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1. Introduction

The numerical treatment of a singularly perturbed delay differential equations generated lots of
interest in the recent years due to applicability these families of equations in the process of
transforming a real life situation into a mathematical form for numerous disciplines of science and
technology. An ordinary differential equation having a delay term and multiplied the highest order
derivative by a small positive parameter , known as a singularly perturbed delay differential
equation. Like in [8] Lange, C.G. and Miura, R.M. had studied initial exit time problem with the
modelling of neuronal variability's activation. In [1] Derstine, M.W studied problems related to
variational and bistable devices problem in control theory. Kadalbajoo et al. [3, 4] proposed some
numerical approximations for a singularly perturbed differential-difference equation containing a
delay term. Various Numerical approaches were proposed for differential equations with negative
shifts, Mixed shifts and some schemes with fitted parameters by D.Kumara Swamy et al [7,13,
14,15,19].An integration method based on numerical approach was proposed by Y.N Reddy et
al.[12] for a singularly perturbed differential equation having a negative shift. McCartin introduced
the concept of Exponential B spline[9].He also described convergent rates and extremal features of
the exponential spline approximation and also developed cardinal bases and B-spline bases for the
space of exponential splines. Reza Mohammadi[10] proposed a method which is based on
exponential B-spline to approximate the soluton of partial differential equation of convection-
diffusion kind having boundary conditions of Dirichlet’s type. Von Neumann method was used to
prove the stability of the method. A numerical scheme for a family of reaction-diffusion equations
was proposed by A. S. V. Ravi Kanth et al.[6] based on Exponential B-spline for space derivative. In
recent years, studies like wavelets theory, medical imaging, and image processing have all greatly
benefited from the application of exponential splines. sinuk kang[5],the author came up with a
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technique for the cardinal exponential splines’s space by using exponential B-spline as a Reisz basis.

W. K. Zahra et al. [18] developed a method that attempted to solve a singularly perturbed
boundary value problem with a small unknown perturbation parameter using exponential splines and
shishkin mesh discretization .Chandra Sekhara Rao , Mukesh Kumar[11] proposed a method for a
self adjoint singularly perturbed boundary value problem based on the Exponential B-spline
collocation approach.

We have implemented Exponential B-spline approach to approximate the solution of a
differential equation of second order with negative shift having a boundary with a layer structure.We
have discussed the problem in section 2 of this paper. The numerical method have been developed in
Section 3 and the convergence analysis was performed in Section 4. The effectiveness of the
proposed scheme have been covered in Section 5.

2. Objectives

The main objective of this paper is to implement Exponential B-spline method on a singularly
perturbed delay differential equation to approximate its solution. We discuss the convergence
analysis of the proposed method.

We consider the following linear differential equation of second order with negative shift to
implement the proposed method,

") +mp)u't—6) +n(®u) =0, 0<t<1, (2.1)
with imposed boundary conditions,
u®@)=¢, -86<t<0 and u(1)=9y (2.2)

where ¢ and § are perturbation parameter and delay argument respectively such that,
0<ek1,0<6<1 andé = o(e).

Furthermore, m(t) and n(t) are functions such that they are ¢ in the open interval (0,1) and ¢ ,
are constants.

Let us assume m(t) = n > 0 throughout the interval [0, 1],where, n is a positive constant .The
boundary layer will be in the neighborhood of t = 0.Again assuming m(t) < n < 0 throughout the
interval [0, 1], where, n is a negative constant.The boundary layer will be in the neighborhood of ¢ =
1.

Taylor's series expansion yields,

w(—6) = u'(t) —su"(t) (2.3)
Using equation (2.3) in equation (2.1),
—eu'(£) + F(B)u' (B) + g(B)u(t) =0 (2.4)

Where,
fo) = s () = 21

om(t)—1 om(t)-1"’ T
With reference to Elsgolt’s and Norkin [2] equation (2.4) thus obtained from (2.1) is valid since,
0<d<1

https://internationalpubls.com 313



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 3s (2024)

3. Methods

Let us consider the equation (2.4),

Lu=—eu' )+ f&u'®) + gB)ult) =0 , t € [0,1] (3.1)
Let Q:0=15 <ty <:ovee < t, = 1 be partition on [0,1] with uniform step size f :%

Define the Exponential B-spline function 5;(t) , defined as follows [9]n

1
(65| (42 =) g sinh{p(t,2 )] | b€ [by-m]
Ry + k(b — 8) + RgePim®) + ke PED) 0 pe [1,0,1]
B®)={ Fki+k(b—t;)+ksePC™) +Re™%) e i8],
1
&s [(; —tj4a) — Bsinh{b(t — tﬁz)}] , £ € [tj—a tim1),
0 otherwise
L
Where ,
__ bhc
ke = phc-s’

& B[ c(c—1)+s? ]
2 7 2 lphc-s)(1-0)I’

Ry = 1 'e‘f’ﬁ(l—c)+s(e_f’ﬁ—1)]
3 (phc—s)(1—c) '
], = 1 [ePh(c—1)+s(ePh-1)
474l (phc-s)(1-c) I’
_ b
ks = 2(phic—s)

where s = sinh(ph), ¢ = cosh(ph) and p is a non-negative parameter.

Let U(t) approximate the exact solution < (t) of the equation (3.1),then we have,

U®) = X3l ¥ 8,(1) [Mac-Cartin 1991] (3.2)
Now by using the conditions (3.2) the values of the unknowns »; can be found.

The values of the U (%) and its 1st order and 2nd order derivatives can be determined at the mesh
points t, as follows:

U(t;) = 5j-185-1(8;) +5;8,(8;) + 55418541 (87)
s—ph s—ph

U(tsl) = m?@_l +7%; + 2(phe—s) SF+1 (3.3)
/ _ _bpa-o  _ bA-c)
U (t’i) = 2(Phc—s) 771 2(phe—s) "4+1 (3.4)
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2s

u”(t’f) 2(f)ﬁc s) ['K ZX] + xj+1] ) 0< ﬂ' <n (35)

Now, the approximation of the equation (3.1) at the mesh points can be described as

—eU"(t;) + f(5;) W(s;) +9(¢,)U(t,) =0, t; €[01]

—eUW' () +F,W() +g,u(s;) =0, where f(x,) =7, g(t;) =g, (3.6)
Plugging (3.3), (3.4) and (3.5) into (3.6) we get

—ep? s _ p1-<) p1-<) s—ph
] R R Y R 21 o e Bja] + 95 [z(ﬁﬁc—s)xf_l gt

|=0

s—ph
2(pho—s) 24+1

By performing mathematical maneuver we obtain a three term recurrence relation as follows:
Kisjo1 + 8%, + My, =R; 3.7)
Where,
K; = —ep®s +£,p(1 — ) + g;(s — ph)
L; = 2¢p® s + 2g,;(phc — s)

M; = —ep®s — f;p(1 - c) + g,(s — ph)

System (3.7) consists of (n + 1) equations with (n + 3) unknowns, say
¥_1,¥0, ¥ - - e Fpyq - PlUGQING the boundary conditions (2.2) in order to solve the system
(3.7), we get two more additional equations,
2(phc—s)
-1~ Z Cbﬁs (@ —%0) — %1

2(phc—s) (3'8)

Thel = S—ph (l»b - Xn)

Now (3.8) can be used to eliminate ¥_; and ¥, from (3.7) which yields a tridiagonal system in
the unknowns g, ¥ ... ... ..... ¥, Of the form,

Ax =D (3.9)
Where,
¥ = (¥, T eoe veevee e ¥)
D = (—2(phc — s)Ky ,0,0, ... ... .. ..., —2(Pphc — )M )’
315
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Lo(s — ph) — 2(phc —s)K, (Mo — Ko)(s — ph) 0
&1 24 M,

(%n - Mn)(s - pﬁ) Bn(s - pﬁ) - Z(g?flC - S)Mn
The tridiagonal system (3.7) can be solved using invariant embedded algorithm.

4. Results
Convergence Analysis: The followings results are required to discuss the convergent analysis of the
proposed scheme,

Lemmal. If {B_;, 5y - o ceevor e . Byiq } 1S €XpoONnential spline basis, then see.[11]

5
ALlgm|<s , 0=st<1

Theorem 1 . Let exact solution (%) of the problem (2.1) can be interpolated using exponential B-
spline to a unique U(t). And if wu(t) € c*[0,n] and f,g €c?[0,n], then 3 a constant uj,
independent of f such that see.[11]

D7 (w(®) — U)o < wA771 , 5=0,12..

Theorem 2. Let exact solution «(t) of the problem (3.1) can be approximated using exponential B-
spline by U(t). If w(t) € ¢*[0,n] and f, g € c?[0,n], then 3 a constant K, such that

ll(e) — U®) o < BA?
For sufficiently small f and I is a positive constant.
Proof . Let us consider the following for the problem (2.1).

w(t) be the exact solution, U(t) = ;’;Lll ¥; £;(t) be an unique exponential B-spline interpolating
the solution 2 (t) and U(t) = ;}ill %; B;(+) be the approximate solution of the equation.

Now, from lemma 1 we have

5
Zlﬂf@’)lgi , 0<t<1

j=1

Again, using Theorem 1
[Lae(e;) = LU(;)| < [-ew(5) = U ) + F® @ (8,) - Ue ) + 9@ (wls;) - U))]
< (e + ||f]| 11 b + g1l wnoh?) 7= 12
Where, n = en, + ||f]|_nif + [|glleorohi®

Thus we obtain,
[Lu(t;) — LU(k,)| = [0 = LTU(s;)| = [Lu(t;) — LUE)| < »h? (4.1)
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As L’u(t,;,-) = 0,0 < 4 < nwith the boundary conditions given in (2.2) gives a system of linear
equations,

Ax =D
Now, suppose LU(t;) = 0(t;),0 <7 <n,

with boundary conditions U(t,) = ¢ and U(t,) =  leads to a linear system

A¥ =D
Where,
F = (B, Fp oo e F)!
D= (Dy(s — ph) — 2(phc — 8)Ky9 , D1, Dy cvv vvr v wer, Dp(s — ph) — 2(phc — )M Y)’

Where, D, = 2(phic — s)o(t;), 0<j <n
Then it follows
A —%) = (D-D) 4.2)
Where,
(r—%) =% = F0,¥1 = F1, T2 — T2y eev vee ve e ¥y — T’
(® - D) = [-2(phc — s)(s — AW (to), —2(phic — )w(ky), ... —2(Phic — s)(s — PRI w(t,)]’
Using (4.1) we have,
1D =Dl = gsl;gnlﬁ,; — ;| < nh?(ph)? (4.3)
As 0 < € « 1 and with sufficiently small f it can be verified that the coefficient matrix A is
Irreducible and monotone [21, 22]. Hence, A~ exists.
Therefore, from (4.2) we must have
5 = Flloo < 1A leolID = Dl (4.4)
Let p; , 0 <7 < n be the row sum of the matrix A such that
po = Lo(s — ph) — 2(phc — 8)Ky + (Mo — Ko)(s — ph)
p; =K; + &+ M, /=12 ,n—1
Pn = (K —My)(s — ph) + &,(s — ph) — 2(phc — s)M,,

Now from theory of matrices we have,

-1 < l < i < 1 .
1A Moo < 0= 17 = Gy (4.5)
Where, p=min{pg, p1, 3, - s «-- Pn}
Now, substituting the values of (4.3) and (4.5) in (4.4) gives
317
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15 =5l < #h2(BR)* -~ < WA (BR)* iy = wh? (4.6)

Using Lemma 1 and equation (4.6) ,we obtained

lu® - T < 04 (x; —5,)]8,0)|

< 22118,y — 5l <2 (4.7)

Applying the Theorem 1 we have
| e(®) = U@ < noh* (4.8)
Now combining the results (4.7) and (4.8) ,
lu(t) — UMl < BA?
Where, | = A2 + 2=
Hence, the Theorem is proved.

Numerical Experiments: The efficiency of the proposed method is demonstrated by the four model
problems. Our proposed solutions are compared with the exact solution those are available in the
literature for various values of € and & . We are using double mesh principle given by

E" = max |u;™ — u,;%"| to calculate the absolute error wherein the exact solutions are not
available.

Example 5.1: Let us take a differential equation containing a negative shift with left end layer
eu" () +u'(t—6) —u() =0,0 <t <1, with the boundary conditions
w(0)=1landu(1) =1

We have the exact solution as

(1—e%2)eW1tt(e?1-1)e™2t)

u(t) = e
Where,
wy = —1-/1+4(e-5) and w, = —1+1+4(-5)
2(e—-9) 2(e—-8)

The comparisons of the absolute error are presented in the Table 1 and table 2 with

left end layer for various values of € and § .And the impact of the parameter are shown in graph
presented in the Figure 1 and Figure 2.

Example 5.2: Let us take a variable coefficient differential equation with negative shift

e (8) +e %%/ (1 —8) —u(®) =0,with «(0)=1 and w(1) =1
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We are using double mesh principle to calculate the maximum absolute error and presented in the
Table 3. for various values of £ and 8. The graph of the computed solution is presented in the

Figure 3.

Example 5.3: Let us take a differential equation containing a negative shift with right end layer

eu" () —u' (t — 8) — u(t) = 0, with the boundary conditions

uw(0)=1and u(1l) = -1

We have the exact solution as

_ ((1+e™2)eW1F—(e™1+1)e™2h)

u(t) = eT2—ew)
Where w, = —— - **(E79) 1+2E20) ang wy =
2(e+8)

The comparison of the absolute errors are presented in the Table 4 and table 5 with

1+./1+4(e-0)

2(e+8)

left end layer for various values of € and § .And the impact of the parameter are shown in graph
presented in the Figure 4. and Figure 5.

Example 5.4: Let us take a variable coefficient differential equation with a delay term
eu'(t) —etu' (b —6) —tu(t) =0,with «(0) =1 andu(1l) =1

The maximum absolute errors are calculated by double mesh principle is presented in the Table 6.
for various values of € and 8. The graph of the computed solution is presented in the Figure 7 .

Table 1:Maximum Absolute Error with € = 0.1 for various values of 6 and n (Example 5.1)

n- 102 108 10*
51 Proposed Previous Proposed Previous Proposed Previous
method result[13] method result[13] method result[13]
0.01 2.5733e-05 1.3798e-04 2.5763e-07 1.3907e-05 2.7092e-09 1.3887e-06
0.03 2.9690e-05 1.0765e-04 2.9705e-07 1.0849e-05 2.9838e-09 1.0600e-06
0.06 6.1468e-05 6.1798e-05 6.2550e-07 6.2273e-06 6.2161e-09 6.3164e-07
0.08 1.4035e-05 3.0995e-05 1.4099¢-06 3.1233e-06 1.400e-08 3.3537e-07

Table 2: Absolute Error with e = 0.02, 6 = 0.001and i = 0.01 ( Example5.1)

t Solution by Proposed Exact Solution by Absolute Error by Absolute Error
Method Solution Method [15] Proposed method by method[15]

0.0 1.00000000 1.00000000 1.00000000 0.00000000 0.00000000
0.02 0.59650758 0.59611217 0.40030832 3.95409e-04 1.95804e-01
0.04 0.46326487 0.46292257 0.38470877 3.42308e-04 7.82138e-02
0.06 0.42273389 0.42247446 0.39155769 2.59429¢e-04 3.09168e-02
0.08 0.41407601 0.41386729 0.39941373 2.08724e-04 1.44536e-02
0.1 0.41644444 0.41626092 0.40746127 1.83512¢-04 8.79965e-03
0.2 0.45613474 0.45597317 0.45020470 1.61571e-04 5.76847e-03
0.3 0.50314705 0.50299127 0.49743206 1.55780e-04 5.55921e-03
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0.4 0.55502160 0.55487431 0.54961366 1.47294e-04 5.26065e-03
0.5 0.61224452 0.61210912 0.60726922 1.35403e-04 4.83990e-03
0.6 0.67536714 0.67524765 0.67097295 1.19493e-04 4.27470e-03
0.7 0.74499772 0.74489886 0.74135933 9.88619e-05 3.53953e-03
0.8 0.82180724 0.82173453 0.81912938 7.27047e-05 2.60515e-03
0.9 0.90653585 0.90649574 0.90505767 4.01012e-05 1.43807e-03
1.0 1.00000000 1.00000000 1.00000000 0.00000000 0.00000000

Table 3: Maximum absolute Error with € = 0.1 for various values of 6 and n using double mesh
principle (for Example 5.2)

n- 102 10° 10*
61 Proposed method Proposed method Proposed method
0.001 0.0265796 0.0032995 3.3605207e-04
0.003 0.0271238 0.0033683 3.4306667e-04
0.006 0.0279825 0.0034768 3.5414669e-04
0.008 0.0285853 0.0035531 3.6193372e-04

Table 4: Maximum absolute Error with € = 0.1 for various values of 6 and n(for Example 5.3)

n- 102 108 10*
51 Proposed Results[13] Proposed Results[13] Proposed Results[13]
Method method method
0.01 1.8402e-05 4.9650e-05 1.8410e-07 4.9729e-06 1.6235e-09 4.9586e-07
0.03 1.4093e-05 5.8439%e-05 1.4097e-07 5.8534e-06 1.1188e-09 5.8693e-07
0.06 9.7089e-06 7.1489e-05 9.7114e-08 7.1607e-06 1.0594e-09 7.2219e-07
0.08 7.5492e-06 8.0100e-05 7.5512e-08 8.0235e06 6.7766e-10 8.0780e-07

Table 5: Absolute Error with ¢ = 0.001, § = 0.003 and A = 0.01 (for Example 5.3)

https://internationalpubls.com

Solution by Proposed | Exact Solution by | Absolute Error by Absolute Error

Method Solution Method [15] Proposed method by method[15]
0.0 1.00000000 1.00000000 1.00000000 0.00000000 0.00000000
0.1 0.90536618 0.90519656 0.90493550 1.69625e-04 4.30683e-04
0.2 0.81968792 0.81938081 0.81890826 3.07117e-04 7.79665e-04
0.3 0.74211773 0.74170069 0.74105916 4.17042e-04 1.05857e-03
0.4 0.67188829 0.67138491 0.67061074 5.03387e-04 1.27755e-03
0.5 0.60830494 0.60773531 0.60685947 5.69633e-04 1.44547e-03
0.6 0.55073872 0.55011991 0.54916868 6.18814e-04 1.57004e-03
0.7 0.49862021 0.49796665 0.49696223 6.53568e-04 1.65798e-03
0.8 0.45143388 0.45075769 0.44971877 6.76186e-04 1.71511e-03
0.9 0.40871297 0.40802431 0.40696648 6.88656e-04 1.74649¢e-03
0.92 0.40066672 0.39997663 0.39891664 6.90087e-04 1.75008e-03
0.94 0.39277848 0.39208729 0.39102493 6.91195e-04 1.75355e-03
0.96 0.38498654 0.38429459 0.38317158 6.91948e-04 1.81496e-03
0.98 0.36841582 0.36772893 0.36289935 6.86889¢-04 5.51647e-03
1.0 1.00000000 1.00000000 1.00000000 0.00000000 0.00000000
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Table 6: Maximum absolute Error with € = 0.1 for various values of 6 and n using double mesh
principle (Example 5.4)

Figure 1. Graphical representation with e = 0.1 for various values of & (example5.1)

Figure 2. Graphical representation with e = 0.01 for various values of & (example5.1)

n - 102 108 104
5l Proposed method Proposed method Proposed method
0.000 | 0.02230547 0.00305640 3.11355660e-04
0.003 | 0.02081696 0.00282670 2.87617565e-04
0.007 | 0.01910969 0.00256855 2.61006577e-04
0.015 | 0.01639981 0.00217005 2.20066455e-04

1 T T T T T T T T T

— — Estimated
Exact
09 i
08 M delta=0.01 Il
——--—-——-delta=0.03
07 .
BTN delta=0.06 I
05t .
—~<-—delta=0.08

04 1 1 1 1 1 1 1 1 1

0 01 02 03 04 05 06 07 08 09 1

T T
— — Estimated
Exact

09F
08}
07
0.6
05
| --------------- ta=0.001
T it delta=0.003
04 =
e delta=0.008 delta=0.006
0 01 0.2 03 04 05 06
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Figure 4. Graphical representation with € = 0.1 for different values of § (example5.3)

Figure 5. Graphical representation with € = 0.01 for various values of § (example5.3)
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delta=0,015—~——"1i
|
delta=0.007— I|

delta=0.003——

Figure 6. Graphical representation with € = 0.1 for various values of & (example5.4)

5. Discussion

In an effort to solve delay differential equations with boundary layers, we employed the exponential
B-spline method in this study. With this approach, we first applied Taylor's series to transform a
second order singularly perturbed differential equation with a delay term problem into a neutral type
singularly perturbed differential equation. The suggested approach is applied to four model
problems, and the results are contrasted to the precise solutions that were found. In cases where exact
solutions were not found, the absolute error was calculated using the double mesh concept. We have
finally drawn the graphs showing the answers for various values of € and .
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