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Introduction

Fixed point theory is a vibrant and extensively developed area of modern mathematics. It
plays a central role in nonlinear analysis, providing powerful methods for proving the
existence of

solutions to a wide variety of nonlinear problems arising in disciplines such as differential
equations, economics, mechanics, and biology.

In many practical situations, the solution of a given problem can be formulated as a fixed
point of an appropriate operator. The existence of such fixed points is generally ensured by
imposing suitable assumptions on the mappings involved—whether they are single-valued or
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multivalued—or on the structural properties of the underlying Banach space in which the
problem is posed.

The notion of measure of noncompactness (MNC) was introduced by Kuratowski and has
since played a central role in functional analysis. Relying on this concept, Darbo proved a
fixed point theorem formulated in terms of MNC, which generalizes both Banach’s
contraction principle and Schauder’s topological fixed point theorem . Since then, the theory
of measures of noncompactness and their applications has been extensively developed and
broadened in many directions; see, for instance, for comprehensive treatments.

In 1997, Mora and Cherruault introduced the notions of a-dense curves and densifiable sets
in metric spaces, extending the classical concept of space-filling curves (see ). The family of
densifiable sets forms a class that lies strictly between Peano continua and the class of
connected precompact sets, thereby offering a more flexible framework for the study of the
geometric and topological structure of metric spaces. For further developments and
applications of these ideas, we refer to .

In recent years, a number of authors have developed fixed point theorems using the concept
of the degree of nondensifiability, which is rooted in the theory of a-dense curves. This
framework provides an alternative to the classical measure of noncompactness (MNC) for
establishing fixed point results. We refer, for instance, to and the references therein for
further contributions in this direction.

As indicated in , the measure of nondensifiability, or the Kuratowski measure of
noncompactness, provides a direct approach to topological fixed point theorems and to
existence results in many areas. However, these measures are not characterized solely by a
reduction principle that allows one to shrink bounded and closed sets to compact ones.

Recently, the concept of the weak degree of nondensifiability was introduced by Garcia and
Mora .

One of the fundamental tools in fixed point theory is the concept of topological degree, which
was introduced by Brouwer in 1912 for finite-dimensional spaces. This notion provided a
powerful method for proving the existence of solutions to nonlinear equations in Euclidean
spaces.

Later, Leray and Schauder extended this concept to infinite-dimensional Banach spaces in
the case of compact perturbations of the identity operator. Their extension, known as the
Leray—Schauder degree, has become a central instrument in nonlinear functional analysis and
has been widely used in the study of differential and integral equations.

Gaines and Mawhin introduced the coincidence degree theory in the 1970’s for the analysis
of functional and differential equations . Subsequently, Mawhin further developed this theory
and made significant contributions to its advancement. For this reason, it is often referred to
as Mawhin’s coincidence degree theory. Coincidence degree theory is a powerful tool in the
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study of nonlinear equations, particularly for establishing the existence of solutions. It has
been widely applied to the investigation of periodic solutions of nonlinear differential
equations, used in partial differential equations, bifurcation theory and fractional differential
equations, and numerous authors have employed it in their research (see and the references
therein).

The goal of the present paper is to develop new fixed point theorems by using the concept of
the degree of nondensifiability in Banach spaces.

Our main objectives are:

To introduce necessary definitions, notation, and fundamental results concerning the
degree of nondensifiability, including several propositions and theorems from the
existing literature that will be used throughout the paper.

To employ the concept of the degree of nondensifiability to introduce a Leray—
Schauder type topological degree, extending classical topological degree theory to a
broader class of operators.

To introduce the notion of coincidence degree based on the degree of
nondensifiability and establish several continuation theorems that generalize existing
results in the literature.

To apply our theoretical results to certain classes of second order differential
equations in Hilbert space, particularly focusing on periodic boundary value problems.

These objectives extend and unify several classical and recent contributions available in the
literature, providing new tools for analyzing nonlinear problems in functional analysis and
differential equations.

In this section, we introduce the fundamental mathematical framework and methodological
approach used in developing our main results. We begin by establishing the necessary
notation, definitions, and auxiliary results concerning the degree of nondensifiability.
Subsequently, we develop the topological degree theory based on this concept and introduce
the coincidence degree framework.

Preliminaries and fundamental definitions

In this subsection, we introduce the notation, definitions, and auxiliary results that will be
used throughout the paper. Let X be a metric space (in particular, a normed space). We
denote by

PX)={Ac X:A + 0}
the family of all nonempty subsets of X. Furthermore, we define
P, (X)={A € P(X): Ais closed},
P, (X)={A € P(X): Ais bounded},
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P.,(X)={A € P(X): Ais convex},
P, (X)={A € P(X): Ais compact},
and
P, (X)={A € P(X): Ais path-connected}.

The concept of the measure of noncompactness enables us to quantify and compare the
degree of noncompactness of subsets of X. For further details and properties of this notion,
we refer the reader to .

Definition 3.1.Let (X, d) be a complete metric space. A map @: P,(X) — [0,+00) is called a
measure of noncompactness (MNC) defined on X if the following properties are fulfilled:

1. Regularity: For any B € P,(X), ¢4(B)=0 if and only if B is a relatively compact set.

2. Invariant under closure: (B)=@(B), for any B € P,(X).
3. Semi-additivity: ¢ (By U By)=max{@(B1), ¢(B,)}, for any By, B, € Py(X).

The notion of a-dense curve was introduced by G. Mora in 1997 but the notion of DND
appeared in 2015 as an application of such a theory.

Definition 3.2.Let (X,d) be a metric space, « =0 and B € P,(X) a mapping y €
C([0,1], R;) is called curve a-dense in B if

y([0,1]) € B.
For any x € B, there exists t € [0,1] such that
d(x,y(t)<a.
The bounded sets B is said to be densifiable, if for all a>0 there exists an a-dense curve in B.
Forany @ = 0 and B € P,(X) we denote the sets a-dense curves by I, p.
Definitin3.3.7The degree of nondensifiability (DND) is a mapping @ 4: P,(X) = R, defined by
pa(B)=inf{a = 0: I p # @}, B € P,(X).

Remark 3.1.

From the definition 3.3, we deduce

@qa(B) < §(B)forallB € P, (X),
where 6(B)=sup{d(x,y):x,y € B}. This implies that @4 is well defined.

By the Hahn-Mazurkiewicz theorem (see, for instance, ) we know that a set B € Py (X)
is a Peano Continuum, if and only if, it is the continuous image of [0,1]. So, the
DND @, measures, in the specified sense, the distance from B to the class of Peano
Continua contained in it.
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Example 1. [42]Let X be a Banach space and B(0,1) € X be a closed unit ball, then
— (1 if Xhas infinite dimension;
9a(B(0.1))= {O if  Xhas finite dimension.

Remark3.2. Garcia and Mora , prove that the degree of nondensifiability is not a measure of
noncompactness.

Now, we prove some relationships between the Kuratowski, Hausdorff MNCy and the degree
of nondensifiability ¢,.

Proposition 3.1.[18.26] Let X be a metric space and B € Py, 4,.-(X). Then,
X(B) = ¢a(B) < 2x(B),
where y is a Hausdorff measure defined as follows
n
x(B)=inf{e>0:B c 'U1B(xi' €)},
=
and
1
Ew(B) < @q(B) < w(B).
where @ is a Kuratowskii MNC defined by
n
@w(B)=inf{e>0:B c _UlBi;Diam(Bi) < €}.
l:
Remark 3.3. Notice that for every B € P,(X) we have

x(B) =@ (B) = 2x(B).

Definition 3.4. Let X be a metric space, C € X a nonempty subset, N:X = X and @4 a
degree of nondensifiability (DND).

Nis k-@4- contraction if
9a(N(B)) < k@q(B), B € Py (X),
whit k € (0,1).
Nis @ 4-condensing if
Pa(N(B))<¢@a(B), B € Py, (X),

with ¢4(B) # 0.
We give some neutral properties of the DND in the following result proved in [20, 21, 26, 24].
Proposition 3.2. Let (X, d) be a complete metric space and @4 be DND then

1. Regularity: For any B € Py qc(X), q(B)=0 if and only if B is a relatively compact
set.
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2. Invariant under closure: ¢ 4(B)=@4(B), for any B € Pp arc(X).

If X is a Banach space
1. @a(xo*B)=p4(B), for any B € Py(X).
2. Semi-homogeneity: ¢ 4(AB)=|A|lp4(B), for all B € Py(X) and A € R.
3. @q(co(B)) < @q(B)forall B € P,(X),co is convex hull.
4. @4 (co(BUC)) <max(py(coB),pi(coC))forall B,C € Py(X).
5. 9a(B+C) < 9a(B)+9a(C), B,C € Py(X).
6. Generalized Cantor’s intersection theorem: If (By)nen IS a decreasing sequence of

nonempty, convex closed, and bounded subsets of X, and lim ., ©4(B,)=0, then

the intersection \y-1 By, is nonempty and compact.

Topological degree based on the degree of nondensifiability

Before introducing the concept of topological degree via the degree of nondensifiability, we
present some propositions and corollaries that will be used in the definition of our degree and
to provide extended versions of Darbo’s theorem, Schaefer’s theorem, and the Leray—
Schauder nonlinear alternative.

Proposition 3.4. Let X and Y be Banach spaces, let D € X be a closed and bounded set, and
let f:D =Y be a continuous compact mapping. Then there exists a continuous compact
extension f:X = Y such that

f|D=fandf(X) c convf (D).

Proof. By the Dugundji Extension Theorem , there exists a continuous extension f of f to the
whole space X such that

£X) < convf (D).
Since f is compact, the set f(D) is relatively compact in Y. Moreover, the convex hull of a

relatively compact set is also relatively compact. Consequently, convf (D) is relatively
compact, and hence f: X — Y is a continuous compact mapping.

Proposition 3.4.Let X be a Banach space, U € X be open bounded, and let f:U = X be a
continous @p-condensing mapping. Define the set of fixed points by

Fix(f)={x € U: f (x)=x}.
Then there exists a compact, convex set Sx © X such that:

Fix(f) C S,
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if xo € conv (S« U {f(x0)}), then xy € Sx;
Ss=convf(S: N U).
Movere S« is retraction of X.

Proof.
S={K:Fix(f) S K, Kclosed and convex, f (U N K) € K,and (b) holds forK}.

Note that convf(U) € S; hence S # . We set
Ss= n K.

KEeS

Evidently, S« satisfies (a), (b), and (c), and it is closed and convex. It remains to show that it
is compact.

Suppose, by contradiction, that S« is not compact. Then there exists a sequence C;={xp,}p>1 €
S« with no convergent subsequence. By (c), we have

Ss=convf (U N S»).
Hence, there exists a countable set E; € U N S« such that C; € convf (E;). Define
S,=convf (U U Cy).
Then S is separable, and so is U N S;. It follows that we can find countable sets D; € S; and
D; € U N S, such that D;=S; and D;=U N S;. Let
C,=Cy,U E; UD; UD;.
Then

C, € C,,convf(UNC,) S Cyconvf(UNC)NU S UNC,.

Using these relations and induction, we can construct a sequence {C, },>1 of subsets of S«
such that for all n > 1, the same properties hold.

Cp € Cpeq,convf(UNC,) S Cpaq,convf(UNC)NU S UN Cryq.
Set
c=U C,.

nx1

We show that
C=convf(U N C).
Indeed, E; € U N C and E; c C, this implies that
C, € convf(U N C,) © convf (U N C).
Thus
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¢, c convf (U N C,) c convf (U N C).
Therefore
¢, c convf(UNC)

and

convf(UNC,) cconvf(UNC,) cC; € UC,,.
n21
By induction for every n € N, we obtain

C, c convf(U N C)
And

convp(U N C,) C UlC_n.
nz

Then

C c convf(U N C)(3.1)

and

U convf(UNC,) < U C,.
nz1 nz1

Since (C,,)n>1 1S an increasing sequence of convex subsets, both U,,51Cp,, U,»1C,, are convex.
So,

conv( U convf(U N Cn)) c UC,c UZC,.
n=1 n=
From [cov-00], we get
C cconvf(UNC) cC.
It follows that
C=convf(U N C).
By propositions [3.1], [3.2], we have
x(C)=x(convf (U n C))

< y(convf (U n C))

< y(convf (conv(U n C)))

< @ (convf (conv(U n C)))

< @4(f (Conv(U N C)))
< ko, (conw(U N C)).
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Thus,
x(0)) < 2kx(U N CO)<x(U N C),

which is contradiction. This prove that S« is compact.

Corollary 3.1.Let f:U NS« — S+« be a continuous mapping, where S« is defined in
Proposition [3.4.]. If

0 & (I-f)(aU),
where I denotes the identity operator on X. Then
0¢ (I-for)(@(U Nnri())).

where 1 is retraction of the X into S«.

Proof. Assume, by contradiction, that
0€ (I-f e7)(A(U Nnr1())).
Then there exists x € (U N r1(U)) such that
x-f (r(x))=0,
that is,
x=f(r(x)) € Sx.
Since x € (U N r1(U)), we have either x € dU or x € dr (V).
Case 1:x € dU. Then, x € U N S«, thus r(x)=x and hence
x=f (%),
which implies 0 € (I-f)(dU), a contradiction.

Case 2:x € 0r}(U). Then x € r1(U){r1(U), which implies, that there exists sequence
(%) neny € r"1(U) such that

rlll_TLlo Xn,=xandr(x) € X\ U
By continuity of 7, we get r(x) € U N Sx, and r(x) € AU, then f(r(x)) € Ss. Hence
r)=r(f (r(x))=f({rx),

which implies that

0 € (I-f)(aV),

again a contradiction.

https://internationalpubls.com 472



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X

Vol 33 No. 1s (2026)

In both cases we arrive at a contradiction. Therefore,

0¢ (I-f o) (d(U N7 L))

By using Propositions [3.4] and [3.3], together with Corollary [3.1], we introduce the
definition of the topological degree via the degree of non-densifiability.

Definition 3.5. Let X be a Banach space, U € X be a bounded open set, and f:U — X be k-
@q-contraction with k € (0, %] Suppose that 0 & (I-f)(0U), and let S« € X be a compact

convex set as in Proposition [3.4], and r: X — S« a retraction onto Sx.
If U N S«=0Q, we define the degree
dpr(I-f,U, 0)=0.
If U N S« # @, we define
dpr(I-f,U,0)=ds(I-f o, U nr"1(U),0).
where d; s is Leary-Schauder degree.
Remark 3.4. From Corollary [3.1], it is clear that if
0 & (I-f)(aU),
then
0¢ (I-f or)(@(U nTI(V))).
Therefore, the Leray—Schauder degree given in Definition [3.5] is well defined.

Using the homotopy invariance property of the Leray—Schauder degree, it follows that
Definition [3.5] does not depend on the choice of the retraction.

Lemma 3.2.Definition [3.5] is independent of the choice of the retraction.

Proof-Letr{,r5: X — S« be two retractions of X onto S«. Define the homotopy H: [0,1] X X —

H(t, x)=f(h:(x)), (t,x) € [0,1] X X,
where
H, (x)=tr{(x)+(1-t)r(x), (t,x) € [0,1] X X.
For every t € [0,1], the mapping h; is a retraction of X onto S«. Moreover, we have
x # f(h(x)), (t,x) € 0(U nr{I(U) nr31(U)).
Hence, by Definition [3.5], the topological degree is well defined and satisfies
dpr(I-f,U,0)=d,s(I-f © hy, U n {1 (U) N 15" (U),0).

By the homotopy invariance property of the Leray—Schauder degree, we obtain
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ds(I-f o hy, U N 1{1(U) N 151 (U),0)=d s(I-f o hy, U N 11 (U) N 151 (U),0).

We easily verify that

0¢Unr W)\ (UNnIU) Ny (W));
and

0¢UNnrs Y W)\ (UNIU) Ny (W));
Therefore, by the excision property of the Leray—Schauder degree, we have
dpsU-f o1y, U N1t (U),0)=dys(I-f o1y, U N7 (U) N 157 (U),0),(3.2)
and

dis(U-f o 1, U 0131 (U),0)=ds(I-f o 15, U 0 r{*(U) N 131 (U),0).
Combining these equalities with (3.2), we conclude that
dpsU-f o1y, U N ' (U),0)=dys(I-f o1, U N 13" (V),0).

The topological degree vis a degree of nondensifiability in normed space conserves the basic
features of the degree Leray-Schauder.
Theorem 3.5.Let X be a Banach space, U C X be an open bounded subset and f:U — X be a

continuous S - g-contractions map, 0<§<1 A0 & (I-f)(0U), then there exists an integer
dpr(I-f, U, 0) satisfying the following properties:
(Solvability) dpr(f,U,0) # 0 then x-f (x)=0 has a solution in U;
(Homotopy invariance) IfH:[01] x U = X is continuous, 0 & Utefo,1(I-H(¢, 0U))
and

k _
@q(H(t,B)) < E(pd(B)for allB € Py, (U),

then dpr(I-H(t,"), U, 0) does not depend on t € [0,1];
dpr(I-f+y0, U, y0)=dpr(I-f, U, 0)for all y, € X.
Let g € C(U,X) be a compact application. Iff|au=g‘au, then

dDT(I'f' U' O):dSL(I'g' U, 0)

We present several fixed point results based on this notion of topological degree. In
particular, we establish an extension of Darbo’s fixed point theorem.
Theorem3.6.Let U € X be a bounded, open set, and let f:U — X be a continuous S-(pd—

contraction mapping such that

£(3U) < U.
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Then f has at least one fixed point in U.

If f has a fixed point on 0U, there is nothing to prove. Thus, we assume that
0 & (I-f)(aU),
Proof. Fix an element x, € U and define the homotopy H:[0,1] X U — X by
H(t, x)=tf (x)+(1-t)xq, (t,u) € [0,1] X U.
We claim that
H(t, x) # ufor allt € [0,1]and allu € dU.
Indeed, suppose that there exist t € [0,1] and x € dU such that H(t, x)=x. Then
tf (x)=txg+(x-xp).

Since x # xy, we must have t # 0, and hence

1
f(x)=x0+? (x-xo).
Because t € (0,1], it follows that %>1, and thus f(x) € U, which contradicts the assumption
f(@U) c U. Thus,
I-H .
0¢ teH,l]( (t,00))

For every B € P.,,(U),
Pa(H(t, B))=@q(tf(B)+(1-t){xo})
k
= @a(tf (B)) = tea(f(B)) < 5 ¥a(B).

Hence
k _
pq4(H(t,B)) < §<p(B)for allB € P.,(U).

Therefore, {H(t,")}tefo,1] is @ homotopy of S-(pd- contraction mappings, the homotopy

invariance property of the topological degree defined in Definition [3.5] (see Theorem [3.53])
yields

dDT(I-f, U, O)ZdDT(I-xo, U, O)ZdLs(I-xo, Un T-l(U),O):]..

where r is a retraction of X onto the compact convex set Sx given in Proposition [3.4].
Therefore, there exists £ € U such that

2=f(2),

which completes the proof.
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Now, for the second result, we establish a version of Schaefer’s fixed point theorem.

Theorem 3.7. Let f: X — X be a continuous S-(pd—contraction mapping and define
M¢:={u € X:31 € (0,1)such thatx=Af (x)}.

Then the following alternative holds:

1. Mgis unbounded, or

2. fhas at least one fixed point in X.
Proof. Assume that My is bounded. Then there exists p>0 such that

My c B,:={x € X: 1l x Il <p}.
For each t € (0,1), consider the following continuous mapping
x> tf(x),x € Ep.
By definition of My, the equation
x=tf(x)
has no solution on dB, for any t € (0,1). Hence,
0 ¢ (I-tf)(dB,)=H(t,0B,),Vt € (0,1).

Thus, the application H: [0,1] X X — X given by

H(t,x)=x-tf (x), (t,x) € [0,1] X B,

defines a homotopy and each t € [0,1] we map tf is a S—(pd -contraction. Then, for the
Definition [3.5], we have for all t € [0,1]
dpr(I-tf, By, 0)=ds(I-tf, B, N ‘r‘l(Bp),O).
By the homotopy invariance property of the Leray—Schauder degree (see ), we obtain
dpr(I-f, By, 0)=ds(I-f, B, N r'l(Bp),O)=dL5(I, B, N r'l(Bp),O)=1.
Consequently, the operator f has at least one fixed point in B,,.

As a consequence of the homotopy invariance property of the topological degree, we state
and prove the following Leray-Schauder type alternative.

Theorem 3.8.Let X be a Banach space, U C E an open bounded subset, such that 0 € U.
Assume that

fiU-X
. . k . . . .
is a continuous and > ~Pa-contractive mapping. Then one of the following alternatives holds:

Ahas a fixed point in U;
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there exist x € U and A € (0,1) such that

x=Af (x).

Proof. Assume that alternative (ii) does not hold and that f has no fixed points on dU
(otherwise, there is nothing to prove).

Then, for every x € dU and every A € [0,1], we have
x # Af (x)+(1-1)0.
Consider the homotopy H: [0,1] X U — X defined by

H(t,x)=tf(x),(t,x) €[0,1] x U.
Clearly, H is continuous and

0¢ U (UI-H t, al)).
tel ,1]( ( ))
Moreover,

k _
@y (H(t,B)) < E(pd(B),for allB € Py ,,(U).

Therefore, by Theorem [3.5] and the Leray—Schauder degree, we obtain

depp(I-f, U, 0)=dcpp(1, U, 0)=d,s(I,U N r™*(U),0)=1.
Consequently, by Theorem [3.5], there exists x € U such that x=f (x).
Fredholm operators and coincidence degree

Let X and Y be Banach spaces. We first recall some basic notions from the theory of linear
Fredholm operators (see, for instance,[7] ).

Definition 3.6. A bounded linear operator L:dom(L) € X —= Y is said to be a Fredholm
operator of index zero if the following conditions are satisfied:

1. the range Im(L) is a closed subspace of Y ;
2. the kernel Ker (L) and the cokernel Coker(L) are finite-dimensional;
3. dimKer(L)=dimCoker(L).

For every linear Fredholm operator L, there exist two projections P;: X — X and Q;:Y =Y
such that

Ker(L)=Im(P;)andlm(L)=Ker(Q;).

Remark 3.5.The projections P, and Q) are not unique and depend on the choice of
complementary subspaces.

If we define the operator
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Lp,:dom(L) N Ker(P,) - Im(L)
as the restriction of L to dom(L) N Ker(P,), then Lp, is a linear isomorphism. Consequently,
we can define the operator

Kp, :Im(L) - dom(L)
by
Kp,=Lp,.
Let Coker(L)=Y/Im(L), and let
;Y — Coker(L)
be the canonical projection defined by
m, (y)=y+Im(L).
Moreover, let
Ji: Coker(L) = Ker(L)
be a linear continuous isomorphism.
Then the equation
Lx=y,y €Y,
is equivalent to the equation
x=Ppx+(J m+KL)y,
where the operator K;: Y — X is defined by
KL:KPL (I-QL)-
Lemma 3.3. Let N:U c X — Y be an operator. The problem
x € D(L) N U, Lx=Nx,
is equivalent to the fixed point problem
x=P,x+]J;*QNx+K,Nx,x € U.

Theorem3.9[Equivalence between coincidence and fixed points]. [27] Let X and Z be two
vector spaces over the same scalar field, and let

L:domLc X ->Y
be a linear operator. Let U C X and let
N:U->Y

be a mapping. Assume further that there exists a linear injective (one-to-one) mapping
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Ji:cokerL — kerL.
Then a point xy € domL N U is a solution of the coincidence equation

Lx=Nx
if and only if x is a fixed point of the following mapping
M;,:U->X
defined by
M;, (x)=Pyx-J N (x)+K N (x),

for every pair (P, Q) of exact projections associated with L. In other words, we have the

identity
(L-N)(0)=(I-M;, ) (0).

Let X and Y be Banach spaces, and U € X be a bounded open set, L:dom(L) c X > Y a
linear Fredholm operator of index zero, and let N: U — Y be a continuous operator.

Definition 3.7.4 mapping N is said to be an (L,N)—k-@,-contraction if the following
conditions hold:

1. The mapping
], N:U = cokerL
is continuous and 1w, N(U) is bounded.
2. The mapping
K,N:U > X
is a E-(pd- contraction, k € (0,2).
By adapting the method developed in [27, Lemma X.1.1], we can prove the following lemma.
Lemma 3.4. Definition[3.7] is independent of the choice of the projectors P, and Q.
Definition 3.8. Two continuous suitable mappings
Y Y' cokerl — kerL
are said to be suitably homotopic if there exists a continuous mapping
H:cokerL x [0,1] — kerL
such that, for every tA € [0,1], the mapping
H(:,A):cokerL — kerL

is suitable, and
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W=H(-,0),¥'=H(,1).

Corollary 3.2. Let X be a Banach space, let N: X — X be a continuous operator that maps
bounded sets into bounded sets, and let A € L(X).

Assume that there exists a constant k>0 such that
@a(N(B)) < kog(B),for allB € Py .,,(X).
Then, for every B € Py ,(X), we have
Pa((A°N)(B)) Il A ll kpa(B),
and
Pa((N o A)(B)) <l Al koa(B).
Proof. By Lemma [3.1], we have
a((Ae N)(B)) <l A ll koa(N(B)),forallB € Ppy(X).
Hence, for every, B € P, (X),we obtain
Pa((N o A)(B)) <Il A ll kpa(B).
SinceNisk-@,-contractive,
@qa((N o A)(B)) < kopys(A(B)),for allB € P, (X).
Then
®a((N ° A)(B)) <l A Il kpy(B),for allB € Py (X).

Proposition 3.10.4ssume that hypotheses (A,)--(A3) are satisfied, and let My, : U - X be the

mapping defined as Theorem [3.9], associated with a continuous linear isomorphism
J:cokerL = kerlL.

Then, My, is a continuous and k—q-contractive mapping.

Proof. Clear that P, Q;, Kp, J;, and m are linear continuous operators. Next, observe that P;
is a continuous linear operator with finite-dimensional range. Consequently, P, is compact
and hence is a 0—¢@4-contractive mapping. Furthermore, since J;r; N(U) is a bounded subset

of a finite-dimensional subspace, it is relatively compact for any subset B € P,(U). We now
show that the operator

(Jom,+Kp(I-QL))N

isa %—(pd-contraction. LetB € Pb,cv(ﬁ). Then,
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®a((J, e m+Kp(I-Q))N(B)) < 2x(J, o mN(B))+2x(Kp(I-Q,)N(B))
< 2¢4(J, o TN (B))+2¢4(Kp(I-Q,)N(B)),
by the subadditivity of ¢ . Since J; o mN(B) is relatively compact, we have

®a(L, > wN(B))=0,

and therefore

k —
(UL > m+Kp, (I-Q))N(B)) < 5 pa(B),for allB € Ppc, (V).

Therefore, M, is a k—¢-contractive mapping from U into X.

Now, give the definition of the coincidence degree based on degree of non-densifiability and
Leary-Schauder degree;

Definition 3.9.Let N: X = Y be a continuous operator, (L, N)—k-@4-contraction, U C X is
bounded open convex subset and the following condition holds

1. Lx # N(x)forall x € 0U Nn dom(L).
Then we define the coincidence degree, of the couple (L, N)in U to be the integer
depp((L, N), U):dDT(I'M]' U,0),
where
M =P,-(Jym,+K ) Nx.

Now, we present the fundamental properties of the coincidence degree.
Theorem 3.11 [Existence and Excision]

1. Existence. If
depp((L,N),U) # 0,
then
0 € (L-N)(dom(L) n U),

that is, the equation Lx=N (x) admits at least one solution in dom(L) N U.

2. Excision. Let Uy C U be an open subset such that
(L-N)1(0) c U;.
Then
dcpp((L, N), U)=dcpp((L, N),Uy).

3. (Homotopy invariance property). Let U C X be an open bounded convex set and let

N:Ux[0,1] = Z, (x,2) = Ny (x),
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be a homotopy such that Ny is (L, N)-k-@q4 —contraction on U X [0,1]. Assume
moreover that, for every A € [0,1], the following condition holds:
0 ¢ (L-K;)(domL n aU).
Then the coincidence degree
depp((L, M), U)

is independent of A € [0,1]. In particular, one has
depp((L, B1), U)=dcpp ((L, Ho), U).

Prrof.
(HIf
dpr(I-M;,,U,0)=d¢pp((L, N),U) # 0,
thus
dpr(I-M;,,U,0) = 0,
then by Theorem [3.5], there exists x € U such that
(I-M;, )x=0.
In fact, we have x € domL N U. Moreover, by Theorem [3.9], it follows that
Lx=Nx,
that is,
0 € (L-N)(domL n U).
(2)Assume that Uy N 7" 1(Uy) € U N r1(V) is an open set such that
(L-N)1(0) € Uy N 171 (Uy),
where 7 is a retraction given in Definition [3.5]. Then, by Theorem [3.9], we also have
(I-M;,)™(0) < U,.
Therefore, by the excision property of the Leray—Schauder degree,
dys(I-M;,, U N2 (U),0)=d,s(I-M;,, Uy N 71(Uy),0).
Hence,
dpr(I-M;,, U n 77 1(U),0)=dpr(I-M;,, Uy N 771 (Up),0).
Consequently, by the definition of the coincidence degree, we obtain

dCDD((L' N), U)=dCDD((Lr N), Uo)-
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(3)Let J;: cokerL — kerL be an orientation-preserving continuous isomorphism. Define the
following mapping

M;,:[01]xU - X
by
M, (A.x)=Ppx+(Jm+K, (I-Q))N (4, x), (A.x) € [0,1] x U.

Then,by Proposition [3.10], the mapping M]L satisfies the hypotheses of Theorem [3.5].
Hence, by the definition of the coincidence degree, we obtain

dCDD((LJ N(O)))' U)deDD((LJ N(l,)), U)

Now, for any A € [0,1], set f=tA and apply the preceding argument to the family of operators
Rp()=R (B, t),t € [0,1]. It follows that

depp((L R (4,)), U)=dcpp((L, N (1,)), U)=dcpp((L, N (0,)),U), VA € [0,1].
Therefore, the coincidence degree
dCDD((LJ N(A,)), U)
is independent of A € [0,1].square

By using the homotopy invariance property of the coincidence degree, we now state a version
of Mawhin’s theorem, which provides a powerful tool for studying the existence of solutions
to the coincidence equation. First, we present the following auxiliary lemma that will be used
in the proof of the continuation theorem.

Lemma3.5.[35]Let N: X — Y be a mapping. The problem
Lx=Nx,x € dom(L) n U,
is equivalent to the fixed point problem
x=P,x+]'QNx+Kp o, Nxx € U,
where ]: 3(Qr) — KerlL ia isomorphism.
We give the second definition of (L, N)-k-¢ 4 -contraction by some why of Definition [3.7].

Definition 3.10.Let U be an open convex and bounded subset of X such that dom(L) N U #
@. The mapping N: X = Y is said to be (L, N)-k-@4-contraction. if QN (U) is bounded and

KPLQLN: U->X
is (L, N)-k-@ 4-contraction, where k satisfies the same condition as in Definition [3.7].

Remark 3.6.Using Definition [3.10], the notion of coincidence degree introduced in
Definition [3.9] can also be formulated by replacing the operator M; defined there with the

operator
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M]-1=PL+]-1QN+KPLQLN.

Theorem 3.12. Let U € X be a bounded open convex set. Assume that L:domL c X - Y isa
Fredholm operator of index zero and that N is (L, N)-%-(pd—contraction. Suppose that the
following conditions hold:

1. Lx # ANxfor every x € U N (domLL) and every A € (0,1);
2. Nx & ImLfor every x € kerL N dU;
degz(JQLN|,,,, U NkerL,0) #0,

where Q1Y = Y is a continuous projection satisfying ImL=kerQ, and deg is the Brouwer
degree.

Then the equation

Lx=Nx.

has at least one solution in domL N U.

Proof. For A € [0,1], consider the family of problems
Lx=ANx+(1-A)Nx,x € dom(L) n U.
Consider the homotopy H: [0,1] X U - Y given by
H(t,x) = Pt/ QuNC)+(KL[t(-Q)ND ().
By Lemma [3.5], the problem [3.4] is equivalent to the following fixed point problem:
x=Ppx+t] 1 Q Nx+(1-t)] ' Q Nx+tKp, o, Qi Nx+(1-t)Kp, o, QLNx
= H(t,x),x €U.
If there exists x € dU such that Lx=Nx, then we are done. Now suppose that
Lx # Nx for allx € dom(L) n dU,

and, on the other hand,

Lx # tNx+(1-t)QNx for all(t,x) € (0,1) X (dom(L) n aU).
If
Lx=tNx+(1-t)Q,Nx for some (t,x) € (0,1) X (dom(L) n dU),
then, applying Q; to both sides of the above equality, we obtain
Q. Nx=0, Lx=tNx.
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The first of these equalities and condition (i) imply that
x & kerL N oU,
that 1s,
x € dU n (dom(L)L),

and therefore the second equality contradicts condition (i). Using once again (ii), it follows
that

Lx # QNxfor allx € dom(L) n dU.
In view of [1.4], [1.5], and [1.6], we deduce that
x # H(t, x)for all(t,x) € [0,1] X 9U.
Thus, for every B € P.,(U)
p(H(t,B)) < @a(PL(B))T0a( QLN (B))+¢a(tKp, o N(B)).

We can easily show that P; (B),/1Q; N (B) are compacts, hence

o(H(t,B)) < ¢q(tKe,oN(B))
k
< Eﬁ”d(B)

Then, N is (L, N)-k-¢ —contraction. By the homotopy properties of the topological degree
introduced in Theorem [3.11], we obtain

dpr(I-H(1,"),U,0)=dpr(I-H(0,-), U, 0).
Therefore,
dys(I-H(1,"),U,0)=d;s(I-H(0,"),U,0).
Then,
dis(I-H(1,),U,0)=d,s(I-P,-] ' Q_N, U, 0).

Communications on Applied Nonlinear Analysis

But the range of P,+/1Q, N is contained in ker(L). Hence, by using the reduction property
of the Leray—Schauder degree and the fact that Py |, . w

ker(L)=Im(P,)=ker(I-P;), we obtain
dLs(I-PL-]-lQLN, U, O):degB(I-PL-]-lQLN, Un ker(L),O)

=I|ker(L)and since

Then,
dpr(I-P.-J*Q,N,U,0)=ds(I-P,-J"*Q,N, U, 0)=deg(J7* Q,N, U n ker(L),0).
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Thus,
dpr(I-P,-J1Q,N,U,0)=deg(J"*Q,N, U n ker(L),0).
In view of [1.7] and [1.10], it follows that
depp((L,N),U) # 0.
Therefore, by the existence property of coincidence degree, there exists x € U such that
x=H(1, x),
that is, x € dom(L) N U and Lx=Nx.

By the homotopy properties of the coincidence degree and the properties of the Leray—
Schauder degree, we obtain the following continuation theorem.

Theoremd4.5 . Let U C Y be an open bounded set. Assume that L is a Fredholm operator of
index zero and that N is (L, N)-k-contraction on U in sense of Definition 3.3 .

Suppose that the following conditions hold.:
1. Lx # uNxfor every x € U N domL and every u € (0,1);
2. Q;Nx # Ofor every x € dU N kerL,
3. degg(J'Q,N,U nkerL,0) # 0.
Then the coincidence equation
Lx=Nx

has at least one solution in U 0 domlL.

Consider the operator @4 defined by
H(t,x):=Px+]QNx+tKP(I-Q)Nx,9 € [0,1],
and observe that H(1,-)=H, while H(0,-) has finite-dimensional range in kerL.

The assumptions of the lemma imply that u # H(t,x) for all x € dU and all t € [0,1]. By the
homotopy invariance and the reduction property of the Leray—Schauder degree, we obtain

dpr((L,N),U)=deg,s(I-H(1.-),U,0) = deg,s(I-H(0,"),U,0)=
Hence, the Theorem is proved.
Periodic Boundary Value Problem in a Hilbert Space

In this section, we apply the theoretical framework developed in the previous sections to
establish the existence of solutions for second order differential equations in Hilbert spaces
subject to periodic boundary value conditions. These applications demonstrate the practical
utility of our topological and coincidence degree theories.
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We conclude this paper by presenting some applications of the previous results to the
solvability of certain boundary value problems for nonlinear second-order differential
equations in Hilbert spaces.

{-x”(t)=f(t,x(t)), t €[0,1],

x(0)-x(1)=0, x'(0)-x'(1)=0, (4,10

where x’zg and f:[0,1] X H - H, with H being a real Hilbert space endowed with the

inner product (-,-) and the associated norm [|-]l.
One may also consider the Neumann boundary conditions
x'(0)=0=x'(1),

which, like the periodic conditions, lead to a non-invertible linear part in the abstract
formulation of problem (4.10). Let A=L?([0,1], H)=X=Y be the Hilbert space endowed with
the inner product

1
(u, v)= fo (u(s), v(s))ds,

and the corresponding norm ||-|l. We define the operator N on A by
(Nx)(s)=f (s, x(s))fora.e.s € [0,1],
for every x € H. We define
domL={x € A:x € AC([0,1],H),x',x" € A,andx(0)-x(1)=x'(0)-x'(1)=0},
where
AC(]0,1], H)is a space of absolutely continuous on[0,1].
Then domlL is a dense subspace of A. Define the linear operator L: domL < A — A by
Lx=-x".

Then L is a closed operator and

kerL={x € domL: xis constant on[0,1]}.

Moreover,

1
ImL= {x € H:f x (S)dSZO} =(kerL)*.
0

Furthermore, kerL=ImP;, where P: A — H is the orthogonal projection onto kerL, defined
by

1
PLx=f x (s)ds=Qx
0
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and the inverts K; :ImL — domlL given by

1

KPLxZ.f G (s, t)x(s)ds,
0

where the Green function associated with the linear part of the problem (4.10) is

)T 2
G($ D=9 (1-6)(2¢-5)

t<s<1
> <t<s<

Then

KPL(I—Q)NfoO G (s,t) [f(s,x(s))—fo f(t,x(t))dtl ds.

Since X=A=Y=H , the operator J, can be chosen as the identity operator I .
We assume the following hypotheses:

. . k .
(H;)The operator N: A — B is continuous and - ~Pa-contractive.

(H,)There exists a constant >0 such that
| Nx II< r,for allx € A.

(H3)The operator N is monotone, that is,

fo (F (5 x(S))F (5, (), 2(5)y())ds = 0,

forall x,y € H.

(H,)There exists a constant R>0 such that, for almost every t € [0,1] and for all x €
H with || x [I= R, the inequality

0z (L)
4.11)

holds.

Lemma 4.1. Assume that conditions (Hy)—(H,) are satisfied. Then there exists a constant
M>0 such that every solution x € B of the family of problems

Lx=ANx+(1-1)P Nx,x € domlL,
(4.12)

is bounded by M, that is,
Il x llg <M.
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Proof. As in , all solutions of [36, Theorem 6.1] are a priori bounded. More precisely, there
exists a constant M>0 such that

Il xllg <M
for every solution x of (4.12).

We now apply Theorem 3.13 to establish the solvability of Problem (4.10).
Theorem 4.1. Assume that conditions (F,)—(H,) are satisfied. Moreover, assume that the
following condition

(H5)The Leary-Schauder degree
dis(-PL-Q.N,U,0) # 0,
where
U={x € A:1l x g <M}.

Then problem (4.10) admits at least one solution.

Proof. We considerar the following homotopy
H(A, x)=P,x+Q Nx+AKp, (I-Q.)Nx, (4,x) € [0,1] X A.
By standard arguments, the equation (4.12) is equivalent to the fixed point equation

x=P x+AQ Nx+(1-2)Q Nx+AKp, o, QL Nx+(1-1)Kp, o, QLNx
=:H(4, x).

Set
U={x € A: |l x llg <M},
is open convex bounded subset of A and dU={x € A: || x llg =M}.

We first show that H(A,x) # x for all x € dU and A € (0,1]. Indeed, let x € dU and A €
(0,1) such that Lx=ANx. Since Im(P,)=kerL,ImL=kerP;, then

APNx=0, ANx=P; Nx+A(I-P;)Nx,
hence
Lx=ANx+(1-A)P,Nx,
this implies
M= |l x llg <M,
which contradiction.
If x € U N kerL and Q; Nx=0, then
L(x)=0, N(x) € kerQy
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and
N(x) € ker(I-Q;)=ImQ;.

Thus,

L(x)=N(x)=0, L(x)=ANx+(1-A)P, N (x)
which also contradiction.
We now show that the operator

H(:, x)=Px+Q Nx+AKp (I-P)Nx
is a k—@4-contraction. Let B € Py ., (U). By Lemma 4.3, we obtain
®a(H(A, B)) < 9q(PL(B))+pa(PL o N(B))+9q(Kp(I-Q,)N(B)),
by the subadditivity of ¢,. Since P, (B) and P, (N(B)) are relatively compact, we have
®a(PL(B))=¢p4(P,(N(B)))=0.

Moreover, since || I-P;, |l =1, a straightforward computation shows that

I Kpx lp<Il x llp.

Hence, by hypothesis (H;), we deduce that
k —
pqa(H(A,N(B))) < > ®4(B),for allB € Py, .,(U).

Therefore, it follows that H(:,-) isa S—(p—contractive mapping from U into A.
Hence, by the homotopy invariance property of the degree,
d,s(I-H(-,1),U,0)=d,;s(I-H(:,0), U, 0).
But
H(-,0)=P,+Q,N.
Since the range of this mapping is contained in the finite-dimensional space kerL, we obtain
dis(I-H(-,0), U, 0)=deg(I-(P+Q,N)|,,,,, U N kerL,0).
Hence
degp(I-(P,+QLN)|,,,,, U N kerL,0)=degs(-Q.N|,, ,, U N kerL,0).
By hypothesis (Hs), we deduce that
degp(-Q.N|,,,,, U N kerL,0) # 0.

It follows that Theorem 4.5 applies.
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Conclusions

In the present paper, we have introduced a topological degree and a version of Mawhin’s
coincidence degree based on the so-called contraction DND mappings. This approach
provides a novel framework for establishing fixed point theorems that extends beyond the
classical methods based on measures of noncompactness.

Several fixed point results, derived from existing topological degree theories, have been
established. Many results based on the concept of DND mappings are of the Schauder and
Darbo type in Banach spaces (see ). Our work complements and extends these contributions
by providing a unified framework that combines the degree of nondensifiability with classical
topological degree theory.

In this work, we have proved a nonlinear alternative of Leray—Schauder type, as well as
Schaefer’s fixed point theorem and a continuation theorem. These results demonstrate that
the degree of nondensifiability provides a flexible and powerful tool for analyzing nonlinear
operators in Banach spaces.

The application to periodic boundary value problems for second order differential equations
in Hilbert spaces illustrates the practical utility of our theoretical framework. The coincidence
degree method, combined with the degree of nondensifiability, offers new approaches to
establishing existence results for differential equations that may not be amenable to classical
techniques.

The theoretical framework developed in this paper opens several avenues for future research.
The extension of these results to fractional differential equations, partial differential equations,
and other classes of nonlinear problems represents a promising direction for further
investigation. Additionally, the development of computational methods based on the degree
of nondensifiability could provide practical tools for numerical analysis of nonlinear
problems.

Our results extend and unify several classical and recent contributions available in the
literature, providing a coherent framework that bridges the gap between measure of
noncompactness techniques and topological degree theory. This synthesis offers new
perspectives on fixed point theory and its applications to nonlinear analysis.
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