(ALPL

k), ρr(PU
k) = ρr(AUPU

k) and  

         ρc(PL
k) ≤ ρc(PLAL) ≤ ρc(PL),  ρc(PU

k) ≤ ρc(PUAU) ≤ ρc(PU)  

(iv) If [AL, AU] Pk-{1l} then ρr[PL
k, PU

k] = ρr[ALPL
k, AUPU

k]  and 

          ρr[PL
k, PU

k] ≤ ρc[PLAL, PUAU]  ≤ ρc[PL, PU] 

Proof 

   Let [PL, PU] Since A= [AL, AU] Pk-{1r}, 

   By Definition (3.1) and Lemma (2.5) (ⅱ) 

                   PL
kALPL = PL

k and PU
kAUPU = PU

k 

    By Lemma (2.7) , we get 

                 C(PL
k) = C(PL

kALPL)  ⊆C(PL
kAL)⊆ C(PL

k)  → 3.1 and  

               C(PU
k) = C(PU

kAUPU)  ⊆C(PU
kAU)⊆ C(PU

k)  → 3.2  

                ρc(PL
k) = ρc(PL

kAL) and ρc(PU
k) = ρc(PU

kAU) 

       Since PL
kALPL= PL

k and PU
kAUPU = PU

k  

           we have PL
k = PL

kALPL = PL
k(ALPL)2 = . . . . . .  = PL

k(ALPL)k  

                         PU
k = PU

kAUPU = PU
k(AUPU)2 = . . . . . .  = PU

k(AUPU)k  
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        Therefore, PL
k = PL

k(ALPL)k , Hence  

                     R(PL
k) = R(PL

k(ALPL)k ) ⊆ R((ALPL)k ) ⊆ R(ALPL) ⊆ R(PL) → 3.3 

   Therefore R(PL
k) ⊆R(ALPL) ⊆ R(PL)  

                    ρr(PL
k) ≤ ρr(ALPL) ≤ ρr(PL) 

        Similarly, PU
k = PU

k(AUPU)k ,  

  Hence       R(PU
k) = R(PU

k(AUPU)k ) ⊆ R((AUPU)k ) ⊆ R(AUPU) ⊆ R(PU)  

 Therefore R(PU
k) ⊆R(AUPU) ⊆R(PU) → 3.4 

                  ρr(PU
k) ≤ ρr(AUPU) ≤ ρr(PU) 

Thus (1) holds.  

Since, [PL, PU](IIM)n , From (3.1) and (3.2) 

                 C(Pk) = [C(PL
k), C(PU

k)]  

                       = [C(PL
kAL),  C(PU

kAU)] 

                           = C(PkA)  

 and ρc[(PL
k), (PU

k)] = ρc[PL
kAL , PU

kAU]   

 Similarly From (3.3) and (3.4)  

               R(Pk) = [R(PL
k), R(PU

k)]  

                    ⊆ [R(ALPL),  R(AUPU)] 

                     ⊆[R(PL), R(PU)]  

                        = R(P)  

Therefore, [R(PL
k), R(PU

k)] ⊆[R(ALPL), R(AUPU)] ⊆[R(PL), R(PU)]  

                    ρr[(PL
k), (PU

k)] ≤ ρr[ALPL , AUPU] ≤ ρr[PL, PU]. 

Thus (ii) holds.  

Proof is similar to that of (iii) and hence omitted.  

proof is Similar to that of (iv) and hence omitted 
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