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Introduction:

A variety of methods, exact, approximate and purely numerical are available for the solution
of differential equations. Most of these methods are computationally intensive because they are
trial-and error in nature, or need complicated symbolic computations. The Reduced differential
transformation technique is one of the numerical methods for differential equations. The
concept of differential transformation was first proposed by Zhou [19] in 1986 [2-5] , Cabada
and Demir, 1996, 1999; [3-4], [9-11] it was applied to solve linear and non-linear initial value
problems in Electric circuit analysis. This method constructs a semi -analytical numerical
technique that uses Taylor series for the solution of differential equations in the form of a
polynomial. It is different from the high order Taylor series method which requires symbolic
computation of the necessary derivatives of the data functions. The Taylor series method is
computationally time-consuming especially for high order equations. The differential
transform is an iterative procedure for obtaining analytic Taylor series solutions of differential
equations.

Reduced Differential Transform Method is an alternative approach to overcome the demerit of
complex calculation of Differential Transform Method, capable of reducing the size of the
calculation. As a special advantage of Reduced Differential Transform Method rather than
Differential Transform Method, the reduced differential transform recursive equations produce
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exactly all the Poisson series coefficients of solutions, whereas the differential transform
recursive equations produce exactly all the Taylor series coefficients of solutions. We notice
that the Reduced Differential Transform Method technique[7,8,11,12] is highly accurate,
rapidly converge and is very easily implementable mathematical tool for the multidimensional
physical problems emerging in various domains of engineering and allied sciences. Fractional
order Airy’s ordinary differential equations and time fractional order Airy’s and Airy’s type
partial differential equations by applying the RDTM in the existing literature.[1,2,7,14]

Analysis of the method|[1,2,3]: Consider a function of two variables f'(s,#) and suppose that

it can be represented as product of two single variables, i.e. f(s,f) = f,(¢) f,(¢) on the basis of

properties of differential transform the function f(s,7) can be represented as
[(s,0=) F@)s' Y B =Y U 01"
i=0 j=0 k=0

The basic definitions of Reduced Differential Transform Method are introduced as follows.

Definition[1] : (Convergence of Power series): A series solution is said to converge at a point

x if its nth partial sum Y.7_, axx®converge that is to say that the limits L = lim a;x" exists
n-—-oo

The

sum of the series is the limit and x is called point of convergence.

Reduced Differential Transform Method (RDTM)[13,14,16]

Definition[17]: If the function u(x, t) is analytic and differential continuously with respect to
time t and space x in the domain of interest then let,

Rfuts0]=U, 9= s | 20|

(1
Where the t — dimensional spectrum function. U, (x) is the transformed function. U(x,?)

represent transformed function.

Definition: The differential inverse transform of U, (x) is defined as ,

R U, () =u(xn) = YU, (x) 1 @)

Then combining equations (1) and (2) we write

u(xt) = 1 0 u(x,t) jak
" D(ak+) | ot ]
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3)

From the above definition, it can be found that the concept of Reduced Differential Transform
Method is derived from the power series expansion. The fundamental operation performed by
Reduced Differential Transform Method can be readily obtained and are listed [17,19] in tablel

Functional form of function

Transformed form of function

u(x,t)

o u(x, t)}

1
Uk(X):E|: alk

w(x,t) =u(x,t) £ v(x,t)

W, (x)=U () £V, (x)

w(x,t) = a u(x,t)

W, (x)=aU,(x),a is constant

w(x,t)=x"t"

W, (x)=x"6(k—n),6(k)=1,k=0
=0,k=0

w(x,t) =u(x,t) v(x,t)

W)=Y U0V, x)

0'u(x,t)
w(x,t) = ———"—
ot W.(x)=(k+1).(k+r)U, . (x)
w(x.t) = Guéx,t) W, (x) = oU,(x)
e = T4 W= T
s = si b s k
f(s,t)=sin(as+bt) F}c(x):%sin(k%ﬁwzsj

f(s,t)=cos(as+bt),

F.(x)= C;{' cos(kTﬂ+asj

f(S, t) — eax+bt

bk ax
Fk(x)zﬁe

Table (1)

Time Fractional Airy’s Equations[10]: Consider one dimensional fractional Airy’s partial

differential equation in Caputo sense
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63
ﬁu(x t) = Bﬁu(x, t),xERt>0, 0<x<1
4)
whereff = +1 subjected to the conditions u(x,0) = @(x), xeR ®)
Applying RDTM on (4),(5) we get

R, [ﬁu(x t)] Ry [,8 ~u(x, t)]
(6)
and
Rp[u(x, 0)] = Rp[@(x)]
(7
By applying table (1) we get,

U, ()= p T(ka +1) ){a

U,(x),xeR, k=0,12..
I'k+1)(a+1

ox’
(3)
U,(x)=¢(x),xeR

€)
Putting (9) in(8) we get

For k=0,U,(x)=p F(al+ D {% ¢(x)}

For k=1U,(x)=f ﬁ{%m)}..

Putting these equations in (2), we get
Ux,t)=> U (x)t", 10
k=0

Theorem|[1] : The classical power series Y. p_o @xx* ,—00 < x < o has radius of convergence
1
R if and only if the fractional power seriesY r—o @ x®* ,x >0 has radius of convergence R«

Theorem:w(x,t) = v(x, t) Uk +(x) Then

wa) (0 = ka 692U,
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Examplel:[10]:Consider one dimensional time fractional Airy partial differential equation

for p =1

a 3
23:%%xeRJ>QOSa31
X

(10)
subjected to the condition
u(x,0)=cosmx +e"™
Applying RDTM on equations ( 10,11 ) we get

U, (x)=p M{ o’

I'ka+a+1)| ox®
Using RDTM on (11)

u(x,0) =u,(x)=cosmx+e™,xeR
(13)
Using equations ( 12) and (13 )we get U, (x)

—ﬂg(sinﬂx—e’”‘)
TGa+1)

—r° (cos;zx - e”")
TQa+1)

7’ (sinizx +e™ )
T(a+1)

U (x) = U, (x) = Us(x) =

Thus the fractional differential inverse transform of U, (x) gives
u(x,t) =Y U, (x)t*
k=0

7r3(sin72x+e’”‘) . 7r6(coszzx—e’“) s zrg(sinzzx+e’“) ;

u(x,t)= (cos;zx+e’”)+ m t— N - 3 r+..
For o = 1

2
u(t) = (cos7zx+ e’”)+ 7r3(sin7zx+ e’”‘)t% B 7[6(cos7zx —e"")t1 B 71'9(Si1’17DC+ e’“)t%

I! 2! 3!

which provides the convergence series

—U, (x)}x eR, k=012..

an

(12)

Example2 :[10] Consider one dimensional time fractional Airy partial differential equation

for f =1

a 3
23:%%xeRJZQOSa31
X

(14)
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subjected to the condition  u(x,0) =éx3

(15)
Applying RDTM on equations ( 14,15 ) we get

Tka+1) | &’
U =f———"——U , XeR, k=0,12...
()=F F(ka+a+l){8x3 k(x)} e
1
uo(x):gx3
(17)
Using equations (16 ) and (17)we get U, (x)
1
Ui(x)=
INa+1)
Ia+1) | o°
Fork=1, Uz(x)zr((T+l)){§U1(x)} Fork=2, U,(x)=0,... ,U,(x)=0

Thus the fractional differential inverse transform of U, (x) gives

ta

> 1 1
u(,)=> U, (x)t" ==x> +
; g 6~ T(a+l)

1 . . .
For ¢ =1, u(x,t)= gx3 +¢  which provides the convergence series

x t (x,t) 200
0 0 0 180
160 f
1 1 [ 11666 || & 140 /
3 120 4
2 2 | 3333 3 /
= 100 /
3 3 7.5 = 80
Q.
g 60
4 4 | 14.666 20
5 5 |25.833 20
0 —0—-o-=ﬁ""“'
6 6 ) 1/2/3|4|5|6|7|8|9/10]11
=—@=—Seriesl| 0 |1.2|3.3|7.5(/15|26|42 |64 |93 (131177
7 7 | 64.166
8 8 | 93.333
9 9 | 1305
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10 | 10 |176.66|

Example3 :Consider the time fractional Airys equation
0“u _ 0°u
IS T

X

B=-1 xeR,t > 0,0 <x< 1
subjected to condition u(x,0) =1 —e~

By applying table 1we get,

I' (kect1) [ 930k+D _
U1 (x) = T (kecroced) [6x3(k+1) Uk(x)] and u(x,0)=Uy(x)=1—¢e7%
Putk =0,1,2,3 ...
—e* —e* —e*
Vi) == U= Us(X) =, ..
I'(<+1) I'2x+1) I'3x+1)

Series form becomes

u(x, t) = Z U () tk" = Uy(x) + Uy (0)t™ + Uy ()2 + -
0

—e™* —e™

X

=1l—-e*— x

_ tz«—l—e_x(1+£+ﬁ+f+"') hich provides
(c+1) [ eery TRTRAEY w prov

the convergence series

x |t (x,t) x |t (x,t) , 12

[ =
010 0 6 | 60921993 || € ! _——

% 0.8 /
1| 10080301 7 | 7 | 0919440 | | 2 o6 —
2 [2[0526324 | 8 | 8 | 0.985912 | |§ ¢ /

G 0.2 /
313 (0576092 9 | 9 | 0.983201 0

1 2 3 4 5 6 7 8 9 | 10| 11

4 | 4 |0.835155| 10 | 10 | 0.998365 |— 0 |0.08(0.53|0.58|0.84|0.88/0.92(0.92(/0.99/0.98| 1
515 10875349

Conclusion: In this study we have discussed the reduced differential transform method to find
the solution of one dimensional time fractional Airy’s and Airy’s type partial differential
equation based on the basic Caputo’s definition of fractional derivatives. Theorem is
constructed, and its reliability is justified by constructing and presenting sufficient examples.
The results show that the RDTM technique is highly accurate, elegant and easy to implement.
The techniques used in this work can also be applied to solve linear and non-linear time
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fractional partial differential equation and multi-dimensional physical problems emerging in
various fields of engineering and applied sciences
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