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1. Introduction
Many articles such us[1],[3],[6], [8],[9],[10] introduced approximation theorems interims of the

ordinary modulus of smoothness, with ordinary symmetric difference. Here we shall define new
symmetric difference, then we use it to obtain anew modulus of smoothness and K — functional, in
anew quasi normed spaces, call it Ly, 5 . let us define L, ,0 <p <1, an [—1,1] as the spaces of all
measurable functions satisfies :
1
L 1
Il = (SLFP) <o [9]
Define L, 5 , measurable function spaces of functions f with domain  [-1,1].

It mean
» 1
dx)p ,

= ||f (1-x)%

Il = (12, (F0a =05

.
Let E,(f),p ., best approximation error of f in L, s ,using algebraic < n in polynomials of degree
L,z ,and

En(f)p,[)’ = pinf If —pnll, [8]

nelPy

Where,

IP, is n — 1, degree algebraic polynomials spaces .
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Let us define the operator

—y _d v+1 u+1 d
Devy = (VT=2) A+0*=(JO-0) (Va+0) =. [4]
Peetre K — functional on Ly, and IP,is defined by
K(F,8)pa = inf (If = 9 lpa+ 02l Drageo l,,). 41
Let us introduce usual smoothness modulus.
®1 (f,8)pp = lstlllli’s”Tt ) = fllpe - (O
Where,
2
. (f) = ;t f”(Z(\/l—xZ cost+ xsint cos ¢ + V1 —x? (1—cost)sin2<p) —
m(1-x2) cos* 0

1+(xcost—\/1—x2 SintCOS(p)Z) f(xcost —vV1—x2 sintcos<p)d<p.

Let f €Lp, . put y=cost,z=cosg,inthe 7, (f), lett, (f). Then

4 1 dz
e (f) A @R fR) 7=, [1].
where ,

R = xy—z\/l—xz\/l—yz,

2
B,(x,z,R) = 2 (\/1 — 2y +zx1—y2+VI—22 (1 —y)(1 - ZZ)) — (1—-R?).
2. Auxiliary Results

To prove our main theorem we need some results, that we make use of them in our proof. Let us
begin with Lemma .2.1.

For z=cosg and R = xcost—zV1—x? sint, f € L, g[—1,1], we get
dz
2

(21) i

< CIfl
p.B

1
1 — x2

J.G—RQVMN
-1

Proof
Using simple calculating of integrals we obtain the result in (2.1).
Lemma.2.2. [1]

|B,(x,z,R)| < 19(1—R?)
Where,
R = xcost—zmsint,z =cospand x = cos#b;.

Lemma. 2.3.
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If f€ L,g[—1,1], we get

19C(p)
I Pllps < ——% Ifllg,
TL'COS 2
Where ¢ > 0.
Proof.
1
Iz (f)”p,ﬁ = Kg%ﬁf_chost
RG] L (e nr) fR
Tt pB = j cost\X, Z,
ncos“‘% 1-x%)4 —z° p.B
8 1
1 1 1 1 1 P 14
I e (Pllps = ncos4§(f_1|1_x2 [ -t dx)’
1
1 1
e Pl <=z (1 (E S Beose ) -0 ax)
2

Using Lemma (2.2), we get
1

I 2 (PDllng sncos4f(f (10190 - R IF R 5) (1 - 0% ax)

Using Lemma (2.1) ,to obtain

19
I Dllps < Ll

7 cos*
2

Lemma.2.4. [2].
Ify € (—=1,1), andx € (—=1,1), foralmostevery then

Ty (Dx,Z,Zf) = Dy 2,7, (f).
Lemma.2.5.[3].

let f bean absolutely continuous with domain [a, b] © (—1,1) ,with D, ,,f € Ly, , So almost
every x € (—1,1) and every y € (—1,1)

o, (f)—f= fly(l —v) 11 =-v)S flv(l +w)* 1, (Dy o f, x)dudv .
T, ()=t () == [T =) A =) [ (1 + w)* 1y(Dyof, x)dudv .
Lemma.2.6.[3].

let f be absolutely continuous with domain [a, b] © (—1,1) ,with D, ,,f(x) € L, , So almost
every x € (—1,1) and every t € (—m, ).
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7, (f)—f= fot (sin%)_1 (cos %)_9 f(;/ Ty(Dy2,2f> %) sin% (cos %)9 dudv .
7. (f) — o f) =- fgt (sin%)_1 (cos g)_g S tu(Dy o2 f %) sin%(cos %)9 dudv .

Lemma.2.7.

If f€Ly,g,then

En(Flpp < CP) = ID(Hllpp-
Proof.
Byusing E,(f)pg < IIf —Qllps .

where Q is algebraic polynomial of degree less than n — 1,
and
i

Lo e 2q+4 ]
Qx) = Efo Tasc0st(f, ) G sin” tdt
2

S

where
. mt\ 29+4
_ T SIHT .5
Ym = fo (Sir%) sin® tdt ,
Then
1 sin — .
En(f)P;ﬁ < f - _J TZ;cost(f; x) % Sll’l5 tdt
Vm 0 Sln_
2
p.B

sinmt 2a+e sinmt 2a+4

- . 1 - .

if()’T( §> sin® tdt f(x) — y—f:T(f)( : %) sin® tdt
m 1n-

sin- s
Ym 2 2

p.B
En(fpg < COIIf =Tl p-
Using the

1

”Tt (g) -9 ”p,[)’ < C(p) tz ||Dx,2,2g ”p,ﬁ’[z]'

t
4=
Cos Y

To obtain

1
Ex(Pps < C0) — 1Dy

3. The Main Result
After we define our new modulus of smoothness, and k — functional. we shall relate then to others.
That is we shall introduce the theorem:
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Theorem.3.1.

Forf€L,p ,0<p<1,wehave

Ci(p) K(f, 5)p,ﬁ < o(f, 6)p,ﬁ <G

Where, C;(p) and C,(p) are positive constants depending on p only.

Proof .

Let P,,be the set of n th degree algebraic polynomials we shall prove (3.1)

Iee () = gllps < CO)——% ¢ [[Dxzzll

cos 2

Where, C(p) is constant depend on p only.

If 0<t<7, then lemma.2.6.implies
L = llte () — gllpp-

Ot (sin ) (cos %) 9 o Tu(Dx 229, %) sin= (cos %)9 dudv

p,ﬁl

. 19C
Applying lemma .2.3 [n e (Dlpp < oy ||f||p,;] we get
g WO (v u Uy
I <f sm cosz) J;)Tu(Dx,Z,Zg') smE (cosz) dudv.
0

t

1= CPszaall g [ (sing) " (cos3) [ sing (cos) s

The inequality

t
W v u N
f sm cos—) f sin— (cos—) dudv < C(p)t>.
0 2
0

For 0<t< 3, we obtain

I <C(p)t? ”szzg” y < C(p) 04_t t? ”szzg”pﬁ

If

NIE

<t<m so0byLemma(2.6).

[Tt (f) — T (f) =-— fgt (sin E)_l (cos E)_g f: Ty(Dx.22f) sin% (cos %)9 dudv.lwe get

L= | ()~ (f)||pﬁ =

fgt (Sin g)_l (COS g)_g fvn Tu(Dx,z,zg'x) Sin% (cos %)9 dudv” ,
D,
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Applying Lemma. 2.3 [n 7 Pllpp < wufup,ﬁ] , We get

T
T cos*=
2

I, < C(p)||Dx,2,zg||p’ﬁ fgt (sin%)_1 (cos %)_9 I sin%(cos %)5 dudv.

Assume

NS

<t<m,So

(sin ;)_1 (cos ;)_9 .[:T sin%(cos %)5 dudv < C(p)

Nl:‘\n

t )
4
COoSs i
It the follows that
1 1
B2 L = ()G 1Praagll, = @) 5 lIPxzadll, o
Since
lz: (@) —gllpp < ||t (@) —t=(@)|| + |[tr(g)—g
2 p.B 2 p.B
Using (3.2)and (3.1)we obtain, for
o<t < g , that
1 2
lz: (@) —gllpp = Clp) g t ”Dx,z,zg”p,ﬁ-
CoSs 7

For g <t<m,
we proved inequality (3.1) for 0 <t <m.

Teost(9) = Teos—c(9)),
Let fELypand 0 < [t| <6 <msoforanyg € L,;.

Using Lemma 2.3 we get

Ize (F) = fllpp < COI(llee (f = 9,0lpp + 17 (@) = gllpp + 1lg = fllp ).

1

It (1) = fllpg < CO)—z If = gllps + 17e(9) = gllpp.
By using(3.1), to get
1
lee () = fllpp < CO)—If = gllpp + *[IDx229]l, 5
COS* w5
2

To prove the second inequality, assume function

é

9s = ﬁfo (sin%)_1 (cosg)_9 fovru(f, X) sin%(cosg)9 dudv,
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Where
8 1 9 M 9
RN v\~ u u
K@) = f (smz) (cosi) fru(f) SIHE(COSE) dudv.
0 0
Let 0<6 < % then
(3.3) C(p)6% < K (8) < C(p)s-.

Applying Lemma.2.3, to get [|gsll,p <

ﬁ o(S (sin E)_l (COS %)_9 f(;/llru(f)”p'ﬁ sin%(cos ) dudv < C(p)

That is gs € Lp,ﬁ'

Pt g =-[1-y»73 fyl(1 — 72)2 (f(z) - Z—) dzdy,
Where

my = f_ll(l —2z2)?f(2)dz ,m, = f_ll(l —z%)? dz.

mq

Dx,Z,Zg(x) =] ——

mp

Dyz2g(*) = (V1= x)_z(l + x)_zz_f(\/l - x)g(\/l + x)3 Z_i,

We have

v

vy 9 u U9
9s 7C(5).f sm (COSE) ftu(Dx,z,zg,x) sin5<cos§)

0

Using Lemma.2.6.we get
(3.4) gs = 76(5)(75(9) 9+t

Applying the operator D, ,,, for (3.4) and Lemm2.4,
(Ty(Dx,z,zf') = Dy 227, (f). ),

we get

1
Dy2,295(%), gs(x) = ) (Dx,z,zg(fs) — Dx22g (x)) + Z—:

mq

1
Dx,Z,Zgé'(x) = x©) (TS(Dx,Z,Zg: x) - f) - % + ",
(35) Dx22g6(x) 7((6) (T6(f) f)
Therefore, by Lemmas. 2.3. and 2.4 ,also gs € L, 4.

Then using (3.5) equality and inequality (3.3) , we get
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(3.6)

IDx2205 O, < COIFE T = Fllpp:

Then using(3.6), to get

And
(3.8)

For O

(3.7) ||Dx,2,2g6(x)”p’ = C(P) U)(f 6)p/3
||f_g6||pﬁ
u
7((6)[ sm cos fllf — Ty (Ollpp sin (cosz) dudv < &(f,8)p,p-

<8< % we have proved that

1(6) = IIf = 9sllpp + 62||Dx,2,2g8(x)”pﬁ < PO, 8)pp-

For §<6$n,weget 6% <m%.1,and, 1<§,

K(f,8)pp < m? (”f — Gillpp + 12||Dx,2,2g1(x)”p,ﬁ)

Using (3.7) and(3.8),to obtain

K(f: 6)p,ﬁ < C(p) G‘)(f' 1)P,ﬁ = (I)(f' 1)p:ﬁ'

Conclusions

K functional and modulus of smoothness are equivalent on weighted spaces.
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