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Abstract:
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1. Introduction
Suppose that B to be class functions intailing the following function:
f@=a+a,z"+a.12""+ - (@a€eC,mMeEN={12..}%3€D), (1,1)

where f(z) be analytic to open unitdisk U = {z € C: |3| < 1}.Assume M[a,n] be subclass of
the function f € G . For a € C and n to be positive integer number ,

If f € g definedby (1.1) and g € G is given by formula:

f(@) =2+ Xlan2", g(2) = 2+ Xil, buz"
By ussing convolution of f and g to get

(f *9)(8) = 53+ Xilo anbnz™ = (g * ) (2) .

If the functions f and g be analytic functions in , so f be subordinate to g in U, for that we can
say f(z) < g (1) , if existing a Schwarz function w(z) to be analytic within U to satisfy the
conditions that |[w(z)] < 1 (z € U)and w(0) = 0 and where f (3) = g (w(2)),(z € V). As
additional ,to that if g be univalent function in U, so we satisfy the equivalence relation link (see
[15],[16]and[18])

f© e g),(z € V)and f(z) <g(z) = f(0) = g(0).

Definition (1.1)[15]: Assume that L(z) to be univalent in U and ®:C> x U > € . Let P(z) be
analytic in U to satisfy the following differential subordination of second — order:

9 (?(z),z(?(z))’,zz(iP(z))”; z) < L(2), (1.2)
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therefore the equation (1.2) of differential subordination have the solution P(z) . The formula (1.2)
represent the solution of differential subordination which has ¢(z) as a dominant , or more,
additional to that to be simply dominant, if P(z) < q(z) to all P(z) for that will satisfy (1.2).If
G(z) is univalent dominant which satisfys q(z) < q(z) for every dominant q(z) for (1.2) , so the
formula (1.2) will be satisfied by the best dominant.

Definition (1.2)([15]also see[16]) : Assume that 9:C> x U -» ¢ and assume the function L(z)
which be analytic in U. If 8(SD(z),z(?(z))’,zz(?’(z))”;z) and the univalent function P (%)
within U where P (z) satisfy the following differential Superordination of second—order :

L(z) <9 (P(z),z(?’(z))',zz(?’(z))”; z), (1.3)

then the equation (1.3) have the differential superordination solution of (1.3) say P(z). Equation
(1.3) leads to the solution of subordinant ¢(z), where must be analytic function or we can say that
subordinant will be more simple when q(z) < P(z) for every P(z) halds (1.3). The function {(3)
be univalent subordinant which satisfy ¢(z) < G(z) to all subordinants q(z) of (1.3) ,will be best
subordinant .

In [16], Miller and Macanu have obtained sufficient conditions to functions L, ¢ and © for where the
implicationts given by:
4(z) <P(2) = L(z) < 3(P(2),3P'(2),3°P"(2); z) (1.4)

by taking the results ( see [1,2,4,5,6,7,,8,919] ) for obtaining sufficient conditions to normalized
analytic functions for satisfing:

zf'(2)
f(z)

d1(z) < < (2(2),

such that the two tbe univalent function in U sayq, (z)and q,(z) where ¢,(0) = q,(0) = 1.

Addition to that, EI-Ashwah and Aouf [23] ,Ali et al. [3] ,Atshan and Hadi [6] , Atshan and Ali [4]
,and Gochhayat [25] derived some superordination and subordination results to analytic functions in
U . Recently ,Al-Ameedee et al. [1] ,Atshan et al. [4,5] and Gochhayat [24] got sandwich results to
some classes of analytic functions

The function ¢(z, t, s) define the following series:
Zn
(]r+ns)ft )

Wherez e \,re €\ z; ={0,—-1,-2,..},t e C,Re(t) > 1,3 € dV,s € N\ {1}.

¢¢(Z, [t, S) = Z?f:o

The following normalized function J%(z) defined as:

S r+ns

T = (5+ 1)[t [qbt(z, ts) — (5)_t] =2+ 2o (o )t a,z"z€V , (L5)

see more [22].
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Swamy [21] defined linear operator Fyf(z) for m € Ny=NU{0Lbu€R ,v=0,u+v>0
and define by:

FRF(2) =2+ Yors (um’) a,z" . (1.6)
See [10,11,12,13,14,17,20,21].

Definition (1.3): Suppose fe€gGz€eUrecC\z, ={0,—-1,-2,..},teC, meN,=NU
{fobueR ,seN\{1},v=0,u+v>0,Re(t) >1where z € U and we define new operator:

Tistuvf(3):G =G, where
e vl (2) = Jis(2) * Fayf ()

T8 wof (2) = 7+ T (22) (2)" g 5. (L7)

r+sn u+v

We have from (1.7) that :

(W + VTS f(2) = ule uof (2) = V3 (T wof () v > 0. (1.8)

We observe that [T ,vf(2):G — G is an integral operator and for f given by (1.2) we have:

0 0of (@) = 24+ 5y (52) (2) " q,5m 2 €. (1.9)

r+sn u+nv

It follows form (1.9) that:

(uﬂ + W)Ir§tt ULV (Z) = uﬂﬂr@sﬁtﬁuﬂ,w (Z) +Vz ( T,S,t, rmwf(z)) (1-10)

Now,in this work has been dedicated to derive several superordination, subordination and sandwich
results of differential containing new operators 7;'s ,f (2) and [Ty ¢ v f (2).

2. Preliminaries

Constructing our major results ,some following lemmas will be needed with its references , (see also

[23]) .

Definition (2.1)[15]: called by Q which represent all f functions,they must be analytic and one—to—

one on U\ E(f), where E(f) = {{ € dL: liTr{lf(Z) = oo} and D = U U {z € 9V}, in addition to
yad

that f'({) # 0 of { € AU\E(f). More that, we consider a subclass of Q to f(0) = a is called

Q(a) where Q(1) = Q;and Q(0) = Q.

Lemma (2.2) [15]: Assume the function ¢(z) be univalent and convex in U assume g € C / {0}

a €C, ,B # 0 ,and suppose

Re {1 + Zq,((z))} > max {0, —Re (g)} .

If P(z) isanalytic function in U, and
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aP (2) + Bz(P(2) < aq(2) + Bz(q(z)) 2.1)
hence q(z) will be best dominantand P(z) < ((z) .

Lemma (2.3) [15]: Let q(3) is belongs in U with q(0) = 1,where ¢(3) is convex and univalent. Let
Re(B) > 0 and B € C.IfP(z) € M[q(0),1] N Q and P(z) + ﬁz(?(z))’ is univalent in D,
then q(z) + Bz(q(@))’ < P(3) + Bz3(P(3))" , which implies that q(z) < P(z) and q(z) will
be best subordinant .

3. Subordination Results:

Theorem (3.1): Let q(z) is belongs in U with q(0) = 1,where q(z) is convex and univalent. Let
& € C",u, v > 0, u real number such that w + v > 0 andSuppose that ¢(z) satisfies :

Re {1 + Z;',”(S)} > max {O,Re (@)} . (3.2)
Let f € G holds the subordination
D(m, &, 1w, v) < (@) + =24/ (2), (3.2)
Where
D(m, & pu,v) = (1 - §) (Bl O)' ¢ (Faad O, (LSS - (33
then
(Tr[f“sn,ﬁ,,uzwf (z))“ < q(2), (3.4)

and the equation (3.2) have the best dominant say 9 .
Proof: Put

m I
S(z) = (Zeel OV ey, (3.5)

Hence differentiate (3.5) logarithmically according to z, and taking identity (1.8) in resultant
equation , to get

38'@) _ ((un+w)) (zﬂr%é‘ﬂn,wf(z) _

1 ),and which can be written
2 T el 3 )’a d which can be written as

A\

v ’ _ g}]}gtt,,un,wf (Z) “ ﬂ?{,ﬁ,wf (Z)
———35'(3) = S —1
ﬂ(ﬂ]l + W) z g},s,tt,,un,wf(z)

Thus the equation of subordination which is represented by (3.2) be equivalent by

&v ’ v ’
§(2) + 0535 (2) < d(2) +n2q(3) -
By apply Lemma (2.2)2.1 when o = ﬁ , the proof of theorem(3.1) is complete.
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Now, in theorem above,we put, (z) = 11—;2 ,50 we get the following corollary.

Corollary (3.1): Assumeé,A,B € C,A# B,|B| <1,u > 0,Re(¢) > 0 and u real number such that
u+v > 0,if f € g satisfy the recent subordination case :

1+Az) év ( (A+B)z
1+B3z u(u+v) \(1+Bz)?

D(m, &, p,uw,v) < ( ) , such that D(m, &, u, w, v) known by (3.3) ,then

Ty anf @\ _1+4z
z 1+ Bz’

1+Az

and will be best dominant say B

Now ,put m = O in the Theorem above ,to get a new result.

Corollary (3.2): Let q(2) is belongs in U with q(0) = 1,where q(z) is univalent. Let § € C",u, v >
0, w real number such that w + v > 0 andSuppose that q(z) satisfies :

Let f € G holds the subordination

&v
D 0) ) ) ) < +— ! )
10, 1,w,v) < ((2) u(u+w)zq (2)
Where
7% o @\ %0 FENY | (T unf (@)
D, 0.6, muww) = (1-8) (22 4 ¢ (2] 4 (Zeeanl2),
then
70 . f(2)\"
< r,S,ttg( )) < (I(Z),

and the equation (3.2) have the best dominant say ¢ .
Now ,put w = v = 1 in the Theorem above ,to get a new result.

Corollary (3.3): Let q(z) is belongs in U with ¢(0) = 1,where (z) is univalent. Let § € C*,u > 0,
and Suppose that (3.1) holds. Let f € G holds the subordination

v
D,(m, &, u,1,1) < +——324'(2),
2(m, &, 1,1,1) < q(2) v (2)
Where
_ . Trer,1,1f (%) # Trer,1,1f () H (%@Iﬁgf(z))
gz(mﬂLf,ﬂ, 111)_(1 f)( Z ) +E( Z ) + 7}@,&,,1,1]0(3) !
then
<7}?§tt,,1‘,z1f(z)># < q(z),

and the equation (3.2) have the best dominant say q .
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By the same way we can take Theorem (3.1), to prove the following theorems by using the
identity(1.10).

Theorem (3.2): Let q(z) is belongs in U with q(0) = 1,where q(z) is convex and univalent. Let
& € C",v > 0, u real number such that w + v > 0 andSuppose that (z) satisfies :

Re {1 + Z:,"(S)} > max {0, —Re (g)} . (3.6)

Let f € G holds the subordination

20w, m,w,v,8) < 4(z) +224'(2), 3.7)
where
_ u+v\ (It v f(2) ® u+v\ (I, o f (2) ® ¢ uvf ()
Lu,m,u,v,§) =([1-§) (T) (T) + ¢ (T) (T) + (m) (3.8)
then
(Iggitim,wf(z))“ < ( ) (3 9)
e q(2), .

and the equation (3.7) have the best dominant say ¢ .

Proof: Put

m u
S(z) = (Lel)" s e, (3.10)

Hence differentiate (3.10) logarithmically according to z, and taking identity (1.10) in resultant
equation , to get

28'@ _ ((un+w)) (Iﬁ‘f‘;,ﬁ,,u,wf(z) B

s ) 1),and which can be written as

v

v N Ir“r“.‘;fam,wf(z))“ (Ii’{“s,t,,u,mz) B )
it 25 () _( P i 1)

Thus the equation of subordination which is represented by (3.7) be equivalent by
$@) +L25'(2) < (@) +£24'(2).

By apply Lemma (2.2) when o = % , the proof of theorem(3.2) is complete therefore ,we put v =

1 in above theorem to obtain the results below.

Corollary(3.4): Let q(z) is belongs in U with ¢q(0) = 1,where q(z) is univalent. Let § € C",u >
0, w real number such that w + v > 0 andSuppose that (z) satisfies :

Re {1 + Z:,"(S)} > max {O, —Re (%)} . (3.11)

Let f € G holds the subordination
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2, (u,m,u, v, &) < q(z) + %zq’(z), (3.12)
Where
_ u+v I?rtins-,'{t}un,vf () # u+v I?rng{t}uu,wf (=) H I?r]{ns,tt,,un,wf (Z)>
emmy ) = (-9 (7) (BfO) 4 e () (Be) + (B8) - e19)
then
m+1 u
(I]r,§,tt,,un;1f(z)) < q (Z); (314)

and the equation (3.7) have the best dominant say q .

4. Superordination Results :

Theorem (4.1) : Assume that the function ¢ are univalent and convex in U with ¢(0) = 1,Re(¢) >
0,6 €Cuv>0u€Rsuchthatu+wv > 0.if f € G, where

m u
(7;1-,5,&,,1Z,1f(z)) € M[q(O), 1] no . (41)

If ©D(m, &, u, w, v)is univalent function in U as defined by (3.3),and satisfies the superordination case
below;

§v I
4(2) + oy 24'(2) < Dm,§ pw,v), 4.2)
T 11 f (@\F
then q(z) < (T) , (4.3)
and q(z) will be best subordination .
Proof: Put
_ g}gn,tt,,un,wf(z) #
S(z) = (=22L2) z e, (3.4)

Hence differentiate (3.4) logarithmically according to z, and taking identity (1.8) in resultant
equation , to get

38'(®) _ ((uu+V)) <zﬂ}‘f“§‘i?t,%n,wf (2

= 1),and which can be written as
S(2) Trstuvf (=)

\%

v ZSI(Z) — (g}].lg],[t,,uﬂ,vf(z)>ﬂ (g—li‘l,lgn,{t':,%u,wf(z) _ 1)
p(u + v) 3 Tessuvf (2)

Thus the equation of subordination which is represented by (4.2) be equivalent by

§v v

$(2) + pu(u+v) pu(u+v)

z8'(z) < p(2) + zp’(3) -

By apply Lemma (2.2), the proof of theorem(4.1) is complete.

Now, in theorem above,we put,m = 0 ,s0 we get the following corollary.
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Corollary (4.1) : Let ((z) is belongs in U with ¢(0) = 1,where ((z) is convex and
univalent,Re(§) >0, € C,u,v>0,uw e R.If f € G, where

(ELD) ¢ mig(0) 1100 . 45)

If ©;(0,¢, 4, w, v)is univalent function as defined by (3.3),and satisfies the superordination case
below;

4(2) + =243 < D1 (0,6 1w ), (4.6)
m u
then q(z) < (2L2), (4.7)

and q(z) will be best subordination .
Now, in theorem above,we put,v = 1,50 to obtain corollary below.
Corollary (4.2) :Let q(z) is belongs in U with ¢(0) = 1,where ((z) is convex and
univalent,Re(§) > 0, € C,u > O,suchthatw + v > 0. if f € G, where
T8 waf @\
(P22 l=) € mq(0), 1100 (4.8)

If D(m, ¢, u, w, 1)is univalent function as defined by (3.3),and satisfies the superordination case
below;

4(2) + == 2 q'(2) < Ds(m, &, w, 1), (4.9)

where

TBurf (@) Tenuif @\ | (Tathif (&)

z Trstu1f (@)

m n
then q(z) < (—%'S'“"““'lf (Z)) ) (4.10)

3z

and ¢(z) will be best subordination .

Theorem (4.2) : Assume that the function ¢ are univalent and convex in U with q(0) = 1,Re(§) >
0, eCuv>0suchthatu +v>0.if f € G, where
S @\
(TZ) € M[q(0),1]1NnQ . (4.12)

If 2(u, m,w,v,§)is univalent function as defined by (3.8),and satisfies the superordination case
below;

q(z) + % 2 ' (3) < 8, m, u, v, &), (4.12)

m+1 u
then 4(2) < (R2lE) (4.13)

and ¢(z) will be best subordination .
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thus by taking Lemma (2.3) ,we obtain result that required .

Now, in theorem above,we put,v = 1,50 to obtain corollary below.

Corollary (4.3) :Let q(z) is belongs in U with ¢(0) = 1,where ¢(z) is convex and
univalent, Re(§) > 0,¢& € C,u > 0,uw be real number. if f € G, where

(%f("’)) € M[q(0),1] N Q . (4.14)

If & (u, m,wu,1,¢&)is univalent function as defined by (3.8),and satisfies the superordination case
below;

q(z) + zq '"(z) < &(p,m,u,1,$), (4.15)
then q(z) < (%Tlf@) , (4.16)

and ¢(z) will be best subordination .

thus by taking Lemma (2.3) ,we obtain result that required .

5. Sandwich Results

Joining Theorems (3.1) and (4.1) , in order to get sandwich theorem (5.1) .

Theorem (5.1) : Assume the two convex functions in U sayq,(z) and q,(z) together with q,(0) =
42(0) = 1.Suppose that Re(§) > 0,¢ € €, u, v > 0, w be real number such that w +v > 0. .If f €
G ,where

m u
(M) € M[q(0),1] nQ,

and ©(m, &, u, w, v) which is given by (3.3) be univalent function and holds

q1(2) + 3q",(z) < D(m, ¢, 1w, v) < q,(2) + 3q",(3), (5.1)

M(un+v) M(uﬂ+v)

(w) < (,(z),with q;(z) best subordinant and g, (z) best dominant (5.1)

implies ¢,(z) <
respectively.
Joining Theorems (3.2) and (4.2) , in order to get sandwich theorem (5.2) .

Theorem (5.2) : Assume the two univalent convex functions in U sayq,(z) and q,(z) together
with q;(0) = ¢,(0) = 1. Suppose that Re(¢) > 0,¢é € C,u,v > 0, w real number such that w +
v > 0.

m I
If f € G where(222/) e mq0)1] N0,

Assume univalent function in U say £(u, m, w, v, ),

then

11(2) +24%,(2) < L0um,u,v,8) < 42(2) +203(2) . (5.2)

https://internationalpubls.com 194



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 3s (2024)

(I’?ﬁfg,ﬁ,,u,wf(z))”
Z

implies ¢, (z) < < q2(2) , and with ¢1(z) best subordinant and q,(z) best dominant
implies ¢, (z) qz2(2) , and with g, (z) best subordi d q2(z) best domi

(5.2) respectively .
6. Conclusions

The main aim of our present work is dedecated to give a new results connected by new operators,

rsruvf (3) and [T . u o f (3) say linear and integral operators respectively for univalent function in
open unit disc U ,by using differential superordinations and subordinations. The introduced results
have properties of differential subordinations which are analogous to differential superordination
properties in sandwich theorm,in supplement to that the results of this work include with a new ideas,
which can be applied on analytic and multivalent functions theory.
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