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1. Introduction

Saxena [6] defined the I-function as:

(aj’Aj)ln’(aji'Aji)rHlpi 1 ﬂl‘(l—a.+A.s)ﬁF(bj—Bjs)

mn (o) (mn : Pl s 1.1
R ), ). ijli{]lr‘n[ﬂr(l b, +B,s) lflﬂl"(aji—Ajis)} ve B9
This function is a generalization of the H-function [4]. It converges if:
Q >O,|arg(z)|<%Qi, i=1..r (1.2)
Q. >0, |arg(z) | < %Qi and Re(&;)+1<0 (1.3)
Where Q ZA +ZG Tg)r((,zn;lA +,;1G ] (1.4)
and ¢ = ZgJ Za +( Z 9;— Z a. }L P9 12, (1.5)
jm jonst

Earlier to Saxena, Arjun K Rathie [3] defined a generalized H-function[4], this function was
defined as-
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1(2)=17] 2 e L [qra(s) 2° ds (16)

% (b, - Bs)TITY (1-a +as
Where Q)7 (s)=— (o, =) )

,—erAj (aj - “JS) j}r_nI+IFBj (1_ b; + ,B,-S)

(1.7)

The quantities A;and B; are positive reals. The integral (1.6) converges when | arg(z) | < %A,

m q n p
(A>0)and A=)'B,S,— > BB +D Aa;— D Aa;. (1.8)
j=1 j=m+1 j=1 j=n+1

Now we have a new function defined by Pragathi and Satyanarayana [7]. This function is a
unification of the above mentioned | — functions. It’s called Pragathi-Satyanarayan’ I-function. We

have this integral representation as:
(2. A), (@ e Ay)

(bj’ﬂj;Bi)L :(bji BiB;)

m

n+1,p;

Vorar (2)=wit,| 2

m+1,0;

A

1 mr '(1‘aj+“15),ﬁlr81 (b= 5;s)

272'60'[ r{ 3

"2 il[ r (1_bjiJrﬂjis),—f::[urAji (aji_“jis)}
1

z° ds (1.9)

. j=m+1

The general convergence criterion of the above integral is defined in [7].

2. Required Multiple integrals

In this section, we remark two generalized multiple integral formulae. In lemma 1, we use the
formula about the generalized Gamma-function. In lemma 2, we have a unified multiple integrals
involving the generalized hypergeometric function [1, 5].

Lemma 1. Prudnikov et al. ([2], Ch 3.3.3, 2 page 588) equality is given by

oo
ﬂ ’“.,ﬂn n Uy
| RS I L | (21)
%20 x>0 ITp_ xx7dx...dx, =T _ k=1 b,
A bn
X L n
[aj o J{a—nj <1 Zkzli"‘l
T A

Provided a,, S,,v, (k=1,...,n) > 0.
Lemma 2. Prudnikov et al. ([2], Ch3.3.5, 14 page 595) equality is given by

I:....j:ﬁxf’k (1-x, )ﬂk_"“_1 (1—1£[ka) dx,..dx =
= k=1
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oy, .ao, B—ay,.. B —a, o a o
r . MF{ 51,3 " z} (2.2)
Brres B v
Provided Re(v), Re(a, ),Re(B, )>0, (k=1, ...,n) and |arg(1-z)|< 7.
3. Main Multiple integrals
With reference to above lemmas, we have the generalized integrals as —
Theorem 1. Prove that
J.xlzo' . .J-X“ZO Il X* l//p q r(zl‘[xﬂl) dx,...dx, =
A P
{2
n S (2,2 A) .(aji,aji;Aji)Mpl
Hk =15 piy+n,qi+1,r (31)
ﬁk (bpﬂ]v j) (bjl’ﬂjl’ 1')m+1q n
Provided a,, B, 14,0, >0, Yy Fe E’]In Re(B, ,BJ )>0, (k=1, ...,n)and Q >0, |arg(z)|<%Q,
k  1==m j

j=1+n

whereQ:i,Bj +ZaA Tax{
= <i<r

of the two conditions C|ted in [7] be satisfied and

Uy

Proof:

i
:E: i H + :E: (le [
j=1+m

-4 1-%. ﬂ“ljB [ "—;ﬂ,...,ﬂn}
= [ BB ] ( B, B ! z"‘lﬁk b yis

} (or) |arg(z) |_—Q with Q>0if one

(3.2)

To prove the theorem 1, using (1.9), express the Pragathi-Satyanarayana’s I-function in Mellin-
Barnes contour integral and swap the order of integration, which is reasonable because of the

absolute convergence of the integral involved in the process.

X (k=1,...n), this gives I .

™ (1-a, +ajs)1T:IFB" (b~ 5,5)

Collecting the powers of

™ 1 i
J.xlzo"".l.xnzo M %, - zﬂw.[ r

(5o Z{ 10 (b, ) 11

3

https://internationalpubls.com

(z_lﬂgxi”l) dsdx, . . .dx

(aji _"‘jis)

689



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 2s (2024)

- _ s n h n a
We obtain 1= LZO. o .IXHZO I, x> nggi’f(zgxfl j dx...dx, = I, =~

n

p o T {Lagrags) T (b - ps)

5 (e

n UcH4S
- -[xlzo' v 'J-ang I x dx,...dx, ds
A A
[ﬁJ o +[XJ] <t
a a,

Applying the lemma, this gives:

=I I ., x ™ [ 2Tx4 | dx,. .. dx, =TT, 2%
x>0 x>0 - Pir q, i=1 " = ﬂ

VA Y k
{71] o 4{—”] <1
3 3,

v+ 1S v, + 1L,S
1 HF’(l a+as)HF’(b -Bs) A, 5, a
|[—= T : I, S ds
27w [ I1 T (1-by + B;s) o (a; —a..s):| k
| jomi Ji i) 2 Ji ji Zn O + 1S 1
B

By using the definition of the Pragathi-Satyanarayana’s I-function (1.9) and the generalized Gamma-
function, after a few simplifications, we get -

A1(aaA) (aaA

it jir @i JI)MpI

n u-1 . mn 4 y 711" ak m.n+n
oo T, ‘/’pivqwr(zﬂxfﬁ jdxi o=l Vamaar By 5 g By),.:(by. 5,8,

B
A A
Lt E X ' <1
] a,

Theorem 2. Prove that

m+1, q n

L 10 O ! N m,n n ~H
J.O....Iolgxfk (1-x)* 1(1—kazj ‘/’pi’,qi,r[Hka (1-x )" ”jdxl...dxn

k=1

00
_ 2 U)n’ Zn’ m,n+2n Vi
- nll l//pi+2n,qi+n,ri,r
n'=0 -

A“’(aj’al‘;Aj )1,n ;(aji’aji;Aji )n+1vpi (3.3)
(bj ! ﬂi , Bj )1,m '(b“ ! ﬁji , Bji )m+1in , Bn

Provided

Re(v)iRe(ﬂk)’Re(ak)’Re(:uk)'Re(Uk)>0 (kzl,...,n), |arg(1—2)|<7l', O<ﬂk +uk1r<T}i<rr1]Re{Bj %] and

i

b,
O<ak+ykm|nRe[Bﬂ‘},(kzl,...,n).Also, Q>0,|arg(z)|<%Q, where

I<j<m .
]
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i
Q= ZﬂJBJJrZaA Tax{z B; JI+Z% Ji (or) |arg(z)|_ "0, Q>0 ifone of the two
<l=r j=1l+m j=l+n

conditions cited by (ii) be satisfied and Re(v, )>Re(x,) where

A=1-a—nm1), (=, =0 1,1), (1= B+ a0, — ;1) ., (1= B, + a0, — 14,31) - (3.4)
B, =(1-4,-n"v;1),...(1- B, —n';0,;1) (3.5)

Proof: To prove the theorem 2, using (1.9), express the Pragathi-Satyanarayana’s I-function in
Mellin-Barnes contour integral and swap the order of integration, which is reasonable because of the

absolute convergence of the integral involved in the process. Collecting the powers of X, and
1-x(k=1..,n), thisgives | as-

1 1 n oy — n m,n y O — My
I =I _[ T (1—x)* 7| 1-TIx2 l//p e 1_[x’k (L—x )™ |dx,...dx,
S k=1

n

= [Cf T (1_Xk)ﬁk_ak_1[l_gxﬂju.

k=1

1 I jzerj (1-a +ajS)IT[rBj (b, = 5;s)
OS] L by 4 ) T (- ays)|

j=m+1 j=n+1

n
z° TLx (1=, )4 dsdx, ...dx

n

We can transform the above formula and leads to
1 1 n a Pe—a—1 n - m,n n " O —Hic
:IO....Iol:[xk (1-x) (1—1:[xkzj Yo ar [pxk“ (1—x )™ ]dxl...dxn
=1 =1 =1

1 T (1-a, +a,8) 111> (b, - )

270! Z[Jl}ﬂl‘ " (1-by + Bys Jl_nlﬂl“ e (ay, ajis)]

s

E....J.:ﬁxlf‘“"ks (1—x, ) mrme st [1— ﬁxk z] ds dx,...dx,
k=1 k=1

Evaluating the inner (x, ..., x,)— integrals using the lemma, this gives by applying the generalized
Gamma- function, we obtain

%

1 10 —Oy n m,n n —H
I :IO....J'Ol;[x,f‘k (1-x )" 1(1—1;[&2) W e (px;‘k (1-x )" jdxi...dxn
=1 =1 =1

FA" 1-a +a;s ITIFB" b.—Bs
] ]

1 j ;
= z
Z’M)Iz{ I T (1-by +4;s) IBnIIHFA“ (aji—a..s)}

i j=m+1 n
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B, +us,..., B, +0,S

O+ S, Ay F 1S, B — o +US— 1S, B — 4y +0,S— 14,8 v, oy + WS, ..., o, + 1S
: n+l’ n
B +Us,.., B, +0,S

Using the expression of the generalized hypergeometric function [5] in terms of series Z under the

hypothesis, by interchanging this series and the integrals, we obtain:

! 1 n O n v m,n ! 7 Ok —Hy
szo....joll:{xfk(l—xk)ﬂk 1(1—Exkzj y/pi',qi'r(lk_{x;k(l—xk) ”jdxl...dxn

n

T (1-a,+,8) 1T (b, - 4;5)

0 ) , , L
ZZ(n?: Zn-zle r j=1 75
'=0 - T i i
" g[lrmlﬂrl(l b, + B; )Jqlrl(aji—aﬁs)}
o+ 1S, .., 0+ 1,8, B — oy +0S— 1S, ..., B — oy +0,S— 1,8
- . o @tus), |
——Gs

LBt o),

B +us,..., B, +0,S

We can change the expression by using the generalized Gamma-function:
! 10 —O n ” m,n . " —Hy
- J'O....L T (1-x.) l(l—kazj . (Hxﬁ‘ (1-x )" jdxl...dxn
k=1 k=1 k=1
T (1-a,+a8) T (b, - fs)

Z’M’LZ{ I o (1-bj + B;5) I r* (aji_“ns)}

I1]m+l j=n+1

S

zi .

(i + 45) o (e +445), ¢
11 (- s\
(B 05) (B voys),, o e rus o) s

n I
1
r

k=1

then we can use the known relation T'(a)(a) =T'(a+n)where Re(a)>0, we get:

1 10 —0y = ! -~ mn . k ~Hk
Izjo....jol;{xf‘k (1-x)* l(l—lk_{xkzj Vo (Hxé‘ (1-x)*" )dxl...dxn

r(1-a,+a;s ntFBi b —fs
J J

S

I1

2 (v), o 1 1
:nzzo(n’)'n : '27m)'[ - i AN
Zl: erlﬂl“ (1-b; + B )I;IHF (a; —ays)

(o +ps+n")
(B +us+n) Kk

k=1

n I
1
r
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Interpreting the above Mellin-Barnes integral contour with the help of the definition (1.9), we have
the desired relation.

Now, we observe the special cases.

IVV. Special Cases

Corollary 1.

From Theorem 1, The Pragathi-Satyanarayana’s I-function reduces to I-function defined by Rathie
[3], in this situation, we have r =1 then:

A (a aJ’AJ) 1p
-1 ) 1 7} n @ m,n+n .
J.Xl>/3?. a .jxnzo HE=1 X:‘( Ilr)n,qn (Zil_Ile j dxl e Hk lﬂk Ipm g+l A (41)
il k
[%} Foo +[:—:] <1 (bj,ﬂj, ]) h

Under the conditions and notations verified by the theorem 1 of the above section. A, and B, are
defined by the equation (3.2).

Corollary 2.

From Theorem 1,The Pragathi-Satyanarayana’s I-function reduces to I-function defined by Saxena
[6] when A; =B, =A; =B; =1 and we have the result:

Aolapa), (o),

n
n -1 ymn m n m,n+2n
jxlzo -[xnzo I, % Ipq r(ziljlxi jdxl Ldx, = Hklzlp.mwr Z
k

A X fn .
[aﬁlj o J{i] =t (bj,ﬂ) ( J"’Bli)mﬂych ’Bn
(4.2)
Where A = _i;&j,m,[l_&;&} B’ ZL_ n &;ﬁ’m'ﬂJ
A ( 5B A B R A Sy
Corollary 3.
Taking r = 1, (4.2) reduces to H-function [4] and we have the result:
n A" (al’al)’p
n y-1 m,n _
ngfﬁo Ty, x> H™ (zgx{ﬁj dx,...dx = Hﬂlﬁi Al g : (4.3)
%] o H < (b, ﬁj)l’q,Bé

under the same conditions verified by the corollary 2.

Corollary 4.
We suppose that A= (; )1 = (8 )1q =1, then (4.3) leads to Meijer G-function [1], this gives:
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A:’(ai )1

n P

Jxle' . 'anzo HE:l X'Ijﬁl GFTL‘H Zil}lxi%) Xm. . an - szli'Ggianﬂ z : (44)
Vil S

Fopife e

Corollary 5.

From Theorem 2, The Pragathi-Satyanarayana’s I-function reduces to I-function defined by Rathie
[3], in this situation, we have r =1 then:

=T ) 1T | 1 (16 %) o,
k=1 k=1 k=
( ) Aﬂ(aijj)Lp
V), n" jm,n+2n X
= HZ=0 nr!n z I p;2n,2q+n Z . (45)
(gl IGJ )1,01 l Bn

Under the conditions and notations verified by the theorem 2 of the above section. A, and B, are
defined by the equations (3.4) and (3.5).
Corollary 6.

From Theorem 2, The Pragathi-Satyanarayana’s I-function reduces to I-function defined by Saxena
[6] when A; =B, = A; =B; =1 and we have the result:

%

L 1 0 —0 I m,n n —H
I:IO...._[OHx;’k (1-x.)* 1(1—1;?,(2) Ipi"qi'r(gx(‘k (1-x )" ”jdxl...dxn

A.(a,.¢ )1,ﬂ (2 e )M, .

i (U)n’ Zn’.l m,n+2n Vi (46)
n'=0

n'l pi+2n,g;+n,r .

(bi’ﬂi )1,m ;(bji’ﬁji> Br:

m+lg |
Where, A\=(1-a—1ip).(l-0, =05 p,),(1- B+ oo~ 1), (1= B+ ayi0, — p, ) and
B, =(1- 4 -n"v,),..(1- B, -1"y,).

Corollary 7.

Taking r = 1, (4.6) reduces to H-function [4] and we have the result:

1 1.n O i v m,n ik Uk —Hi
I :.fo....jolk_[xlf‘k (1—x)* 1[1—1:[xkzj H [Hx;‘k (1—x )™ " jdxl...dxn
=1 =1
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( ) A:y(aj,aj)l’p
> (U), o e | .
= ; n’!n z H p+2n,2q+n z . (4 7)
(b5, 5),,-B;

under the same conditions verified by the corollary 6.

Corollary 8.

Taking A:(aj) :(ﬂj )l,q =1in (4.7), then Meijer G-function [1] replace the H-function and we

have:

1=

1p

...J‘:]k%[xlfk (1_ X, )ﬁk‘ak—l (l_krn‘[szj GFT; []lilxé‘k (1_ X, )Dk_/lk ]dxidxn
) iy =)

A:’<aj )1.p
— i(u)n' Zn"Gm,m—Zn z (48)

n¢| p+2n,g+n
) ’
(bj )l,q ! B”

5. Conclusion

In the

study of Pragathi-Satyanarayana’s I-function [7] by specializing several parameters as well as

variables, obtained like [4], lead to a large number of results concerning remarkably wide variety of

useful

special functions (or product of such special functions) expressible in terms of I-function

defined by Saxena [6], defined by Rathie [3], H-function [4], Meijer’s G-function [1] and
hypergeometric function of one variable [1, 5]. The nature of the multiple integrals involving
Pragathi-Satyanarayana’s I-function, generalized Gamma function and generalized Hypergeometric
function was studied. The theorems developed in this study are quite broad in nature and may be

helpfu

| in a number of interesting examples that emerge in literature relating to pure and applied

mathematics as well as mathematical physics.
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