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1. INTRODUCTION

Functional equations constitute a cornerstone of mathematics, delving into the intricate study of equations wherein
mappings assume the role of unknowns. These equations have far-reaching implications and applications across a broad
spectrum of disciplines, including physics, engineering, economics, and computer science. In recent decades, the stability
of functional equations, particularly the Hyers-Ulam stability, has emerged as a paramount research frontier, captivating
the attention of mathematicians and scientists worldwide.

In 1941, the visionary mathematician Stanislaw Ulam [34] posed a profound question regarding the stability of
group homomorphisms, sparking a groundbreaking inquiry. Donald Hyers [18] promptly solved this problem in the same
year, laying the foundation for the Hyers-Ulam stability theory. This revolutionary concept reveals the remarkable
phenomenon where a mapping that approximately aligns with a functional equation can be rigorously approximated by an
exact solution of the same equation, thereby establishing a profound connection between approximate and exact solutions.
In 1950 Takashi Aoki [2] generalized Hyers' result to approximately linear mappings. His work demonstrated the versatility
of Hyers-Ulam stability and paved the way for further research in this area.

In 1978 Themistocles Rassias [28] generalization of Hyers-Ulam stability to Banach spaces marked a significant
milestone in the development of this field. His introduction of the concept of e-stability has had a lasting impact on the
study of functional equations and stability theory. Later John Michael Rassias [25] seminal extension of Hyers-Ulam
stability to normed spaces in 1982 has had a lasting influence on the field of functional equations. His introduction of super
stability has revealed new insights into the stability of functional equations, opening up fresh avenues for research and
exploration. In a groundbreaking achievement, Pasc Gavruta [15] revolutionized the stability landscape in 1994 by devising
a pioneering generalization that subsumed all preceding stability results. Gavruta's ingenious approach entailed substituting
a versatile control mapping for the unbounded Cauchy difference, astutely incorporating the summation of both the sum
and the product of two p — norms.

Building upon Gavruta's seminal work, Krishnan Ravi et al. [30] made a significant breakthrough in 2008,
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uncovering a specialized variant of Gavruta's theorem tailored to the unbounded Cauchy difference.

A plethora of renowned researchers have conducted exhaustive investigations into the stability of various functional
equations and additive-quadratic mixed-type functional equations across diverse normed spaces, yielding a treasure trove
of fascinating discoveries (see [4-13, 19-21, 24, 26, 29, 31]). We now highlight the influential research of Margolis, Diaz
[22], and Radu [23], which has profoundly impacted the development of fixed point theory.

Theorem 1.1 [21,22] (The alternative of fixed point) Suppose that for a complete generalized metric space (W,d ) and a
strictly contractive mapping 7 :W —W with Lipschitz constant L. Then for each given xeW, either

d (T"x, T ”“x) =oo forall n>0, or there exists a natural number n, such that
(FPC1) d(T"x,T""'x) <o forall n>n,;
(FPC2) The sequence (T ”x) is approaches to a fixed point y of 7' ;

(FPC3) y' is the unique fixed point of 7' in the set U = {y ew: d(T"0 x,y) < oo};
1

(FPC4) d(y,y*)sl_L

d(y,Ty) forall yeU.

In this pioneering paper, we make a groundbreaking introduction and rigorously establish the generalized
Ulam-Hyers-Rassias stability of a composite additive-quadratic functional equation

Q(20(w)-Q(@,)-Q(,))+2Q(o,)+Q(o,)+Q(o,) +[ Q)+ Q(-a,) |

+2[0(0)+0(-0)] +3[0(0) +0(-0) ]+ 2[0(0) - (-a)]

1.1
=Q(o,+,)+ Qo +0,)+3Q(0, —@,) +3Q (0, — @) +Q(, + ;) (-

1 1
+2[0(0)-0(-0,)]+ 5 [0(0) -0 (-w,)]
in various Banach spaces with the help of classical Hyers and Radus fixed point techniques.

Employing a rigorous analytical technique, we delve into the stability analysis of functional equations within the
framework of complete normed spaces. Specifically, we utilize a triplet of specialized techniques tailored to three distinct
spaces: Banach Space, Generalized 2 Banach space, and Random Banach Space. By leveraging the unique properties and
definitions of each space, we conduct a comprehensive stability analysis.

In Section 2, we undertake a stability analysis of (1.1) within a Banach space framework, leveraging the traditional
Hyers and Radu fixed point methodologies.

In Section 3, we provide an exhaustive stability examination of (1.1) in Generalized 2-Banach spaces, leveraging
the classical Hyers and Radu fixed point techniques

In Section 4, we present a meticulous stability investigation of (1.1) in Random Banach spaces, facilitated by the
esteemed Hyers and Radu fixed point methods.

For proving stability result, let us take

Q% (0, 0,,0,)=Q(2Q(0)-Q(,)-Q(,))+2Q(0,) +Q(o,) +Q(0,)+[ (@) +Q(-)) ]
+;[Q(a)2)+§2 (~o,) ]+ [ (@)+Q(-0,)|+2[Q(0)-Q(-0))]

)
—Q(a)l+a)2)—Q(a)1+a)3) Q(w,-0,)-3Q(a, - 0,) +Q(, + »,)

-3[0(0)-0(-0)]-3[0(0)-0(-0,)].
2. STABILITY ANALYSIS IN BANACH SPACE

In this section, we present the stability analysis of (1.1) in Banach space with the help of classical Hyers and Radus
fixed point methods.

As a precursor to proving the stability theorems, let us posit that Q,is a normed space and @Q, is a Banach space,
providing the necessary framework for our investigation.

2.1 Additive Case: Stability Analysis: Direct Method
Theorem 2.1 Suppose an odd mapping Q : O, ——> 0, aligns with the disparity
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|25 (a1, 0.0, | <®(@1.0,.0,) @.1)
where @ : Q) ——[0,0) be a mapping with the condition
JJim 2%@(2“@ 25 0,25 o, ):O;E:il (2.2)

for all w e Q,. It follows that there is a one and only one additive mapping A , (®): O, ——> Q, which fulfills the
functional equation (1.1) and the disparity
(D(zDEw 2DEw o DE )

[2(@)-A,(0) [< 5 Z; = 2.3)
2
where the mapping A, (@) is characterized by
_9(2%0)
A, (a)) = lim = 2.4
§——>o 2
forall we Q,.
Proof. Utilizing oddness of Q in (2.1) and then changing @, = w, = @, = @, we achieve
l62()- 30(20)|< @(0.0,0) (2.5)
for all @ € Q,. As a consequence of (2.5) that
|20(0)- Q(20)] S%q)(a),a),a) ) (2.6)
and then
|2) —20@w)|| < = 0w, 0,0) 2.7
for all w € Q,. For any positive integer S, the above disparity can be generalized as
| 1 802°0,2"0,2"0)
Q(w)-—Q(2°w)| < .
H (@)= w)“ T > 2:8)

for all w € Q,. Therefore, the sequence {21 Q(zs )} is a Cauchy sequence. Indeed, changing @ =2% @ in (2.8), we

attain
D+S; D+S; D+S;
Lios v L ofoses | L Loy < LSO 027 0,27 0)
= = Q(2%)- > =502 ) =5 Q(a))—z—SQ(Z 20| < 3X22 5 (2.9)
for all w e Q,. Letting S, — o in (2.9), we deduce that the sequence is Cauchy, and its limitis A, ( y) €(Q,.So, we
define
_0Q(2%0)
Ay (o)= Sh_mm > (2.10)
for all w € Q,. Again letting S —ooin (2.8) and using (2.10), we see (2.3) holds for £ =1.
In order to show that the existence of A, ( ) obey the functional equation (1.20), interchanging @, = 2° w;;
o, =2’ w,; o,=2°w, in(2.1), we arrive
%Qg(zsa)l,zswz,zs@) Sz—lst)(ZSa)l,Zsa)z,Zsag) 2.11)

for all @,w,,w, €, . Letting S —ooin (2.11) and using (2.10), we obtain that A, () fulfills the functional equation
(1.20).

Finally, we aim to prove that the existence of A, () is unique, let’s assume A, (y) fulfills (1.1) and (2.10) for
all we Q. So,
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Au(0) Ay (@) |- 55
< Q2% 0)- A, (2%0)|
» (D<ZD+Sl a),2D+S‘ a),2D+S‘ a))

2
S3><Zz

D=0

AL (20 0)-A, (2 0))|

A (2% 0)-0(2" a))“ +

S5 —0 as § >

for all @ e Q,. Therefore A, (@)= A, (), this confirms the uniqueness of the solution. Thus, the theorem holds for
E=1.

Again, changing @ =% in (2.6), we reach

20[ 2] a(e)|<lo[2.2 2 2.12)
2 3 222
for all @ e Q,. For any positive integer S , the above disparity can be generalized as
) 1< O ©® o
2°0| — |-Q(w)| < 2P0 —, —,— 2.13
[2SJ () 3><2; (2” 2° 2Dj 213

for all @ € Q,. The remainder of the proof follows a similar pattern to that of £ =1 case. Hence the proof is finalized.

Corollary 2.2 Assume A be a positive constant and / be a real number. Suppose an odd mapping Qg :0—0,
aligns with the disparity

Q(w,w,, < 2.14
" “(0,0,0,) ||< AH3|‘ I, 214

A{HLJ o+ o |3’};

for all @, w,,w, €Q, . It follows that there is a one and only one quadratic mapping A , (@): O, ——>Q, which fulfills
the functional equation (1.1) and the disparity

|2_21 |;1¢1,
S Ao, |

322" |
"Q(a))—AA(a)) "S N 1 (2.15)
M,:;[i ,
A|a)|11+12+1z

3|2_21‘+12+13 |
20 o[
3227 |

N

AVAVAESR

I+ 1L+ 1 #1,

;31 #1,

forall weQ,.

2.2 Quadratic Case: Stability Analysis: Direct Method
Theorem 2.3 Consider an even mapping Q¢ : 0, ——Q, aligns with the disparity

||Qf(q,w2,@) "S(I)(a%,a)z,a)3 ) (2.16)
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where @ : Q) ——[0,0) be a mapping subject to the condition

Shgw%Q(zES@,zfswz,zfsws ):0; E=+1

for all @, m,,w, € Q, . It follows that there is a unique quadratic mapping A, (a)) : 0, ——> O, which fulfills the

functional equation (1.1) together with the disparity

- (D(zDE 2DE ,2DE(U)

o)A@l 57 )

where the mapping A, (@) is given by
Q(2% )

4ES

AQ (a)) = lim

§——

for every we Q,.

Proof. Utilizing evenness of Q in (2.16) and then changing @, = @, = w, = ®, we achieve

”12(2((0)— 3Q(Za))|| < (I)(a), @, )
for all w € Q,. As a consequence of (2.20) that

||4Q(a))— Q(Za))" < %@(a),a),a) )

and then

Q(w)—iQ(%y) sLoD(w,w,a) )

3x4

for all w € Q,. For any positive integer S, the above disparity can be generalized as

1 20(2"0.2"0.2"0)

1

S

HQ(&))—4—Q(250)) SEvrpd 5

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

for all w € Q,. Therefore, the sequence {4%(2(25 a))} is a Cauchy sequence. The proof concludes in a manner analogous

to that of £ =1 case of Theorem 2.1. Again, changing @ = % in (2.21), we reach

40(2)-0(0)|<j0(2.2.2)
2 3 \2 22

for all w € Q,. For any positive integer S, the above disparity can be generalized as
1< 0 0 o
20720 9P

for all w € Q,. The rest of the proof follows the same pattern as £ =1 case. Therefore, the proof is now finalized.

4%2(2%}—9(@) <3 40

D=1

(2.24)

(2.25)

Corollary 2.4 Assume A be a positive constant and / be a real number. Suppose an even mapping Qg 0 —0,

aligns with the disparity
A;
sY el
T
||Q§(a>1,a)2,a)3) ||s AH3 o |
=1t b

3 I.
AH[=1| @, I

3 3
ATl + X ol |

(2.26)

forall o, m,,w; € Q. It follows that there is a one and only one quadratic mapping A, (a)) : O, ——> 0O, which fulfills

the functional equation (1.1) and the disparity
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A
33
Alof

— 1l #2,
=]

3 Al |1,
L LT £ 2,
;3|4_2,1| 1y dy #

[2(0)=A (@< | (227)
—31 %2,

3j4-2"|
A ‘ ) ‘[H-IZ-H3

—3|4_211+12+13 I+ L +1#2,

A o

M’Sl #2,

foreach we Q,.

2.3 Additive - Quadratic Case: Stability Analysis: Direct Method
Theorem 2.5 Suppose a mapping QF : O, —> O, fulfills the disparity

1% (01.0,.0,) | <0(ar.00.0 ) 22
where @ : Q] ——[0,0) be a mapping with the conditions (2.2) and (2.17) for all @,,®,,®, € O, . Then there exists

unique additive mapping A , (@): O, — 0, and a unique quadratic mapping A, (@): O, —> O, which fulfills the
functional equation (1.1) and the disparity

1 & {@(2[’5@,2”0),2[’5@) d)(—ZDEa),—2DEa),—ZDEa))}

"Q(w)_AA (a))_AQ (w) " < 3Ix4 D:Z;E DE + DE
2

(2.29)

3x8 pE

4DE + 4 DE

| {@(2”%,?%,2”%) q)(—zDEw,—zDEw,—zDEw)}

2
in which the correspondence A (@) and A, () are explicitly stated in (2.4) and (2.19) for every we Q.
Proof. Assume a mapping

Q,, ()= %{Q(a)) ~0(-0) | forall weQ,. (2.30)
It is easy to prove that Q ,, (0)=0; Q,, (-0)=-Q,, (®) forall ® e Q. By Theorem 2.1, there exists unique
additive mapping A , (@): O, —— O, which aligns with the disparity
1 i {GD(ZDEa), 2P @, 2PE a)) d)(—ZDEa), —2PE @, —2PE a))}

+
3 x 2 D:E 2DE 2DE
2

|2, (0)-A (o) |< (2.31)

for all we Q,. Also, assume a mapping

Qoup (@) = %{!Z(w) + 0(—w)} forall weQ,. (2.32)
It is easy to prove that Q,,, (0)=0; Q,,, (-®)=Q,,, (@) forall we Q,. By Theorem 2.3, there exists a one and
only one quadratic mapping A, (@): O, —— O, which fulfills the disparity

1 & 92”02 0,2 w) O(-2" 0,2 0,2" v
Q00 (@)= (@) <55 Z{ ( = ), 2 o ) (2.33)
D=——
2
for all w € Q,. Now, define a mapping
Q(w)=Q,, (w)+QQUD (@) (2.34)
524
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for all w € Q,. As a consequence of (2.35), (2.34), (2.31), we arrive

||Q(a))_AA (w)_ " ||QADD w) QUD( ) w _A w "
<||Q wn(@)=A ||+||QQUD Ag(®) |
- 2DE ZDE zDE @ _2DEw’_2DEw’_2DE(o
3><4 Z { ) + ( DE )} (2.35)

| i (2DEw 2DEa) 9 DE ) cD(_zDEa),_ZDEw’ _ZDEa)>
— +
3 TE 4PF 4°F
for all w € Q,. Thus, the proof is finalized.

Corollary 2.6 Suppose a mapping Q¢ : O, ——Q, fulfills the disparity

A;

Ay ol

Ay ol

"Qg (0,0, 0,) "S AH;| o |'; (2.36)
AT e I

MITL el +X lel");

for all @, w,,w, €Q,. Then there exists one and only one additive mapping A, (@): 0, ——> O, and a one and only one

quadratic mapping A, (a)) : O,—> 0, which obey the functional equation (1.1) along with the disparity

A'“"] 1212
T e
{ A|CU| 23: Al o, |11,’ |};11’[2’I3¢1’2’

T3fe-2" | F34-2
l2(0)-A,(0)-A, (@) |< | (2.37)

A 37 A 37
3|2|w2|3’ |4|w2|3’ |};31¢1’2’

A+ 1+ #1,2,
3|2 21‘+1+11 3|4_21,+12+13 } 1 2 3

{ Ala)|l,+lz+l3 Ala)‘lpr[frl3

37 37
2A|a)|l 2A|a)|[ 37212,
3|2 23 |4 23 |

forall e Q,.

2.4 Additive Case: Stability Analysis: Radus Method

Theorem 2.7 Suppose an odd mapping QF : O, —— 0, aligns with the disparity (2.1) where ® : Q} ——[0,0) be a
mapping with the condition
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X 2 K=1
;@;A—ECD(A;Ea)I,A,ﬁa)Z,A;a)}):O;A:% . (2.38)

for all @, w,,m, €O, . Inthe eventthat L =L [K ] be a mapping have the properties

CD(a),a),a) )z%@(%,%,%j;
1 (2.39)
A_KqD(AKa),AKw,AKa)):LCD(a),a),a) ):

for all w e Q,. Then there exists one and only one additive mapping A , (@): O, ——> O, which fulfills the functional
equation (1.1) and the disparity

LK—I
"Q(a))—AA (w) " < E@(w,a),a) ) (2.40)
where the mapping A, (@) is formulated by
Q4w
AA(a))zsh‘r)nw% (2.41)
forall weQ,.
Proof. Assume a set
M={Q/Q:0—0,.Q(0)=0 | (2.42)
and introduce the generalized metric on the above set M as
d(Q.Q,)=inf {K & (00)/[Q(0) -0, (0)| <KD (0,00 )|, (2.43)
for all @ e Q. Itis apparent that (M, d) is complete. Define a mapping N:M — M by
1
NQ(w)= ZQ(AKcu);
(2.44)
Now Q,Q, €M and w <€ Q,, we see
d(Q,Q)<K = "Q(a))—Q, (a))" < KCD(a),a),a) )
1 1 K
= HA—KQ(AKCU)—ZQI (4go)|< A—KCD(AKa), Ao, Ao )
:>||NQ(a))—NQl (a))”S KLCD(a),a),a) )
=d(NQ,NQ )<KL
i.e., N is a strictly contractive mapping on M with Lipschitz constant L.
For the case K = 0, as a consequence of (2.7) and by means of (2.39), (2.43), (2.44), we obtain
1 1 1 .
(o) -29(20) S?)X—zcl)(a),a),a) )= |Q(0)-NO(w)| < ECD(a),a),a) )= d(QNQ)<L=L" (2.45)
For the case K = 1, as a consequence of (2.12) and by means of (2.39), (2.43), (2.44), we get
10} 1 0 0 o .
“2Q(Ej—g(w) < 5@(?3,5) INQ(0)-Q(o)|<®(0.0.0 )= d(NQ, Q)<1=L* (2.46)

Combining (2.45) and (2.46), we have
d(NQ,Q)<L™
(2.47)

Therefore (FPC1) of Theorem 1.1 holds.
By (FPC2) of Theorem 1.1, there exists a fixed point A, of N such that

N
% ,forall we Q,.

K

A, (@)= lim

S——>w

To order to prove A, (@):0,——Q, which aligns with (1.20), a similar proof can be constructed along the lines of
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Theorem 2.1.
Again by (FPC3) of Theorem I.1, A, (a)) is the unique fixed point of N in the set

M :{AA (0)eN:d(Q(o),A,(w)) <o }
Finally, by (FPC4) of Theorem 1.1, we obtain

1 L
d(QA) ST rd(QA)=d(QA, )< 1_Lc1>(co,w,w )

for all w € Q,. Thus, the proof is finished.

Corollary 2.8 Assume A be a positive constant and / be a real number. Suppose an odd mapping Qf 10, —0, aligns
with the disparity (2.14) for all @, ®,,®, € O, . Then there exists one and only one additive mapping A, (@): 0, —— 0,
which obey the functional equation (1.1) and the disparity (2.15) forallw € Q, .

Proof. Let us take
A.

;
AY o I
A oI
L0 0) AT a1
NI
AT el +X o)

for all @, w,,w, € O, in Theorem 2.7. Replacing @, = Ai@; 0, = Ai@,;®, = A, w, and dividing by 4} in above equation,

we reach
A
R — 0 as S—> o
AK
A 3 s
ol Al > 0 as S
K
A3 5
—SZ,:JAK@I‘; — 0 as S—> o
1 N N N A]( _
_S(ID(AKa)l,AKa)2,AKa)3)s _
Ay A s
FH[:]‘AKCU[| > — 0 as S—>w;
K
A 3
FHm‘Aliwi " — 0 as S—w;
K
A 3 S 3 s ).
?{Hfil'Awa' +Zi:l|AKa)i| }’ — 0 as S—>oo.
K

Therefore (2.38) holds for all @, ®,,®, € O, . Now, as a consequence of (2.39), we have
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A;
3a]@|"
l2f
Alal"
23:1 ||2|1.| 5
<D(a),a),a) )=l®(2,2,9j=l A|a)|3[
12
A| |1,+12+[3
|2|1]+12+11 4
aAjef”
|2|3I 2
A A LO(0,0,0);
Vs
K LO(o0,0,0);
3 _
1 P _|Lo(0,0,0);
A—KCD(AKCO,AKQ),AKCO)_ A31—1A|w31’ - LCD(C(),C(),C()),
AI L+ — 1A| |1|+12+13, L(I)(a),a),a));
A]?;(I ]4A|a)| : Lq)(a)sa)sa));

forall weQ,.
For K=0, we have L= 4, '=2"" From (2.40), we obtain

)",
) |51 757°

1 -1
For K=1, we have L= 4 ' = (Ej . From (2.40), we obtain

"Q(a)

(2)171 1 A A
||Q(a))_AA(a)) ||S CD(a),a),a) ):—-gz_'
For K=0, we have L= 4, = 2" . From (2.40), we obtain
2" 3Ale| 3Al0f

jt1-A.t0) <2 ) 000 )-

1 -1
For K=1, we have L= 4 ' = (F} . From (2.40), we get

it -1 ’ ’
o, (0) 152 oo =52 2 20k

For K=0, we have L= 4,""' = 2"~ From (2.40), we arrive

2 Ale]" Ala]3

22" |of 220"

21 -2 |2|’ 202"

"Q(a))_AA (a)) "S 1(_(2311)(1)(60’(0’60 )22_23’ ’ |2|31 B

1Y
For K=1, we have L= 4" = (F] .From (2.40), we obtain
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( 1-31 )H 3 A|a)|31 A|a)|31
||Q(CO)—AA(C()) "Sm(b(a),a),a) ): 231_2- |2|31 :231_2.
The rest of the cases is similar to that of previous cases.

2.6 Quadratic Case: Stability Analysis: Radus Method

Theorem 2.9 Suppose an even mapping QY : O, —— 0, aligns with the disparity (2.16) where ® : 9} ——{[0,0) be a
mapping with the condition

2 K=1
1imizsq>(A,§a)l,A,§a)2,A,§a)3 )=0:4, =11 (2.48)
S0 AK E K=-1

for all @, w,,w, €Q, . Inthe event that L =L [K ] be a mapping have the properties
1 (0 0 o 1
dD(a),a),a) ) :E(D(E’E’Ej’ A_IZ((D(AKG)’ A, o, AKa)) = L@(a),a),a) ), (2.49)
for all @ e Q,. Then there exists one and only one quadratic mapping A, (a)) : O, —> O, which fulfills the functional
equation (1.1) and the disparity

LK71
|2(0)-Aq (o) ”Snd)(a),a),a)) (2.50)
where the mapping A, (@) is formulated by
_ Q(4)

K

forall weQ,.
Proof. Assume a set as in (2.42) and initiate the generalized metric on the above set M as in (2.43) for all we Q,. Itis

apparent that (M, d ) is complete. Define a mapping N:M — M by

NQ(w)= %Q(Aka)) (2.52)

forall we Q. Now Q,Q, eM and we Q,, we see
d(Q.Q,)<K =[Q(0)-Q, (o) <Kd(v.0,0 )

=

1 1
A_IZ(Q(AKQ))_A_IZ{Q] (AKC())

sA—écD(AKa),AKw,AKw )

:>||NQ(60)—NQI(w)"SKLdD(w,a),aJ )

=d(NQ,NQ )<KL

i.e., N is a strictly contractive mapping on M with Lipschitz constant L.
For the case K =0, as a consequence of (2.22) and by means of (2.49), (2.43), (2.52), we obtain

Q(a))—%Q(2a))

1 1 .
< md)(a),a),a) ):> ||Q(a))—NQ(a))|| < Zd)(a),a),a) ):> d(QNQ)<L=L" (2.53)
For the case K = 1, as a consequence of (2.24) and by means of (2.49), (2.43), (2.52), we get

w 1 0 0 o _
49(3}9(@)‘%@(5,5,3) INQ(0)-0(0)|<®(0.0.0 )= d(NQ, Q)<1=L"* (2.54)

Combining (2.53) and (2.54), we have
d(NQ,Q)<L™

(2.55)
Therefore (FPC1) of Theorem 1.1 holds. The remaining steps are similar in nature to the lines of Theorem 2.7.

Corollary 2.10 Assume A be a positive constant and I be a real number. Suppose an even mapping QY : O, ——0Q,
fulfills the disparity (2.26) for all@,w,,w, €Q,. Then there exists one and only one quadratic mapping
A, (@): 0, ——> O, which obey the functional equation (1.1) along with the disparity (2.27) for every w € O, .
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Proof. The proof is notably revised in a way analogous to Corollary 2.8.

2.7 Additive - Quadratic Case: Stability Analysis: Radus Method

Theorem 2.11 Assume a mapping QF : O, ——Q, fulfills the disparity(2.28) where ® : O} —[0,0) be a mapping
subject to the conditions (2.38) and (2.48) for all @, w,,®, € Q,. Assuming there is L = L[K ] be a mapping have the
properties (2.39) and (2.49) for all @ € Q,. Then there exists one and only one additive mapping A , (@) : O, ——> O, which
fulfills the functional equation (1.1) and the disparity

"Q(a))—AA (0)-A, (o) " S%{ (D(a),a),a) )+(1)(—a),—a),—a) )} (2.56)

where the mapping A, (@) and A, () are formulated in (2.41) and (2.51) for all w e Q,.

Proof. Assume a mapping as in (2.30) for all w € Q,. By Theorem 2.7, there exists one and only one additive mapping

A, (@): 0, —— 0, which aligns with the disparity
LK71

"QAM o)A, (o) " < m{@(a}, @, )+(D(—a),—a),—a) )} (2.57)

for all we Q,. Also, assume a mapping as in (2.32) for all w € Q,. By Theorem 2.9, there exists a one and only one

quadratic mapping A, (@): O, ——>Q, which aligns with the disparity

"QQUD( o(@) "_ 2(1 D) { (a),ca,a) )+CD(—aJ,—a),—a) )} (2.58)

for all w € Q,. Now, define a mapping as in (2.35) for all w € Q,. As a consequence of (2.35), (2.57), (2.58), we arrive
our result. Thus, the proof is finished.
Corollary 2.12 Suppose a mapping Q2 : O, ——Q, aligns with the disparity (2.36) for all @, 0,,, €O, . Then there

exists one and only one additive mapping A, (a)):Ql—>Q2 and a one and only one quadratic mapping

A, (@):Q,—> O, which aligns with the functional equation (1.1) and the disparity(2.37) forall we Q,.

3. STABILITY ANALYSIS IN GENERALIZED 2- BANACH SPACE

In this section, we present the stability analysis of (1.1) in Generalized 2- Banach space with the help of classical Hyers
and Radus fixed point methods.

In order to prove the stability theorems, let us consider O, be a Generalized 2- normed space and Q, be a Generalized

2- Banach space.

3.1 Definitions And Notations Related To Generalized 2-Banach Spaces
Definition 3.1 [3,4] Let X be linear space. A mapping G(.,.): X x X —[0,0) is called a generalized 2-normed space if
it aligns with the following:

(GNS1) G(x,y)=0 ifand only if X and ) are linearly independent vectors.

(GNS2) G(x,y)=G(y,x) forall x,yex,

(GNS3) G(Ax,y)=| A| G(x,y) forallx,yex and X = @, is areal or complex field,
(GNS4) G(x+y,z) <G(x,z2)+G(y,z) forall x,y,ze X .

The generalized 2-normed space is denoted by (X, G(.,.)) .

Definition 3.2 [3,4] A sequence {X,} in a generalized 2-normed space (X,G(.,.)) is called convergent if there exist x € X
such that 1im G(x, —x,z) =0 then limG(x,,z) =G(x,z) forall ze X .

n—»0 n—>0
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Definition 3.3 [3,4] A sequence {X,} in a generalized 2-normed space (X,G(.,.)) is called Cauchy sequence is there exist

two lineary independent elements y and z in X such that {G(x,,y)} and {G(x,,z)} are real Cauchy sequences.

Definition 3.4 [3,4] A generalized 2-normed space (X,G(.,.)) is called generalized 2-Banach space is every Cauchy

sequence is convergent.

3.2 Additive Case: Stability Analysis: Direct Method
Theorem 3.5 Suppose an odd mapping Q : O, —> 0, aligns with the disparity

G( (@, 0.0).p) <D((a.). (0. ¥).(@,.v)) 3.1)
where @ : Q] ——[0,%0) be a mapping with the condition

N

hng%®((2fsq,y/),(zESwz,y/),(zES@,y/)) =0; E=+1 (3.2)

for all @, w,,®, € O, and all y > 0. Then there exists one and only one additive mapping A (a)) :Q,——> 0, which

obey the functional equation (1.1) and the disparity

= O((2”w,w).(2" o.v).(2™ o,
p-l"E
2
where the mapping A, () is formulated by
lim G{M W}G(A (o). ) (3.4)
§——w 2ES ’ 4 ’ ’

forall we Q, and all w > 0.
Proof. Utilizing oddness of Q in (3.1) and then changing @, = w, = @, = @, we achieve

G(6Q(a))—SQ(2a)),l//) S(I)((a),l//),(a),l//),(a),l//)) (3.5)
for all @ e Q, and all w > 0. As a consequence of (3.5) that
G(20(0)-Q(20).p) < %(D((a),w),(a),t//),(a),t//)) (3.6)
and then
1 1
G[Q(a))—EQQa)),V/) qu)((a),l//),(a),l//),(a),y/)) 3.7)

for all w e Q, and all w > 0. For any positive integer S, the above disparity can be generalized as

1 (o). (o). o)
G[Q(a;)—z—sg(zsw),y/js NP ( = ) (3.8)
for all @ e Q, and all y > 0. Changing @ =2% @ in (3.8), we attain
G(;T]Q(ZS' a’)_251+s, o(2% a))l//j :%G(Q(a))—z%fz(zs‘ a))l//j
5 " . (3.9)
1 a0 en). (27 o) (27 o)
3x2 & 20+
and
G(%Q(ZS‘ w)_2$1+S. Q(2S*S' a)),y/lj:%G[Q(a))—%Q(f' a)),l//lj
| s CI)((ZD+S' w,l//l)’(zms, w’wl)’(zms, a),l//l)) (3.10)
3X2D:0 2D+S,
531
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for all we Q, and all > 0,y, >0 Hence there exists two linearly independent elements y and y, in Q, such that

Q(2'0) Q(2’0) . . .
G 2—5,1// and < G Z—S,l// . |t arereal Cauchy sequences. Letting S, — oo in (3.9) and (3.10), we arrive the

sequence {%Q(ZS a))} is a Cauchy sequence which converges to A ( y) € 0, . So, we define

N
N
limwG[Q(; a)) ,l//J

G(Ay(@)w )

S§—>

(3.11)
forall e Q, and all w > 0. Again letting S —o0in (3.8) and using (3.11), we see (3.3) holds for

E =1. The proof from here on is analogous to Theorem 2.1. Thus, the proof is finished.
Corollary 3.6 Let A be a positive constant and / be a real number. Suppose an odd mapping Qf :0,——0, aligns with
the disparity
A;
3 I,
AY oyl
3
AY . lo.w |
G(Q% (o, 0, 0,),vw)< 3 (3.12)
(80009 o oy

ATT @y s
MITL ol + X o l"};

for all @,w,,w, €Q, and all y > 0. Then there exists one and only one additive mapping A , (@) : O, ——> Q, which

aligns with the functional equation (1.1) and the disparity

Ao,y

p 3|2_21, | 10,0 #]

(3.13)
;31 #1,

I +1+13

Aloy|

m;ll"‘lz +1, #1,

20 o,y [

;31 #1,
3|2—23’

forall we Q, and all y > 0.

3.3 Quadratic Case: Stability Analysis: Direct Method
Theorem 3.7 Suppose an even mapping Qg :Q,—— 0, aligns with the disparity

G(Q (11.0,.0,).0) <D((3.9).(@,.0)(@,.07)) (3.14)
where @ : O} ——[0,0) be a mapping with the condition

Sli_)mw%(b((fsw],1//),(2550)2,1//),(2550)3,;//)) =0; E=+1 (3.15)

for all @,w,,w, € O, and all y > 0. Then there exists one and only one quadratic mapping A, (a)) :Q,——> 0, which

https://internationalpubls.com >32



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 33 No. 1s (2026)

aligns with the functional equation (1.1) and the disparity

ooty 3 A7)

where the mapping A, (@) is formulated by

lim G{%,WJ= G(A, @)y ) (3.17)

S——

forall we Q,.
Proof. Utilizing evenness of Q in (3.14) the proof follows by Theorem 3.5 and Theorem 2.3.
Corollary 3.8 Assume A be a positive constant and 7 be a real number. Suppose an even mapping Qg :0—0,

aligns with the disparity
A;

A oyl

AY ol

G(Qg(a)l’a)z’wa)’l//)S AH31|CO,,I//|]; (3.18)
AH;M)

A{H;I o+ oy \“};

for all m,,,, €O, and all y >0. Then there exists one and only one quadratic mapping A, (a)) :Q,——> 0, which

aligns with the functional equation (1.1) and the disparity
A

m;

G(Q(a))—AQ(a)),y/)s (3.19)

L+1+15

Alo,y |

il Rt S BN R S 2
3|4_21|+12+13 1 2 3

20w,y [

3|4_23[ | ;31 #2,

forall we Q, and all y > 0.

3.4 Additive - Quadratic Case: Stability Analysis: Direct Method
Theorem 3.9 Suppose a mapping QF : O, ——> O, aligns with the disparity

G(Q (@, 0,0,). ) < O((@.), (@) (@) (3.20)
where @ : Q] ——[0,0) be a mapping with the conditions (3.2) and (3.15) for all @,®,,®, € Q, and all > 0. Then
there exists one and only one additive mapping A,(@):Q ——Q,and a one and only one quadratic mapping

A, (a)) : O, —> O, which aligns with the functional equation (1.1) and the disparity
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(3.21)

{cb((zDEw,w,(zi;o,w),(zm@w))+@((—z”w,w,(—zzw,w),(—f%,w))

+1 o d)((ZDEa),l//),(ZDEa),t//),(2DEw,y/))+(D((ZDEa),y/),(ZDEa),(//),(ZDEa),y/))
ﬁ ZI;E 4PF 4DE

where the mapping A, (@) and A, (@) are formulated in (3.4) and (3.17) for all we Q, and all y > 0.
Proof. The proof is notably revised in a way analogous to Theorem 2.5.

Corollary 3.10 Suppose a mapping QF : O, —— O, aligns with the disparity

A;

AY oyl
A ol
G(A (@.00) V) AT a1
N R
MIT L @w ! +3) Jow ' };

(3.22)
for all @,m,,®, €O, and all y > 0. Then there exists one and only one additive mapping A, (@): 0, ——> 0, and a one

and only one quadratic mapping A, (@): O, —— O, which aligns with the functional equation (1.1) and the disparity

37351
333

Aoyl Aoyl |, ,
|2 2’ |4-2’| T

3

A A,y "
{Z ouy |, Aoy };,1’,2,,37&1,2,

= 3|2 2’ = 3|4_21,|

Gla(o)-A (o) Alo)w)st .
Iw!//3|1 ‘w"”, 31 £1,2
-2 -2
A|a) Wllﬁ-[ )+ A‘a)’vlllﬁ-lzﬂs .
o e

20| oy [T 28 |0y |
{ 3|2_23[| + 3|4_23]| },3[;&1,2,

for all we Q, and all > 0.

3.5 Additive Case: Stability Analysis: Radus Method

Theorem 3.11 Suppose an odd mapping Qf : O, ——Q, aligns with the disparity (3.1) where ® : Q7 ——[0,) be a
mapping with the condition
o . ; ; 2 K=1
}g&A—iCD((AKa)l,y/),(AKa)z,l//),(AKw3,l//)) =0; 4= % Kol (3.24)
for all @, w,,®, €O, and all y > 0. In the event that L = L [K] be a mapping have the properties
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o{(0) (o) (0w) =30 (L) (2} (2]

i(D((AKa),l//),<AKa),y/),(AKw,t//)) = Ld)((w,y/),(a),t//),(a),t//));

(3.25)

for all @ e O, and all y > 0. Then there exists one and only one additive mapping A , (®): O, —— Q, which aligns with
the functional equation (1.1) and the disparity

K-1

G((0) -, (0)w) = T 0((01).(01). (1)) (326

where the mapping A, (@) is formulated by

§——w K

lim G(M,V/J=G(A (@).v) (3.27)
A5 A

forall we Q, and all y > 0.

Proof. The proof is notably revised in a way analogous to Theorem 2.7.

Corollary 3.12 Assume A be a positive constant and / be a real number. Suppose an odd mapping Qf 10—, aligns
with the disparity (3.12) for all@,w,,®, € O, and all y >0.Then there exists one and only one additive mapping

A, (@): O,——> O, which aligns with the functional equation (1.1) and the disparity (3.13) for all @ € O, and all y > 0.

3.6 Quadratic Case: Stability Analysis: Radus Method
Theorem 3.13 Suppose an even mapping Qf :Q,——> 0, aligns with the disparity (3.14) where @ : O} ——[0,0) be a

mapping with the condition

2 K=1
}iglo%(D((A,‘Za)l,y/),(A,iwpl//),(A]ia)pt//))=O;A= o (3.28)
2

for all @, w,,w, €Q,. If there exists L = L[K | be a mapping have the properties

oonanon|(e)(3v)(3v)

1 (3.29)
A—Iz{q)((A,(a),t//),(Aka),l//),(AKa),(//)): Ld)((a),(//),(a),l//),(a),l//));

for all @ € Q,. Then there exists one and only one quadratic mapping A, (@):Q,——> 0, which aligns with the
functional equation (1.1) and the disparity

G(0(0)~ A (@) ) < (o) (00).(00) (.30

where the mapping A, (@) is formulated by

Q(4Liw
lim G((A—ZS)J/IJ=G<AQ(CU),(//) (3.31)

§—— o ¥

forall weQ,.

Proof. The proof is notably revised in a way analogous to Theorem 2.9.

Corollary 3.14 Assume A be a positive constant and / be a real number. Suppose an even mapping Qf 0 —0,
aligns with the disparity (3.18) for allw,®,,@, €Q,. Then there exists one and only one quadratic mapping
A, (@): O, ——> O, which aligns with the functional equation (1.1) and the disparity (3.19) forallw e O, .

Proof. The proof is notably revised in a way analogous to Corollary 2.8.

3.7 Additive - Quadratic Case: Stability Analysis: Radus Method

Theorem 3.15 Suppose a mapping QY : O, ——>Q, aligns with the disparity (3.20) where ®: (0} ——[0,0) be a
mapping with the conditions (3.24) and (3.28) for all w,,w,,®, € Q,. If there exists L = L[K ] be a mapping have the
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properties (3.25) and (3.29) for all @ e Q,. Then there exists one and only one additive mapping A , (®): O, —— Q, which

aligns with the functional equation (1. and the inequality

-1

G(O(@)~A (@)~ Ag (@)17) <~ L((@4). (@) (0.9)) + D ((-00). (-007). ()} (3:32)

(1-L)
where the mapping A, (@) and A, () are formulated in (3.27) and (3.31) for all w e Q,.

Proof. The proof is notably revised in a way analogous to Theorem 2.11.
Corollary 3.16 Suppose a mapping QY : O, ——(Q, aligns with the disparity (3.22) for all @,,®,,®, € O, . Then there

exists one and only one additive mapping A,(@):0——>Q,and a one and only one quadratic mapping

A, (@): O, —— O, which aligns with the functional equation (1.1) and the disparity (3.23) forall we Q, .

4. STABILITY ANALYSIS IN RANDOM BANACH SPACE

In this section, we present the stability analysis of (1.1) in Random Banach space with the help of classical Hyers and
Radus fixed point methods.
4.1 Preliminaries and Notations of Random Banach Spaces

In the sequel, we adopt the usual terminology, notations and conventions of the theory of random normed spaces
asin[14, 27, 32, 33].

Throughout this section, A" is the space of distribution mappings, that is, the space of all mappings
F:RU {—oo, +oo} —[0,1] such that F is leftcontinuous and nondecreasing on R, F(0)=0 and F(+w)=1. D" is a subset

of A" consisting of all mappings F € A for which /" F(+00) =1, where [” f(x) denotes the left limit of the mapping f’
at the point x thatis, /” f(x) = lim f(¢). The space A" is partially ordered by the usual point wise ordering of mappings,
t—>x

thatis, /' <G ifand only if F(¢) < G(¢) forall ¢ € R . The maximal element for A" in this order is the distribution mapping

0, if  t<0,
&(t) = :
1, if t>0.

Definition 4.1. [32, 33] A mapping 7 :[0,1]x[0,1] =[0,1] is called a continuous triangular norm (briefly, a continuous

& given by

t—norm) if T aligns with the following conditions:
(a) T is commutative and associative;

(b) T is continuous;

(¢) T(a,1)=a forall ae[0,1];

(d) T(a,b)<T(c,d) whenever a<c and b<d forall a,b,c,d €[0,1].
Typical examples of continuous ¢-norms are 7,(a,b)=ab, T,,(a,b)=min(a, b) and 7, (a,b) =max(a+b—1,0) (the
Lukasiewicz  —norm). Recall (see [16, 17]) that if T’ isa ¢t—norm and x, is a given sequence of numbers in [0,1], then

n
T;:l‘xn

., is formulated recurrently by 7! x, =x, and 7" x, =T (Tl.il’lxi,x”) forall n>2. T.” x, is formulated as 7,"x, ., .
Definition 4.2. [32, 33] A random normed space (briefly, RN-space) is a triple (X, 1, T), where X is a vector space, T
is a continuous #-norm and g : X — D" satisfying the following conditions:

(RNS1) u.(t)=¢,(¢t) forall >0 ifand onlyif x=0;
(RN2) g, ()= p, [ﬁ],v xeX, aeR with a#0;
a
(RN3) ., (t+5)=T(u, (0 11, (), ¥ X,y € X and £,5>0.
Example 4.3. [32, 33] Every normed space (.X,||-||) defines a random normed space (X, ,7,,) , where
t
u () =——
1+ x|

and T}, is the minimum ¢ —norm. This space is called the induced random normed space.
Definition 4.4 [32, 33] Let (X, 1, T) be a RN-space.
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(1) A sequence {x,} in X is said to be convergent to a point x € X if, lim g __ (#)=1 forall >0

(2) A sequence {x,} in xis called a Cauchy sequence if, lim U, (@)=1forall >0 and n>m=>0

(3) A RN-space is said to be complete if every Cauchy sequence in X is convergent to a pointin X
Theorem 4.5. [32, 33] If (X, 7T) is a RN-space and {x,} is a sequence in X such that Xx, — X, then

lim g, (t) = p,(f) almost everywhere.
In order to prove the stability theorems, let us consider Q, be a Linear space and (Q,,%¥,T ) be a Random Banach

space.
4.2 Additive Case: Stability Analysis: Direct Method

Theorem 4.6. Suppose an odd mapping Q2 : O, ——Q, aligns with the disparity

O (a1,0,0) (l//) = cD(z),,(uz,% (l//) (41)
where @: Qf —> D" be a mapping with the condition
i * (D+)SE, | _ . N
Sh—’mwTDZO CDZESW"ZES”ZJLS’”& (2 W) I and sh_>mao(D2L§aa,2ESwz,zbsM (2 ‘//) =1; E=+1 4.2)

for all @, w,,w, € Q, and for all y > 0. Then there exists one and only one additive mapping A , (@): O, ——> Q, which

aligns with the functional equation (1.1) and the inequality
Ay(o) (V/) ZTG:J;E (DZI)E 2% .2PF ¢ (6 X 2DE V/) (43)

where the mapping A, () is formulated by
YW= tim ¥ (v) (4.4)
T
forall e Q, and forall y>0.
Proof. Utilizing oddness of Q in (2.1) and then changing o, = @, = @, = w, we achieve

lPéQ(w)fSQ(Lu) (l//) = q)w,w,(u(l//)

4.5
using (RNS2) which gives
\IIZQ((U)*Q(Z(U) [%j 2 q)w,w,(u ((//) (4.6)
and then using (RNS2) which implies
v
b4 () 4.7
Q)—-Q(20) (3)( 2) (u,w,w(l//) ( )

forall we Q, and forall w>0. Replacmg o by 2° @ in (4.7), we attain

174
Tg(zs (u) Q2" w) (3 x 2] = (1)25 0,25 (o,ZSn)(W) 4.8)

for all w € Q,and all y > 0. With the help of (RNS2), as a consequence of (4.8) that

Ll >
T%Q(zs n)) 2% (ZSH ) (3 X ZSH j - q)zs"’ 250250 (l//) (49)

Px

for all we Q and all y > 0. Interchanging w by 3x2*" v in (4.9), we reach

S+1
\}I%Q(ZS (u),zslﬁﬂ(zsﬂ (u) (l’[/) 2 (DZS w,ZS (u,ZS @ (3X 2 l//) (4 10)

for all w e Q,and all > 0. Now, from (4.10), it is easy to see that

v g 3% 2P+
Q(w)_%g(zs m) (l//) Z ZLDQ(ZD“’}#Q(ZDH o)) ( l//)
sl D+1
> +
_D:O\Ij 1 502" 0)-— ! —0(27 )(3X2 l//)
2P 2P
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S-1 "
> T P00 (3%27) (“.11)
for all @ e Q,and all y > 0.Therefore, the sequence {ZLSQ(T a))} is a Cauchy sequence. Indeed, changing w=2% @

in (2.8) using (RNS2), we attain

S-1

! Q2% a)) (W) > D];U TZ%Q(ZD w)fﬁﬂ(z”*' o) (

55481

327y ) > las § > (4.12)

%9(251 o)

2’|

for all w e Q, and all w > 0. Hence the sequence is a Cauchy sequence which converges to A, ( y) € 0, . So, we define
Y0 )= Shgwwa(z»yw) (t//),Va) €Q,al y>0. (4.13)

2S
Again letting S —ocoin (4.11) and using (4.13), we see (4.3) holds for £ =1.
In order to show that the existence of A, ( ) aligns with the functional equation (1.20), setting
o =2"w;0,=2"0,; o,=2°w, in (4.1) using (RNS2), we arrive
) 2@ 2%y) (4.14)

S S S
2%(2‘%(25@,25%,23(»}) 25,25 0,,2%

for all @, w,,w, €O, and forall ¢ >0. Letting S —ooin (4.14) and using (4.2) and (4.13), we obtain that A , (y) aligns

with the functional equation (1.20).
Finally, we want to show that the existence of A, () is unique, let’s assume A, (y) fulfills (1.1) and (4.3) for all

weQ and forall y>0. So,

S;+1

lPAA(w)_AE (@) 2y) Z\PAA (2% 0)-0(2% w}+0(2% 0)-, (2% (u)( ¥)

=T [‘PAA(zw PERICER PR P RINERICERD }

© (D+5,+1) *© (D+5,+1)
T[Ty @0y (332750 ), T @0, (352 z//)} Slas S, >

for all @ e O, and all y > 0.Therefore A, (@)= A, (@) which proves the uniqueness. Thus, the theorem holds for E =1

Again, changing o = % in (4.6), we reach

¥ oot (%] 20y 1) 2 0 @) 2 Py, G0) (4.15)

27272

27272

forall we Q, and all w >0. Replacing ® by o= 2% in (4.15) and with the help of (RNS2), we attain

3y
Yo ol (o ®z2®, (—Sj (4.16)
fzn}efz) 2

2§+I S 58+ 58+

S+ 7S+ 758+

for all w e Q,and all y >0. The rest of the proof is similar to that of £ =1 case. Thus, the proof is finished.

Corollary 4.7 Assume A be a positive constant and / be a real number. Suppose an odd mapping Qf :0—0,
aligns with the disparity
D, (yw);
D ., ;
oo )

\Pgﬁ’(wl,wz,wz)(l//) = (DAHJ ol (!//): (417)

(DA{H'}:”"J""*ZH@P'}(‘/’);
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for all @, w,,m, €O, and all y > 0. Then there exists one and only one additive mapping A , (a)) : 0, ——> 0, which

aligns with the functional equation (1.1) and the inequality
@, (|6 v):
D (21” W);Iil,

(23“‘ z//);31 #1,

A‘Z’—Z‘\w\' “18)
v > .
a0 (0 W) 21 ¢

A‘ZJ' -2‘@\’

()

(23’ y/);3l #1,

A‘Z”—Z‘\w\]

forall we Q andall w>0.

4.3 Quadratic Case: Stability Analysis: Direct Method

Theorem 4.8. Suppose an even mapping Q° : O, ——>Q, aligns with the disparity

¥ o000 W) Z Py W) (4.19)
where @ Q13 —> D" be a mapping with the condition
1 *© (D+1)SE _ . &S . _
lim T @ e, (47T p) Sl and lim @ (45y) =1 E= 1 (4.20)

for all @, m,,w, €O, and for all > 0. Then there exists one and only one quadratic mapping A, (a)) 0, —0,
which fulfills the functional equation (1.1) and the inequality

‘Ijﬂ(a))—/\g((g) (l//) ZTjj q)zl)l: ©,2PF 2P o (12 X 2DEl//) (421)

where the mapping A, (@) is formulated by
o) = lim ‘PQ(ZEsw) (v) (4.22)
4ES
forall e Q, and forall y>0.
Proof. Utilizing evenness of Q in (4.19) and then changing @, = @, = ®, = @, we achieve
\PIZQ(w)73Q(2w) (W) 2 q)w,(o,(u(vl) (423)
using (RNS2) which gives

lP4Q(m)—Q(2w) (%\J = (Dw.a),a)(l//) (424)

for all w € Q, and for all y > 0. The proof from here on is analogous to Theorem 4.7. Thus, the proof is finished.

Corollary 4.9 Assume A be a positive constant and / be a real number. Suppose an even mapping Qg :0—0,
aligns with the disparity
D, (v),
o ;
a5t @)

0y 0 W) 2 CDAIT (s (4.25)

(I)A{H?:]\m;\’+2?:1‘mi‘zl}(l//);

forall @, m,,w, €O, and all y >0. Then there exists one and only one quadratic mapping A, (a)) :Q,—> 0, which
aligns with the functional equation (1.1) and the inequality

@, (112 y);

(2’+l 1//);[;&2,

(DA‘ZI 74‘\14)\’

¥ >
Q(w)-Ay (@) (‘//) ® (231+1 ‘//);31 %2,

A‘Z” —4‘|w\’

()

(2" y):31 =2,

A‘ZS’ —4‘|(u\[

(4.26)
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forall we Q, andall w>0.

4.4 Additive - Quadratic Case: Stability Analysis: Direct Method
Theorem 4.10 Suppose a mapping Q2 : O, ——>Q, aligns with the disparity

anonon) ¥ Z Lo, W) (4.27)
where @ : (O’ ——[0,%) be a mapping with the conditions (4.2) and (4.20) for all @,®,,, €O, and forall y>0.
Then there exists one and only one additive mapping A , (a)) : 0, —> 0, and a one and only one quadratic mapping

A, (a)) : O, —> 0, which aligns with the functional equation (1.1) and the inequality

©

Yo aiornoo) W) 2T {T {T .

p-E
2

ot 0, (6527 ), T @(62¢//)}

2

(4.28)

where the mapping A, (@) and A, () are formulated in (4.4) and (4.22) for all w e Q, and forall y >0.
Proof. The proof is notably revised in a way analogous to Theorem 2.5

Corollary 4.11 Suppose a mapping QF : O, ——> O, aligns with the disparity

@, ()

CDAZ;W, v);

Y oo W) 2 (DAHS (% (4.29)

(DA{H?:I““"‘I +Z;|w’,‘3/ } (l//),

for all w,®,,w, €O, and for all y >0. Then there exists one and only one additive mapping and a one and only one

quadratic mapping, which aligns with the functional equation (1.1) and the inequality
@, ({3l +112/ v ):
I+1 .
q)A”Z’—2‘+‘2’—4‘}\w\’ (2 V/)’I #1,2
¥ >
Q0)-A 4(0)-Ag (@) W) 31+ 1//);31 #1,2 (4.30)

A{‘z“-z‘+‘23’-4‘}\m\“ (

o}
31 .
(I)A{‘ZBI—Z‘+‘23’—4‘}\(U\“ (2 l//)’?’l #1,2

forall we Q, and forall w >0.

4.5 Additive Case: Stability Analysis: Radus Method

Theorem 4.12 Suppose an odd mapping QF : O, ——> 0, aligns with the disparity (4.1) where ® : 0} ——[0,0) be a
mapping with the condition

2 K=1
. N
Jim @ (V) =LA=11 K1 4.31)
2
for all @, w,,w, € O, and for each y >0. In the presence of L =L [K] be a mapping have the properties
D, (3W)=P, (W) @, (AW) =D, (L) (4.32)
2°272

for each w € O, and for all  >0. Then there exists one and only one additive mapping A , (®): O, ——> Q, which aligns
with the functional equation (1.1) and the inequality
Llfi

lIIQ((:))—/\A((U) (El/lj 2 q)w,(u,(u (l//) (433)
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where the mapping A , () is formulated by

¥y W)= lim W () (4.34)
A
for each w € Q, and for each y >0.
Proof. Assume a set
M={Q/Q:0—0,.Q(0)=0 | (4.35)
and introduce the generalized metric on the above set M as
d(Q,0,)= inf{K € (0.9)/¥ ) oy KW) 2D, (). } (4.36)

for each @ e Q, and for each y > 0. It is apparent that (M, d) is complete. Define a mapping N:M — M by
NQ(a)):ALQ(AKa)); for each we Q,. 4.37)
K

Now Q,Q, eM and w € Q,, we see
d(Q,9Q)<K = o)oKV ZD,, (1)

)
>
= TALKQ(AKM)—ALKQI(AKQ)) (K l//) =@ ()

Ao, Ay 0, Ay 0

= \PNQ(w)—NQ,(m)(K l//) 2 (Dtu,w,w(L l//)
=d(NQNQ,)<KL

i.e., N is a strictly contractive mapping on M with Lipschitz constant L.
For the case K =0, as a consequence of (4.7) and with the help of (4.32), (4.36), (4.37), we obtain

L4 > > <1 =7'K
‘Pg(w)%g(zw) ( 5 j 2o, ,0Cy)=> ‘PQ(M)fNQ(w) (L 1//) 2o, , . ,W)=>d (@ NQ) <L=L (4.38)
For the case K = 1, as a consequence of (4.15) and with the help of (4.32), (4.36), (4.37), we get
‘PZQ(E)_Q((U)(://) >0 Gy)= ‘PNQ(m)_Q(w)((//) 20, ,.(wv)=>d (NQ, Q ) <1=L"* (4.39)
2

oo
22’

vle

Combining (4.38) and (4.39), we have
d(NQ,Q)<L™.

(4.40)
Therefore (FPC1) of Theorem 1.1 holds. The proof from here on is analogous to Theorem 2.7 and 4.6. Thus, the proof is
finished.

Corollary 4.13 Assume A be a positive constant and / be a real number. Suppose an odd mapping Qf 10, —0, aligns
with the disparity (4.17) for all @, w,,w, € O, and for each y >0. Then there exists one and only one additive mapping

A, (a)) : O, —> 0, which aligns with the functional equation (1.1) and the disparity
@, (13 v):
CDA‘ZI—Z‘\w\’ (2w)I#1,

ooy riwW) 2 . (4.41)
(@)-As(w) @A‘zs,fzw, (2y);31 =1,
(DA‘ZSI_z“a)‘I (2l//)731 * 17
for allw € O, and for each y>0.
Proof. Let us take
D, (v);
(DAZI:‘G)"] (l//);
(D( , (l//) = (D N N
CRON AT ot w);
(I) .
Tt )

for all @, w,,w, € O, and for each y >0 in Theorem 4.7. Replacing @, = 4y @,;®, = A, ,;®, = A @, and using (RNS)
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in the above, we reach
D, (A v); — 1 as S—>
®A2?:1|Ai@‘/(‘41§ v); — 1 as S—>ox;

S = e .
(I)Alf,M,Af((uz,Ai,wl (AK V/) = (DAl‘r o (Ali w); =q4—> las S— o

(DA{H;\Aico,\’+2f:,\AM3’}(A’§ Vi[> 1assow
Therefore (4.31) holds for each w,,®,,w, € O, and forall >0.
Now, as a consequence of (4.32), we have
@, (3y);
chA\m\’ (3y); P (W) LO(0,0,0);
P, (1) =0, , , (W)= 110 \2\“ (3p); and @, . (Acy)= Dapan W _|L0(0,0,0);
h e ’ A\‘;" e i A7 Alof! (w); LCD(a), a),a));
P, () @ a5 (LO(@00)
L

for each w € Q, and for all y>0.
For K=0, we have L= 4, "=27". From (4.33), we obtain

)

¥ o0)-a,(0) 1_(2_1 ) vizo,,,() = ¥ o), (0) (v) 20,(3y)

1 -1
For K=1, we have L= 4, ' = (Ej . From (4.33), we obtain

2 1-1
\PQ(fu)—/\A(w) [% !//J 2 (Dw,w,w (l//) = lPQ(w)—/\A(w) ( (//) Z(DA (_3W)

The rest of the cases are analogous to the previous ones.

4.6 Quadratic Case: Stability Analysis: Radus Method
Theorem 4.14 Suppose an even mapping Q° : O, ——> 0, aligns with the disparity (4.19) where @ : O} —[0,0) be

a mapping with the condition

lim ® .
e AR @A 0, A

2
(42 v)=1:4= 1 (4.42)
2

for each w,,®,,®, € Q, and for all y > 0. In the presence of L =L [K ] be a mapping have the properties

D, (W)=, W) @, ()=, (Ly)

(4.43)
for each @ € Q, and for all y > 0.Then there exists unique quadratic mapping A, (®): O, —> O, which aligns with the

functional equation (1.1) and the inequality
1-i

\PQ(w)fAQ(w) [E l//j 2 (I)w,m‘w (W) (444)

where the mapping A, (@) is formulated by
FrW)=lim ¥ (v) (4.45)
D
for each w € Q, and for all >0.
Proof. The proof is notably revised in a way analogous to Theorem 4.12.
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Corollary 4.15 Assume A be a positive constant and / be a real number. Suppose an even mapping Q% :0—0,
aligns with the disparity (4.26) for all o, ®,,@, € O, and for each y >0. Then there exists one and only one quadratic

mapping A, (@) : 0, —— O, which aligns with the functional equation (1.1) and the disparity
@, (9 v);
QDA‘Z,%W (2w):I =1,

. (4.46)
® s g (29);:30 =1,

¥ ao)-rgle) W) 2

(2y);31 =1,

@ 31 i’
A‘Z 74‘\@\

for allw € O, and for each > 0.

Proof. The proof is notably revised in a way analogous to Corollary 4.8.

4.7 Additive - Quadratic Case: Stability Analysis: Radus Method
Theorem 4.16 Suppose a mapping QF : 0, ——Q, aligns with the disparity (4.27) where ® :0Q} ——[0,0) be a
mapping with the conditions (4.31) and (4.41) for each w,,w,,®, € O, and for all w >0. If there exists L = L[K ] be a
mapping have the properties (4.32) and (4.42) for each weQ,. Then there exists unique additive mapping
A, (@): Q,—> 0, which aligns with the functional equation (1.1) and the inequality
1-i

¥ ofu)-a,(ehng Uf—Lw] > T AT @00 (W) @ o @)} T @ (v). @, (W)} (4.47)

where the mapping A, (@) and A, () are formulated in (4.34) and (4.44) for each w € Q, and for all y > 0.

Proof. The proof is notably revised in a way analogous to Theorem 4.10.
Corollary 4.17 Suppose a mapping QS : O, ——>0, aligns with the disparity (4.29) for all ,,®,,@, €, and for all

w>0. Then there exists one and only one additive mapping A ,(@):0,——>0,and a unique quadratic mapping

A, (@) : 0, —— O, which aligns with the functional equation (1.1) and the disparity
@, (J3+9 v):
®A{‘2172‘+‘2’74‘}‘w" (2 W);I #1,2,

Faornorro®) 21 2y);31#1,2, (448)

A{‘23’—2‘+‘23’—4‘}\wll (

®A{‘23172‘+‘2,@174‘}‘w‘: (2(//)§31 #1,2;

forall we Q, and forall w>0.
5. APPLICATIONS VIA EXAMPLES
Example-5.1: Electrical Circuit Analysis

An electrical engineer is analyzing the voltage drops across various components in an electrical circuit. The voltage drop
mapping is modelled by Q(w)=w, Qw)=w"and Uw)=w+w®" , where ® is the current flowing through the
component. Utilizing the functional equation (1.1). Find the total voltage drop across the circuit when the currents flowing
through the components are 24, 34, and 54.

Solution:
For additive case:

Let’s assume the voltage drop mapping is Q(w) = @ Substituting the values @, =2,0, =3and @, =5 in (1.1), we get
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Q2(2)-3-5)+2Q(2) + Q3+ Q(5) +{Q(2) + Q(-2)} + %{9(3) +Q(-3)} + %{9(5) +Q(=5)} +2{Q(2)-Q(-2)}

=QQ2+3)+Q2+5)+3Q(2-3)+3Q(2-5) +Q(3+5) +%{Q(3)—Q(—3)} + %{9(5) -Q(-5)}.

Evaluating this expression, we get
Q(4)+4+3+5+0+0+0+8) =Q(5)+ (7)) +3C—1) +3Q(—3) + Q(8) +3+5="16.
Therefore, the total voltage drop across the circuit is approximately 16 volts.

For quadratic case

Let’s assume the voltage drop mapping is Q(@) = "

Taking the values @, =2,@, =3 and @, =5 in the left-hand side of the equation (1.1), we have

0(2(2)=3-5)+20(2) + Q3) + Q(5) + {Q2) + Q(-2)} + %{9(3) +Q(-3)}+ % [Q(5)+Q(-5)} +2{Q(2)-Q(-2)}
=QQ2+3)+Q(2+5)+3Q(2-3)+3Q(2-5)+Q(3 +5) +%{Q(3) —Q(-3)}+ %{Q(S)—Q(—S)}.

Evaluating this expression, we get
OQ(—4)+8+9+25+8+27+75+0) =Q(5)+Q7) +3Q(—1) +3Q(-3)+ 28+ 0+ 0=168.
Therefore, the total voltage drop across the circuit is approximately 168 volts.

For additive and quadratic case:

Let’s assume the voltage drop mapping is Q(@) = 0+ o’
Taking the values w, =2,0w, =3 and ®;=5 in the left-hand side of the equation (1.1), we have
Q2(2)-3-5)+20(2) + Q)+ Q15) +{Q2) + Q(-2)} + %{Q(?)) +Q(-3)}+ %{Q(S) +Q(-5)}+2 {9(2) -Q(-2)}

=Q(2+3)+Q(2+5)+3Q(2-3)+3Q(2-5)+Q(3 +5) +%{Q(3) —Q(-3)}+ %{Q(S)—Q(—S)}.

Evaluating this expression as above. The total voltage drop across the circuit is approximately 184 volts.
Example-5.2: Optimizing Solar Panel Energy Output

A solar panel manufacturer is analyzing the energy output of their panels. The energy output mapping is modeled by
Q(w) =0, Yw)=0"and Qw)=w+o", where @ is the number of panels installed. Suppose the manufacturer wants

to install panels on three different rooftops: (100 panels) rooftop A, (200 panels) rooftop B, and (300 panels) rooftop C.
Utilizing the functional equation (1.1), find the maximum energy output of their panels.

Ans- Additive-(700volts), Quadratic-(650,000volts), Additive-Quadratic-(580,700volts).
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