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Abstract:  

The Zika virus (ZIKV) poses significant public health challenges due to its rapid 

transmission and severe effects on pregnant women and new-borns. In this paper, 

we develop a compartment mathematical model to study the transmission 

dynamics of the Zika virus between human and mosquito populations. The human 

population is divided into susceptible, exposed, infected, pregnant, infected infant, 

and recovered classes, while the mosquito population includes susceptible, 

exposed, and infected compartments. The basic reproduction number 𝑅0 is 

derived using the next generation matrix method to determine the threshold 

condition for disease persistence.                             By examining the existence 

and uniqueness, local and global stability analyses of both the disease free and 

endemic equilibrium are performed using linearization and Lyapunov function 

techniques. We incorporated optimal control to identify effective prevention, 

treatment, and vector management strategies in the model. To obtain approximate 

analytical solutions, we employ the q − homotopy analysis transform method (q − 

HATM), which provides a rapidly convergent series solution without restrictive 

assumptions. The results demonstrate that reducing the contact rate and enhancing 

recovery significantly decrease 𝑅0 and prevent disease outbreak. 

Keywords and Phrases :  Stability Analysis,  Zika virus model,  Epidemic Model,  
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1. Introduction 

      In recent years, the re-emergence of vector-bone disease has become a global public health concern 

due to rapid urbanization, climate change, and increased human mobility. Among these diseases, the 
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Zika virus (ZIKV) has drawn significant attention owing to its rapid spread and severe neurological 

complication in new-borns. The Zika virus, a member of the Flaviviridae family, is primarily 

transmitted by the Aedes aegypti and Aedes albopictus mosquitoes, although alternative transmission 

routes such as sexual transmission have also been reported [32, 34]. First identified in Uganda in 1947, 

the virus remained largely neglected until major outbreaks occurred in the Pacific Islands, South 

America, and other tropical regions during 2015-2016 [32]. The infection is often asymptomatic or 

causes mild symptoms such as fever, rash, and joint pain, however, its association with microcephaly 

in infants and Guillain-Barre syndrome in adults has made it a disease of international concern. 

Understanding the transmission dynamics of Zika virus is therefore essential for predicting outbreaks 

and designing effective control strategies [32, 34]. 

      Mathematical modelling plays a vital role in describing the dynamics of infectious diseases. It 

provides a framework to evaluate the effects of various biological and environmental factors on disease 

spread and persistence. Compartmental models, such as the classic SIR (Susceptible- Infected-

Recovered) type, have been successfully used to analyse a wide range of diseases, including dengue, 

malaria, Ebola and Zika [7, 9, 24]. By extending these models with additional compartments or 

parameters, researchers can capture the specific biological processes relevant to each disease. Recent 

modelling efforts continue refining and expanding our understanding of Zika virus(ZIKV) dynamics-

through more realistic assumptions, advanced mathematical techniques, and broader transmission 

pathways. Below are several representative studies [9, 33]. 

     A notable contribution in this direction is the study “ Numerical study for Zika virus transmission 

with Beddington-DeAngelis incidence rate” published in the Far East Journal of Mathematical Science 

(2019). In this work, the authors introduced a nonlinear Beddington-DeAngelis incidence function to 

model saturation effects in mosquito-human interactions. Their numerical analysis demonstrated that 

nonlinear incidence rate can significantly alter disease dynamics and prevent unrealistic exponential 

growth in transmission at high population densities [4]. 

      More recently, numerical approaches have been widely employed to study Zika virus models 

where analytical solutions are difficult to obtain. The paper   “Numerical Simulations and Solutions of 

a Mathematical Model for Zika Virus Disease” published in Applications of Modelling  and Simulation 

(2025) focused on numerical approximation techniques to explore the behaviour of a Zika virus model 

involving human and mosquito populations. Their simulations highlighted the importance of mosquito 

lifespan, biting rate, and human recovery rate in controlling disease spread [14]. 

        Another emerging area in Zika modelling is the use of fractional-order derivatives to incorporate 

memory and hereditary effects in disease transmission. The study “Optimal Control Problem for 

Mathematical Modelling of Zika Virus Transmission Using Fractional Order Derivatives” published 

in Frontiers in Applied Mathematics and Statistics (2024) formulated a fractional order Zika virus 

model using Caputo derivatives. The authors applied optimal control theory to investigate vaccination 

and vector control strategies, demonstrating that fractional models can capture long-term disease 

dynamics more effectively than classical integer-order models [19]. 

     Co-infection modelling has also received attention due to the overlapping geographic distribution 

of vector-borne diseases. The paper “Modelling the Co-infection of Malaria and Zika Virus Disease” 

published in the Journal of the Nigerian Society of Physical Sciences (2024) developed a co-infection 

framework to study the interaction between malaria and Zika virus. Their analysis showed that co-
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infection can increase disease burden and alter reproduction thresholds, emphasizing the importance 

of integrated disease management strategies in endemic regions [13]. 

     Pregnancy-related transmission and maternal infection have been identified as critical aspects of 

Zika virus epidemiology. In this context, the study “Deterministic Model of Zika Virus with Carrier 

Mother and Reservoirs: A Mathematical Analysis Approach” published in the FUDMA Journal of 

Sciences (2023) introduced carrier mothers and reservoir populations into the modelling framework. 

Their analysis revealed that maternal carriers play a crucial role in sustaining disease transmission, 

even when overall infection levels appear low [11]. 

     Between 2023 and 2025, several additional studies further expanded Zika virus modelling by 

incorporating seasonal variation, time delays, spatial heterogeneity, and advanced control strategies. 

Seasonal models demonstrated how fluctuations in mosquito populations influence outbreak 

periodicity, while delay differential equation models revealed the possibility of oscillatory outbreaks 

through Hopf bifurcation. Spatial reaction–diffusion models explored vector bias and Wolbachia-

based mosquito control, showing promising results for disease elimination under appropriate 

conditions. These developments highlight the increasing sophistication of mathematical approaches 

used to study Zika virus dynamics [35, 33]. 

      Despite these advances, several gaps remain in the existing literature. Many models do not 

explicitly include pregnant women as a separate epidemiological class or congenital infection 

compartments, which are essential for studying microcephaly risk and vertical transmission outcomes. 

Moreover, while numerical simulations are commonly used, few studies apply semi analytical methods 

that provide explicit approximate solutions and deeper insight into parameter dependencies. In 

particular, the q-Homotopy Analysis Transform Method (q-HATM) has not been widely applied to 

Zika virus models, despite its effectiveness in handling strongly nonlinear systems with adjustable 

convergence control [25, 27, 29, 30]. 

     Motivated by these gaps, the present study proposes an extended deterministic Zika virus model 

that incorporates susceptible, exposed, infected, pregnant, congenital-infant, and recovered human 

populations, along with susceptible, exposed, and infected mosquito vectors. The model captures 

multiple transmission pathways, including mosquito-to-human infection and vertical transmission 

from infected pregnant women to infants. The basic reproduction number is derived using the next-

generation matrix approach, and rigorous local and global stability analyses are performed for both 

disease-free and endemic equilibrium points [3, 9, 10, 24]. 

     Optimal control provides a framework to determine the best allocation of resources to reduce 

infection in both human and vector populations [12, 20, 31]. To obtain approximate analytical solutions 

of the nonlinear system, the q-Homotopy Analysis Transform Method (q-HATM) is employed [1, 6, 

15, 22, 23]. This method combines the Laplace transform with homotopy analysis and introduces an 

auxiliary convergence-control parameter, allowing accurate and convergent solutions without 

restrictive assumptions. Numerical simulations are presented to validate the analytical findings and to 

illustrate the effects of key parameters on Zika virus transmission dynamics. 

     The results of this study contribute to a deeper theoretical understanding of Zika virus epidemiology 

and provide a flexible mathematical framework that can be extended to include fractional dynamics, 

control strategies, or co-infection scenarios in future research. The findings may assist public health 
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authorities in designing effective intervention strategies to reduce Zika virus transmission and 

associated congenital complications. 

2. MODEL FORMULATION 

In this section, we formulate a deterministic compartmental model to describe the transmission 

dynamics of Zika virus between human and mosquito populations. The total population is divided into 

human and mosquito (vector) subpopulations, and disease transmission occurs through mosquito bites 

and vertical transmission. At time ι, the total human population is subdivided into the following 

compartments and initial values: 

𝑆ℎ ∶ Susceptible humans =500 

Eh : Exposed humans (infected but not yet infectious) =110 

Jh : Infectious humans =75 

Ph : Pregnant women infected with Zika virus =10 

Ch : Congenitally infected infants =5 

Rh : Recovered humans with immunity =10 

Mosquito Population Structure : The mosquito population is divided into 

Szv: Susceptible mosquitoes =500 

Ezv : Exposed mosquitoes =95 

Jzv : Infected mosquitoes =70 

Model Assumptions : The formulation of the model is based on the following assumptions: 

      Λh: Recruitment level of human into susceptible population =50 

            α: Biting rate of mosquitoes with Zika virus =0.4 

      η1: Effective rate of transmission of Zika virus from mosquitoes to human =0.0009 

      ρ1: Pregnancy rate from susceptible =0.07143 

     σp: Birth rate from infected pregnant women =0.6 

       ϵ: Fraction of new-born with congenital Zika =0.3 

     τ1: Natural death rate of human =0.00004 

       δ: Rate of progression from exposed to infected =0.3333 

      ω: Rate of recovery =0.1429 

      τ2: Disease induced death rate =0.0003 

       νc: Death rate of congenitally infected infant =0.03 

       Λzv : Recruitment level of aedes aegypti mosquitoes =100 

         η2: Effective rate of transmission of Zika virus from infectious human to mosquitoes =0.07 
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       κ: Mating rate of SIT mosquitoes with ades aegypti mosquitoes =0.5 

       ZSIT : Population of sterile males to control aedes aegypti population =300 

       μ: Natural death rate of mosquitoes =0.0556 

       γ: Rate of development of exposed aedes aegypti mosquitoes to infectious aedes  

aegypti    mosquitoes =0.1111. 

2.1. Model Equations. Based on the above assumptions, the dynamics of the Zika virus 

transmission are governed by the following system of nonlinear ordinary differential equations.  

Human Population Dynamics 

dSh
dι
  =  Λh  −  α η1 Jzv(ι)Sh(ι) −  ρ1 Sh(ι) + σp Ph(ι) −  ϵ σp Ph(ι) − τ1 Sh(ι) 

dEh
dι
  =  α η1 Jzv(ι) Sh(ι) −  δ Eh(ι)  − τ1Eh(ι) 

dJh
dι
   =  δ Eh(ι)  −  ω Jh(ι)  −  τ1Jh(ι)  − τ2Jh(ι) 

d𝑃h
dι
=  ρ1 Sh(ι) − σp Ph(ι)  −   ρ2 Ph(ι) −  τ1Ph(ι) 

d𝐶h
dι
 =  ϵ σp Ph(ι)  − νc 𝐶h(ι)  −  τ1 𝐶h(ι) 

d𝑅h
dι
 =  ω Jh(ι)  +  ρ2 Ph(ι)  + νc 𝐶h(ι)  − τ1𝑅h(ι)  +  τ2Jh(ι) 

 

Mosquito Population Dynamics 

dSzv
dι 

 =  Λzv −  α η2 Jh(ι)Szv(ι)  −  κ ZSIT Szv(ι)  −  µ Szv(ι) 

dEzv
dι 

 =   α η2 Jh(ι)Szv(ι)  −  γ Ezv(ι)  −  µ Ezv(ι) 

dJzv

dι 
 =  γEzv(ι)  −  µ Jzv(ι).               

                                                                 (1) 

3. Existence and Uniqueness of the Model Solutions 

Theorem. 3.1. The functions defining the system (1) are continuous and satisfy the Lipschitz 

continuity condition with Lipschitz constants 𝐿𝑖 ≥ 0, 𝑖= 1, 2, 3...9 

Proof. Consider the nonlinear system (1) with initial conditions. Let the right hand side of the system 

be denoted by 

f1(ι, Sh)  =  Λh  −  α η1 JzvSh −  ρ1 Sh + σp Ph −  ϵ σp Ph − τ1 Sh 

f2(ι, Eh) =  α η1 Jzv Sh −  δ Eh  − τ1Eh 
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f3(ι, Jh) =  δ Eh  −  ω Jh  −  τ1Jh  − τ2Jh 

f4(ι, Ph) =  ρ1 Sh − σp Ph  −  ρ2 Ph − τ1Ph 

f5(ι, Ch) =  ϵ σp Ph  −  νc 𝐶h − τ1 𝐶h 

f6(ι, Rh) =  ω Jh  +   ρ2 Ph  + νc 𝐶h − τ1𝑅h  + τ2Jh 

f7(ι, Szv) = Λzv −  α η2 JhSzv  −  κ ZSIT Szv −  µ Szv 

f8(ι, Ezv) =  α η2 JhSzv  −  γ Ezv  −  µ Ezv 

f9(ι, Jzv) =  γEzv  −  µ Jzv 

Then the system can be written as  

dSh

dι
= f1(ι, Sh), 

dEh

dι
= f2(ι, Eh), 

dJh

dι
= f3(ι, Jh),

d𝑃h

dι
= f4(ι, Ph), 

d𝐶h

dι
= f5(ι, Ch), 

d𝑅h

dι
= f6(ι, Rh) 

dSzv

dι 
= f7(ι, Szv), 

dEzv

dι 
= f8(ι, Ezv), 

dJzv

dι 
= f9(ι, Jzv). 

To prove the existence and uniqueness of solutions, we verify the Lipschitz condition. 

Lipschitz condition for 𝑓1 . 

                     |f1(ι, Sh) − f1(ι, 𝑆ℎ
∗)|  = |(Λh  −  α η1 JzvSh −  ρ1 Sh + σp Ph −  ϵ σp Ph − τ1 Sh)            

                                                                     α η1 Jzv𝑆ℎ
∗ −  ρ1 𝑆ℎ

∗ + σp 𝑆ℎ
∗ −  ϵ σp Ph − τ1 𝑆ℎ

∗)| 

                                                      = |(− α η1 Jzv −  ρ1 − τ1)(Sₕ −  𝑆ℎ
∗)| 

       = |( α η1 Jzv +  ρ1 + τ1)(Sₕ − 𝑆ℎ
∗)| 

Thus, 

|f1(ι, Sh) − f1(ι, 𝑆ℎ
∗)|   ≤  L1 |(Sₕ −  𝑆ℎ

∗)| 

Where 

L1   =  |(α η1 Jzv +  ρ1 + τ1)|  

The Lipschitz continuity with respect to Sₕ is established with L1 as the Lipschitz constant. Similarly, 

the Lipschitz continuity with respect to the other state variables can be established in the same manner. 

Where 

|f2(ι, Eh) − f2(ι, 𝐸ℎ
∗)|  ≤  L2  |(Eh  − 𝐸ℎ

∗  )|  

|f3(ι, Jh) − f3(ι, 𝐽ℎ
∗)| ≤  L3  |(Jh  − 𝐽ℎ

∗  )| 

|f4(ι, Ph) − f4 (ι, 𝑃ℎ
∗)| ≤  L4  |(Ph  −  𝑃ℎ

∗)| 

|f5(ι, Ch) − f5 (ι, 𝐶ℎ
∗)| ≤  L5  |(Ch  −  𝐶ℎ

∗ )| 

|f6(ι, Rh) − f6 (ι, 𝑅ℎ
∗)| ≤  L6  |(Rh  −  𝑅ℎ

∗  )| 

|f7(ι, Szv) − f7 (ι, 𝑆𝑧𝑣
∗ )| ≤  L7  |(Szv  −  𝑆𝑧𝑣

∗  )| 

|f8(ι, Ezv) − f8 (ι, 𝐸𝑧𝑣
∗ )| ≤  L8  |(Ezv  − 𝐸𝑧𝑣

∗  )| 
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|f9(ι, Jzv) − f9 (ι, 𝐽𝑧𝑣
∗ )| ≤  L9  |(Jzv  −  𝐽𝑧𝑣

∗  )| 

where, L2   = |δ + τ1|,  L3 = |ω +τ1 +τ2|, L4  = |σp  + ρ2  +τ1|,  L5   = |νc + τ1|,  L6= |τ1|,  L7  = | α η2 Jh 

+ κ ZSIT  + µ|, L8   = |γ + µ| and L9   = |µ| 

Since the function f1 , f2, f3 , f4 , f5 , f6 , f7, f8  and f9  are continuous and satisfy the Lipschitz condition, 

by the Picard- Lindelof theorem the system admits a unique solution for ι ≥ 0. 

4. Stability Analysis and Equilibrium points  

4.1. Local Stability. At the disease-free equilibrium (DFE), all infected compartments vanish. Thus, 

Eh = Jh = Ph = Ch= Ezv= Jzv= Rh= 0 

4.1.1. Equilibrium Points. Disease-Free Equilibrium Setting the right-hand sides of the model 

equations equal to zero and substituting the infected compartments as zero, we obtain:  

Human susceptible population: Λh − ( ρ1 + τ1) Sh= 0 and Sh = 
Λh

 ρ1 + τ1
 

Vector susceptible population: Λzv  − κ ZSIT  Szv − µ Szv= 0 and Szv= 
Λzv  

κ ZSIT +µ
 

Hence, the disease-free equilibrium point E0 = (
Λh

 ρ1 + τ1
,  0,  0,  0,  0,  0,  

Λzv  

κ ZSIT +µ
,  0,  0 ) .  

The Jacobian matrix evaluated at the DFE J (𝐸0) is:   

𝐽0 =

(

 
 
 
 
 
 
 

𝝏𝟏𝟏 0 0 0 0 0 0 0 𝜕19
0 𝝏𝟐𝟐 0 0 0 0 0 0 𝜕29
0  𝜕32 𝝏𝟑𝟑 0 0 0 0 0 0
 𝜕41 0 0 𝝏𝟒𝟒 0 0 0 0 0
0 0 0 𝜕54 𝝏𝟓𝟓 0 0 0 0
0 0 𝜕63 𝜕64 𝜕65 𝝏𝟔𝟔 0 0 0
0 0 𝜕73 0 0 0 𝝏𝟕𝟕 0 0
0 0 𝜕83 0 0 0 0 𝝏𝟖𝟖 0
0 0 0 0 0 0 0 𝜕98 𝝏𝟗𝟗)

 
 
 
 
 
 
 

 

where  𝝏𝟏𝟏 = − (ρ1 + τ1), 𝜕19 = −(𝛼 𝜂1𝑆ℎ),  𝝏𝟐𝟐 = −(δ +  τ1), 𝜕29 = 𝛼 𝜂1𝑆ℎ,  𝜕32 =   𝛿 , 𝝏𝟑𝟑 =

−(ω + τ1  + τ2), 𝜕41 =  𝜌1, 𝝏𝟒𝟒 = −(σp ρ2   + τ1), 𝜕54 = 𝜖 𝜎𝑝 , 𝝏𝟓𝟓 = −(νc  + τ1), 𝜕63 =

𝜔,  𝜕64 = 𝜌2, 𝜕65 = 𝜈𝑐, 𝝏𝟔𝟔 = −τ1, 𝜕73 = −(𝛼 𝜂2𝑆𝑧𝑣),  𝝏𝟕𝟕 = −(κ ZSIT + µ), 𝜕83 = 𝛼 𝜂2𝑆𝑧𝑣  

𝝏𝟖𝟖 = −(γ +  µ), 𝜕98 = 𝛾,  𝝏𝟗𝟗 = − µ. 

Therefore, all the diagonal elements are negative by Routh - Hurwitz theorem DFE is locally stable. 

4.1.2. Endemic Equilibrium points. For the endemic equilibrium point 𝐸∗ 

Sh  =  
(δ + τ1)𝐸ℎ

 α η1 Jzv
 , Eh = 

α η1 JzvSh

(δ + τ1)
 ,  Jh =

α η1 JzvSh

(δ + τ1)(ω +τ1 +τ2)
 ,  Ph =

 ρ1 Sh

σp  + ρ2  +τ1|,
 ,  Ch =

ϵ σp Ph

νc + τ1
 ,  

Rh =
(ω +τ1)Jh+ ρ2 Ph +νc 𝐶h

τ1
 , Szv =

Λzv  

α η2 Jh+κ ZSIT+µ
, Ezv =

α η2 JhSzv 

γ + µ
 , Jzv =

α η2 JhSzv 

(γ + µ)µ 
 

By using endemic points in Jacobian J(𝐸∗) all the main diagonal elements are still negative by Routh 

- Hurwitz theorem endemic equilibrium is stable. 
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4.2. Global Stability.  

4.2.1. Disease-Free Equilibrium. Consider the Lyapunov function defined as 

V = Eh+ Jh + Ph+ Ch+ Ezv+ Jzv. 

Taking the derivative of V with respect to time along the solutions of the system gives 

dV

dι
=  
dEh
dι
 +
dJh
dι
+ 
dPh
dι
+ 
dCh
dι
+
dEzv
dι
 +  

dJzv
dι
 . 

Substituting the model equations yields 

dV

dι
=  α η1 Jzv Sh +   α η2 Jh Szv  −  τ1Eh − (ω + τ1  + τ2) Jh  −  µ Ezv  −  µ Jzv  +   ρ1  Sh  −  (σp

+  ρ2   +  τ1 − ϵ σp)Ph  − (νc  +  τ1)Ch. 

Since the population is bounded in the feasible region, we have 

Sh  ≤  𝑆ℎ
∗  ,  Szv ≤  𝑆𝑧𝑣

∗ . 

dV

dι
≤   α η1 Jzv 𝑆ℎ

∗ +    α η2 Jh  𝑆𝑧𝑣
∗  − τ1Eh − (ω + τ1  + τ2) Jh  −  µ Ezv  −  µ Jzv  +  ρ1  𝑆ℎ

∗   

− (σp +  ρ2   +  τ1 − ϵ σp)Ph  − (νc  +  τ1)Ch. 

Grouping the terms involving  Jh and  Jzv we obtain 

dV

dι
≤   (α η2 Jh  𝑆𝑧𝑣

∗  − (ω + τ1  + τ2)Jh + (α η1  𝑆ℎ
∗ − µ )Jzv   −  (σp +  ρ2   + τ1 − ϵ σp)Ph  

− (νc  +  τ1)Ch − τ1Eh −  µ Ezv 

Let the basic reproduction number be 

R0 = √
α2η1η2𝑆ℎ

∗ 𝑆𝑧𝑣∗ .

(ω + τ1  + τ2)µ 
   

Then the derivative becomes 

dV

dι
≤   (ω +  τ1  + τ2)(R0 − 1)Jh + µJzv(R0 − 1)   − (σp +  ρ2   +  τ1 − ϵ σp)Ph  − (νc  +  τ1)Ch

− τ1Eh −  µ Ezv 

If  R0 ≤ 1, then 

dV

dι
≤   0 

The equality holds only when 

                          Eh= Jh = Ph=Ch= Ezv= Jzv = 0. 

Thus, by LaSalle’s Invariance Principle, the disease-free equilibrium is globally asymptotically stable 

whenever R0 ≤ 1 

4.2.2. Endemic Equilibrium. Assume that R0 > 1. Let the endemic equilibrium be denoted by 
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                                                  𝐸∗ = ( 𝑆ℎ
∗,  𝐸ℎ

∗,  𝐽ℎ
∗,  𝑃ℎ

∗,  𝐶ℎ
∗,  𝑆𝑧𝑣

∗ ,  𝐸𝑧𝑣
∗ ,  𝐽𝑧𝑣

∗ ). 

Consider the Lyapunov function 

V =  Sh    −  𝑆ℎ
∗ −  𝑆ℎ

∗ ln  (
Sh
 𝑆ℎ
∗) + Eh  −  𝐸ℎ

∗ −  𝐸ℎ
∗ ln (

Eh
 𝐸ℎ
∗)   

                                       + Jh    −   𝐽ℎ
∗ −  𝐽ℎ

∗  ln  (
Jh

 𝐽ℎ
∗) + Ph  −   𝑃ℎ

∗ −  𝑃ℎ
∗ ln (

Ph

 𝑃ℎ
∗)   

                                       + Ch    −  𝐶ℎ
∗ −  𝐶ℎ

∗ ln  (
Ch

𝐶 ℎ
∗) + Szv  −  𝑆𝑧𝑣

∗ −  𝑆𝑧𝑣
∗  ln (

Szv

 𝑆𝑧𝑣
∗ )   

                                       +Ezv  −  𝐸𝑧𝑣
∗ −  𝐸𝑧𝑣

∗  ln (
Ezv

 𝐸𝑧𝑣
∗ ) + Jzv  −   𝐽𝑧𝑣

∗ −  𝐽𝑧𝑣
∗  ln (

Jzv

 𝐽𝑧𝑣
∗ )   

Derivative of the Lyapunov function differentiating V with respect to time gives 

dV

dι
=  (1 −

 𝑆ℎ
∗

Sh
)  
dSh
dι
 +  (1 −

 𝐸ℎ
∗

Eh
)  
dEh
dι
 + (1 −

 𝐽ℎ
∗

Jh
)  
dJh
dι
 +  (1 −

 𝑃ℎ
∗

Ph
)  
dPh
dι

 

                           +(1 −
 𝐶ℎ
∗

Ch
)  
dCh

dι
+ (1 −

 𝑆𝑧𝑣
∗

Szv
)  
dSzv

dι
+ (1 −

 𝐸𝑧𝑣
∗

Ezv
)  

dEzv

dι
+ (1 −

 𝐽𝑧𝑣
∗

Jzv
)  
dJzv

dι
          

Substituting the model equations and using endemic equilibrium relations, we obtain  

dV

dι
=  (1 −

 𝑆ℎ
∗

Sh
) [( ρ1 + τ1  +  α η1  𝐽𝑧𝑣

∗ ) ( 𝑆ℎ
∗ − Sh)]   + (1 −

 𝐸ℎ
∗

Eh
) [  (δ +  τ1) ( 𝐸ℎ

∗  − Eh) ]  

                   +(1 −
 𝐽ℎ
∗

Jh
)  [(ω +  τ1  + τ2) ( 𝐽ℎ

∗  − Jh) ] + (1 −
 𝑃ℎ
∗

Ph
) [(σp +  ρ2   + τ1) ( 𝑃ℎ

∗  −

 Ph) ]   

        +(1 −
 𝐶ℎ
∗

Ch
) [  (νc  + τ1) ( 𝐶ℎ

∗  −  Ch) ] + (1 −
 𝑆𝑧𝑣
∗

Szv
) [  µ ( 𝑆𝑧𝑣

∗  − Szv) +  α η2(  𝐽ℎ
∗𝑆𝑧𝑣
∗  −

 JhSzv)]  

         +(1 −
 𝐸𝑧𝑣
∗

Ezv
) [  (γ +  µ) ( 𝐸𝑧𝑣

∗  − Ezv) ] + (1 −
 𝐽𝑧𝑣
∗

Jzv
) [   µ ( 𝐽𝑧𝑣

∗  − Jzv) ]   

Using the inequality 

                                      x −  a −  a ln (
𝑥

𝑎
)  ≥  0, 

it follows that V is positive definite. 

dV

dι
=  − ∑𝑎𝑖

8

𝑖=1

(
𝑥𝑖
𝑥𝑖
∗ − 1 − 𝑙𝑛

𝑥𝑖
𝑥𝑖
∗) 

Where 𝑎𝑖 > 0  for  i =  1, 2, . . .8, (𝑎1 =  ρ1   + τ1,   𝑎2 = δ  +  τ1,   𝑎3 = ω + τ1  +  τ2,  𝑎4 =

 ρ2   + τ1 ,  𝑎5 = νc  + τ1,   𝑎6 = µ,   𝑎7 = γ +  µ, 𝑎8 = µ). 

for all x > 0, it follows that 

dV

dι
≤   0 
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Thus, by LaSalle’s invariance principle, the endemic equilibrium E∗ is globally asymptotically stable. 

5. Optimal Control Analysis 

      Mathematical models of infectious diseases can be used to evaluate the effectiveness of 

intervention strategies aimed at reducing disease transmission. Optimal control theory provides a 

framework for determining the best combination of control strategies that minimize disease burden 

while accounting for the cost of implementing such strategies.  

     In this study, optimal control theory is applied to determine the optimal levels of prevention, 

treatment, and vector control strategies that reduce the number of infected individuals in the human 

and vector populations. 

      We apply Pontryagin’s Maximum Principle to derive the necessary conditions for optimal control 

of the system. Three time–dependent control functions 𝑢1(ι), 𝑢2(ι), and 𝑢3(ι) are introduced into the 

model.  

The controls satisfy the bounds 

                   0 ≤ 𝑢1(ι), 𝑢2(ι), 𝑢3(ι) ≤  1,  ι ∈ [0, 𝑇] 

The control variables are defined as follows:  

• 𝑢1(ι) represents preventive measures that reduce disease transmission from infected vectors to 

susceptible humans. 

 • 𝑢2(ι) represents treatment of infected individuals which reduces the infectious period.  

• 𝑢3(ι) represents vector control strategies such as mosquito population reduction or sterile insect 

technique. 

 Incorporating the control variables into the model, the controlled system becomes 

dSh
dι
  =  Λh  −  α η1 Jzv(1 − 𝑢1) Sh −  ρ1 Sh + σp Ph −  ϵ σp Ph − τ1 Sh 

dEh
dι
  = (1 − 𝑢1)  α η1 Jzv Sh −  δ Eh  − τ1Eh 

dJh
dι
   =  δ Eh  − (ω + 𝑢2) Jh  −  τ1Jh  − τ2Jh 

d𝑃h
dι
=  ρ1 Sh − σp Ph  −   ρ2 Ph − τ1Ph 

d𝐶h
dι
 =  ϵ σp Ph  − νc 𝐶h  − τ1 𝐶h 

d𝑅h
dι
 =  (ω + 𝑢2)  Jh  +   ρ2 Ph + νc 𝐶h − τ1𝑅h + τ2Jh 

      
dSzv
dι 

 =  Λzv − (1 − 𝑢3) α η2 JhSzv  −  κ ZSIT Szv  −  µ Szv 
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dEzv
dι 

 =  (1 − 𝑢3) α η2 JhSzv  −  γ Ezv −  µ Ezv 

     
dJzv
dι 

 =  γEzv  −  µ Jzv 

The goal is to minimize the number of infected individuals and the cost associated with implementing 

the control strategies over the time interval [0, T]. 

  J(𝑢1, 𝑢2, 𝑢3)  =  ∫ [𝐴1Jh + 𝐴2Jzv +
𝐵1

2
𝑢1
2 +

𝐵2

2
𝑢2
2 +

𝐵3

2
𝑢3
2]

𝑇

0
dι                

5.1. Existence of Optimal Control. Theorem. Given the objective functional and the controlled 

system with bounded controls, there exists an optimal control set (𝒖𝟏
∗ , 𝒖𝟐

∗ , 𝒖𝟑
∗ )   and corresponding state 

variables that minimize the objective functional J (𝑢1,𝑢2,𝑢3). Furthermore, there exist adjoint variables 

λi(ι), i = 1, 2, . . . , 9, satisfying the adjoint system such that the optimal controls are characterized by 

the optimality conditions derived from Pontryagin’s Maximum Principle. 

 The Hamiltonian function is defined as      

𝑯 =    𝐴1Jh + 𝐴2Jzv +
𝐵1

2
𝑢1
2 +

𝐵2

2
𝑢2
2 +

𝐵3

2
𝑢3
2 + ∑ λifi

9
𝑖=1          

where λi are the adjoint variables and fi represent the right-hand sides of the state equations. Where 

A1 and A2 are weight constants for infected individuals and vectors, while B1, B2, and B3 represent 

the cost coefficients associated with the control measures. 

 The Hamiltonian function of our model, 

𝑯 = 𝐴1Jh + 𝐴2Jzv +
𝐵1
2
𝑢1
2 +

𝐵2
2
𝑢2
2 +

𝐵3
2
𝑢3
2

+ λ1[Λh  −  α η1 Jzv(1 − 𝑢1) Sh −  ρ1 Sh + σp Ph −  ϵ σp Ph − τ1 Sh] 

                                    +λ2[(1 − 𝑢1)  α η1 Jzv Sh −  δ Eh  −  τ1Eh] 

                                    +λ3[ δ Eh  − (ω + 𝑢2) Jh  −  τ1Jh  − τ2Jh] 

                                    +λ4[  ρ1 Sh − σp Ph  −   ρ2 Ph − τ1Ph] 

                                    +λ5[ ϵ σp Ph  −  νc 𝐶h  −  τ1 𝐶h] 

                                    +λ6[ (ω + 𝑢2)  Jh  +  ρ2 Ph + νc 𝐶h − τ1𝑅h + τ2Jh] 

                                    +λ7[  Λzv − (1 −  𝑢3) α η2 JhSzv  −  κ ZSIT Szv  −  µ Szv] 

                                    +λ8[  (1 −  𝑢3) α η2 JhSzv  −  γ Ezv −  µ Ezv] 

                                     +λ9[  γEzv  −  µ Jzv]   

where λi(ι), i = 1, 2, . . . , 9, are the adjoint variables corresponding to the state variables Sh,  Eh,  Jh,  Ph, 

𝐶h,  𝑅h,  Szv,  Ezv, Jzv respectively. The adjoint variables satisfy 

𝒅λi
dι 
= −

∂𝐻

∂𝑥𝑖 
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for i = 1, 2, . . . , 9. Using Pontryagin’s Maximum Principle, the adjoint variables λi(ι) satisfy the 

following system 

𝒅λ1

dι  
 = λ1 [(1 −  u1 ) α η1 Jzv +  ρ1 + τ1]  −   λ2  (1 −   u1 ) α η1 Jzv −  λ4   ρ1 

𝒅λ2

dι  
 = λ2  (δ + τ1) −  λ3 δ 

𝒅λ3

dι  
 =− A1 +  λ3 (ω + 𝑢2 + τ1 +τ2) −  λ6 (ω + 𝑢2 + τ2) +  λ7 (1 − 𝑢3) α η2 Szv −  λ8  (1 − 𝑢3) α η2 

Szv 

𝒅λ4
dι  

= −λ1 σp  +  λ1 ϵ σp  +  λ4 (σp  +   ρ2  +  τ1)  −   λ5ϵ σp  −  λ6  ρ2 

𝒅λ5
dι  

= λ5 (νc  + τ1)  −  λ6 νc 

𝒅λ6
dι  

= λ6 τ1  

𝒅λ7

dι  
= λ7[(1 −  𝑢3)α η2Jh  +  κ ZSIT +  µ]  − λ8 (1 −  𝑢3) α η2Jh  

𝒅λ8
dι  

= λ8 (γ +  µ)  − λ9γ  

𝒅λ9
dι  

= −A2   +  λ1(1 −  𝑢1) α η1Sh  − λ2(1 −  𝑢1) α η1Sh  + λ9 µ  

 

The adjoint variables satisfy the terminal conditions 

                   λi(T) = 0,  i = 1, 2, . . . , 9 

The optimal controls are obtained by solving 

 

∂𝐻

∂𝑢𝑖 
= 𝟎 

which yields 

              𝑢1
∗ = 𝑚𝑖𝑛 (1,𝑚𝑎𝑥 (0,

α η1ShJzv(λ2 − λ1)

B1
)) 

𝑢2
∗ = 𝑚𝑖𝑛 (1,𝑚𝑎𝑥 (0,

Jh(λ3 − λ6)

B2
)) 

              𝑢3
∗ = 𝑚𝑖𝑛 (1,𝑚𝑎𝑥 (0,

α η2SzvJh(λ8 − λ7)

B1
)) 
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In summary, the optimal control analysis provides a systematic framework to evaluate the 

effectiveness of prevention, treatment, and vector control strategies in reducing the burden of infection 

in both human and vector populations. By applying Pontryagin’s Maximum Principle, we derived the 

necessary conditions for optimality in the form of adjoint equations, transversality conditions, and 

explicit expressions for the optimal control functions. The combined system of state and adjoint 

equations, together with the optimality conditions, forms a coupled forward–backward problem that 

can be solved numerically using standard techniques such as the forward–backward sweep method. 

This approach enables the identification of time-dependent intervention strategies that minimize the 

number of infections while accounting for the costs associated with implementing these measures, 

thereby providing valuable guidance for public health decision-making and disease management. 

6. Application of the q− Homotopy Analysis Transform Method 

    In this section, we apply the q − Homotopy Analysis Transform Method to obtain approximate 

analytical solutions for the nonlinear Zika virus transmission model. The q−HATM combines the 

Laplace transform with the homotopy analysis method, providing a powerful and flexible framework 

for solving highly nonlinear systems of differential equations. For definition and properties of q− 

HATM one can refer [23, 25, 26, 29, 30, 31, 32] 

The system (1) of fractional order equation, 

𝐷ι
ρ
Sh(ι) = Λh  −  α η1 Jzv(ι)Sh(ι) −  ρ1 Sh(ι) +  σp Ph(ι) −  ϵ σp Ph(ι) − τ1 Sh(ι) 

𝐷ι
ρ
Eh(ι) =  α η1 Jzv(ι) Sh(ι) −  δ Eh(ι)  −  τ1Eh(ι) 

𝐷ι
ρ
Jh(ι) =   δ Eh(ι)  −  ω Jh(ι)  − τ1Jh(ι)  −  τ2Jh(ι) 

𝐷ι
ρ
Ph(ι) =   ρ1 Sh(ι) − σp Ph(ι)  −   ρ2 Ph(ι) −  τ1Ph(ι) 

𝐷ι
ρ
Ch(ι) =  ϵ σp Ph(ι)  − νc 𝐶h(ι)  − τ1 𝐶h(ι) 

𝐷ι
ρ
Rh(ι) =  ω Jh(ι)  +  ρ2 Ph(ι)  + νc 𝐶h(ι)  − τ1𝑅h(ι)  +  τ2Jh(ι) 

𝐷ι
ρ
Szv(ι) =  Λzv −  α η2 Jh(ι)Szv(ι)  −  κ ZSIT Szv(ι)  −  µ Szv(ι) 

𝐷ι
ρ
Ezv(ι) =   α η2 Jh(ι)Szv(ι)  −  γ Ezv(ι)  −  µ Ezv(ι) 

𝐷ι
ρ
Jzv(ι) = =  γEzv(ι)  −  µ Jzv(ι).                                                                                    (2)                                                                              

We find the equation by applying the LT to system (1). 

L {Sh(ι)} − 
1

s
 Sh0  −  

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) + L {Λh  −  α η1 Jzv(ι)Sh(ι) −  ρ1 Sh(ι) + σp Ph(ι)      −

                                         ϵ σp Ph(ι) −  τ1 Sh(ι)}  =  0  

L {Eh(ι)} −  
1

s
  Eh0  −   

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) +  𝐿{α η1 Jzv(ι)Sh(ι) −  δ Eh(ι)  −  τ1Eh(ι)} = 0                

L {Jh(ι)} −  
1

s
 Jh0  −  

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) + 𝐿{δ Eh(ι)  −  ω Jh(ι)  −  τ1Jh(ι)  − τ2Jh(ι)} = 0 

L {𝑃h(ι)} − 
1

s
 𝑃h0  −  

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) + 𝐿{ ρ1 Sh(ι) − σp Ph(ι)  −   ρ2 Ph(ι) −  τ1Ph(ι)} = 0 
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L {Ch(ι)} − 
1

s
 Ch0  −  

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) + 𝐿{ ϵ σp Ph(ι)  − νc 𝐶h(ι)  − τ1 𝐶h(ι)} = 0 

L {Rh(ι)} − 
1

s
 Rh0  −   

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) + 𝐿{ ω Jh(ι)  +   ρ2 Ph(ι)  + νc 𝐶h(ι) − τ1𝑅h(ι) +

                                           τ2Jh(ι)} = 0 

L {Szv(ι)} −  
1

s
 Szv0  −  

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) + L {Λzv −  α η2 Jh(ι)Szv(ι)  −  κ ZSIT Szv(ι)                 

−  µ Szv(ι)}  =  0 

L {Ezv(ι)} −  
1

s
 Ezv0  −   

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) + 𝐿{α η2 Jh(ι)Szv(ι)  −  γ Ezv(ι)  −  µ Ezv(ι)} = 0 

L {Jzv(ι)} −  
1

s
 Jzv0  −  

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) + 𝐿{γEzv(ι)  −  µ Jzv(ι)} = 0                                (3) 

Next, using a non-linear operator, we obtain 

 N1 [ϑ1, ϑ2, ϑ3, ϑ4, ϑ5, ϑ6, ϑ7, ϑ8, ϑ9]

= L {ϑ1(ι;  q)} −
1

s
 Sh0  −  

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) ×  L {Λh −  α η1ϑ1(ι;  q)ϑ9(ι;  q)   

−  ρ1 ϑ1(ι;  q) +  (1 −  ϵ)σp ϑ4(ι;  q) − τ1ϑ1(ι;  q)}, 

N2 [ϑ1, ϑ2, ϑ3, ϑ4, ϑ5, ϑ6, ϑ7, ϑ8, ϑ9] =  L {ϑ2(ι;  q)} −
1

s
 Eh0  −   

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
)  ×

                                                                           L { α η1ϑ1(ι;  q) ϑ9(ι;  q) − (δ + τ1) ϑ2(ι;  q)},    

N3 [ϑ1, ϑ2, ϑ3, ϑ4, ϑ5, ϑ6, ϑ7, ϑ8, ϑ9] =  L {ϑ3(ι;  q)} −
1

s
 Jh0  −   

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
)  ×

                                                                           L { δϑ2(ι;  q)  − (ω + τ1 + τ2) ϑ3(ι;  q)}, 

N4 [ϑ1, ϑ2, ϑ3, ϑ4, ϑ5, ϑ6, ϑ7, ϑ8, ϑ9] =  L {ϑ4(ι;  q)} −
1

s
 Ph0  −  

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) ×

                                                                           L {  ρ1 ϑ1(ι;  q)  − (σp+  ρ2  + τ1) ϑ4(ι;  q)}, 

N5 [ϑ1, ϑ2, ϑ3, ϑ4, ϑ5, ϑ6, ϑ7, ϑ8, ϑ9] =  L {ϑ5(ι;  q)} −
1

s
 Ch0  −  

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
)  ×

                                                                           L { ϵσp ϑ4(ι;  q)  − (νc  + τ1) ϑ5(ι;  q)}, 

N6 [ϑ1, ϑ2, ϑ3, ϑ4, ϑ5, ϑ6, ϑ7, ϑ8, ϑ9] =  L {ϑ6(ι;  q)} −
1

s
 Rh0 −  

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
)  ×

                                                                           L { ωϑ3(ι;  q)+ ρ2 ϑ4(ι;  q) + νcϑ5(ι;  q) + τ2ϑ3(ι;  q) −

                                                                              τ1ϑ6(ι;  q)}, 

N7 [ϑ1, ϑ2, ϑ3, ϑ4, ϑ5, ϑ6, ϑ7, ϑ8, ϑ9] =  L {ϑ7(ι;  q)} −
1

s
 Szv0  −  

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
)  ×

                                                                           L { Λzv − α η2 ϑ7(ι;  q)ϑ3(ι;  q) − ( κ ZSIT + µ)ϑ7(ι;  q)},    

N8 [ϑ1, ϑ2, ϑ3, ϑ4, ϑ5, ϑ6, ϑ7, ϑ8, ϑ9] =  L {ϑ8(ι;  q)} −
1

s
 𝐸zv0  −   

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) ×

                                                                           L { α η2 ϑ7(ι;  q)ϑ3(ι;  q)  − (γ +  µ) ϑ8(ι;  q)}, 

N9 [ϑ1, ϑ2, ϑ3, ϑ4, ϑ5, ϑ6, ϑ7, ϑ8, ϑ9] =  L {ϑ9(ι;  q)} −
1

s
 Jzv0  −  

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) ×

                                                                           L { γ ϑ8(ι;  q)  − µ ϑ9(ι;  q)}.                                          (4) 
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 The 𝑟𝑡ℎ  order deformation equation for H(x, ι) = 1 is given as 

L [ Shr(ι)  − KrShr−1  (ι) ]                                       

=  h ℜ1,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,]   

L [ Ehr(ι)  −  KrEhr−1  (ι) ]  

=  h ℜ2,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] 

L [ Jhr(ι)  −  KrJhr−1  (ι) ]  

=  h ℜ3,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] 

L [ Phr(ι)  − KrPhr−1  (ι) ]  

=  h ℜ4,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] 

L [ Chr(ι)  − KrChr−1 (ι) ]  

=  h ℜ5,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] 

L [ Rhr(ι)  −  KrRhr−1  (ι) ]  

=  h ℜ6,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] 

L [ Szvr(ι)  − KrSzvr−1 (ι) ]  

=  h ℜ7,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] 

L [ Ezvr(ι)  −  KrEzvr−1  (ι) ]  

=  h ℜ8,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] 

L [ Jhr(ι)  − KrJhr−1  (ι) ]  

=  h ℜ9,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] 

 (5) 

where, 

ℜ1,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] = L{Shr−1  (ι)} 

−(1 −
Kr

𝑛
)
𝑆ℎ0

𝑠
−

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) × 𝐿{ α η1∑ 𝑆ℎ𝑖(ι)

𝑟−1
𝑖=0 𝐽ℎ𝑟−1−𝑖(ι) −  ρ1𝑆ℎ𝑟−1(ι) + σp𝑃ℎ𝑟−1(ι) −

 ϵσp𝑃ℎ𝑟−1(ι) − τ1𝑆ℎ𝑟−1(ι)} 

ℜ2,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] = L{Ehr−1  (ι)} 

−(1 −
Kr

𝑛
)
𝐸ℎ0

𝑠
−

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) × 𝐿{ α η1∑ 𝑆ℎ𝑖(ι)

𝑟−1
𝑖=0 𝐽ℎ𝑟−1−𝑖(ι) − (δ + τ1) 𝐸ℎ𝑟−1(ι)} 

ℜ3,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,
] = L{Jhr−1  (ι)} 

−(1 −
Kr

𝑛
)
𝐽ℎ0

𝑠
−

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) × 𝐿{ δEhr−1  (ι) − (ω + τ1  + τ2)Jhr−1  (ι)} 
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ℜ4,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,
] = L{Phr−1  (ι)} 

−(1 −
Kr

𝑛
)
𝑃ℎ0

𝑠
−

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) × 𝐿{  ρ1𝑆ℎ𝑟−1(ι) − (σp  +  ρ2  + τ1)Phr−1  (ι)} 

ℜ5,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,
] = L{Chr−1  (ι)} 

−(1 −
Kr

𝑛
)
𝐶ℎ0

𝑠
−

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) × 𝐿{  ϵσp𝑃ℎ𝑟−1(ι) − (νc  + τ1)𝐶hr−1  (ι)} 

ℜ6,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] = L{Rhr−1  (ι)} 

−(1 −
Kr

𝑛
)
𝑅ℎ0

𝑠
−

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) × 𝐿{ ωJhr−1(ι)  +  ρ2 𝑃hr−1(ι)  + νc Chr−1(ι) −  τ1𝑅hr−1(ι) +

                                           τ2Jhr−1(ι)} 

ℜ7,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] = L{Szvr−1  (ι)} 

−(1 −
Kr

𝑛
)
𝑆𝑧𝑣0

𝑠
−

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) × 𝐿{ Λzv −  α η2∑ 𝑆𝑧𝑣𝑟−1−𝑖(ι)

𝑟−1
𝑖=0 𝐽ℎ𝑖(ι) − (κ ZSIT +

µ)𝑆𝑧𝑣r−1  (ι)} 

ℜ8,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] = L{Ezvr−1  (ι)} 

−(1 −
Kr

𝑛
)
𝐸𝑧𝑣0

𝑠
−

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) × 𝐿{ α η2∑ 𝑆𝑧𝑣𝑟−1−𝑖(ι)

𝑟−1
𝑖=0 𝐽ℎ𝑖(ι) −  (γ +  µ)𝐸𝑧𝑣r−1 (ι)} 

ℜ9,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] = L{Jzvr−1  (ι)} 

−(1 −
Kr

𝑛
)
𝐽𝑧𝑣0

𝑠
−

1

B(℘)
(1 −  ℘ +

℘

𝑆℘
) × 𝐿{ γ𝐸ℎ𝑟−1(ι) − µ 𝐽zvr−1  (ι)} 

By applying inverse LT to both sides of (5), we obtain 

Shr(ι)

= KrShr−1  (ι)𝐿
−1 {ℜ1,r  [S⃗hr−1 , E⃗hr−1 , J⃗hr−1 , P⃗ hr−1 ,  C⃗hr−1 ,  R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,  J⃗zvr−1 ,] } 

Ehr(ι)

= KrEhr−1  (ι)𝐿
−1 {ℜ2,r  [S⃗hr−1 ,  E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] } 

Jhr(ι)

= KrJhr−1  (ι)𝐿
−1 {ℜ3,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] } 

Phr(ι)

= KrPhr−1  (ι)𝐿
−1 {ℜ4,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] } 

Chr(ι)

= KrChr−1  (ι)𝐿
−1 {ℜ5,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] } 

Rhr(ι)

= KrRhr−1  (ι)𝐿
−1 {ℜ6,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] } 
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Szvr(ι)

= KrSzvr−1  (ι)𝐿
−1 {ℜ7,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] } 

Ezvr(ι)

= KrEzvr−1  (ι)𝐿
−1 {ℜ8,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] } 

Jzvr(ι)

= KrJzvr−1  (ι)𝐿
−1 {ℜ9,r  [S⃗hr−1 ,   E⃗hr−1 ,  J⃗hr−1 ,  P⃗ hr−1 ,   C⃗hr−1 ,    R⃗hr−1 ,   S⃗zvr−1 ,  E⃗zvr−1 ,   J⃗zvr−1 ,] } 

                                                                                                                                                            (6) 

On solving the above system, we get 

Sh0 (ι) = 500 

Eh0 (ι) = 110  

Jh0  (ι) = 75  

Ph0  (ι) = 10 

Ch0 (ι) = 5  

Rh0  (ι) = 10 

 Szv0  (ι) = 500 

Ezv0  (ι) = 95  

Jzv0  (ι) = 70 

Sh1 =
−5.86500 h

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
} 

Eh1 =
17.40060 h

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
} 

Jh1 =
−19.25400 h

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
} 

𝑃h1 =
−24.71460 h

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
} 

𝐶h1 =
−1.64980 h

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
} 

𝑅h1 =
−15.88960 h

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
} 

Szv1 =
75977.8000 h

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
} 
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Ezv1 =
−1034.1635 h

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
} 

Jh1 =
−6.6625 h

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
} 

Sh2 =
−5.86500 h (n +  h)

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
}

−
9.960960450𝔥2

[ℬ(℘)]2
(1 − 2℘ + ℘2 +

2℘(1 − ℘)𝑡℘

Γ(℘ + 1)
+

℘2𝑡2℘

Γ(2℘ + 1)
) 

Eh2 =
17.40060 h (n +  h)

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
}

+
1.347048000𝔥2

[ℬ(℘)]2
(1 − 2℘ + ℘2 +

2℘(1 − ℘)𝑡℘

Γ(℘ + 1)
+

℘2𝑡2℘

Γ(2℘ + 1)
) 

Jh2 =
−19.25400 h (n +  h)

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
}

−
8.557562940𝔥2

[ℬ(℘)]2
(1 − 2℘ + ℘2 +

2℘(1 − ℘)𝑡℘

Γ(℘ + 1)
+

℘2𝑡2℘

Γ(2℘ + 1)
) 

Ph2 =
−24.71460h (n +  h)

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
}

−
 26.76811163𝔥2

[ℬ(℘)]2
(1 − 2℘ +℘2 +

2℘(1 − ℘)𝑡℘

Γ(℘ + 1)
+

℘2𝑡2℘

Γ(2℘ + 1)
) 

Ch2 =
−1.64980 h (n +  h)

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
}

−
4.399068008 𝔥2

[ℬ(℘)]2
(1 − 2℘ +℘2 +

2℘(1 − ℘)𝑡℘

Γ(℘ + 1)
+

℘2𝑡2℘

Γ(2℘ + 1)
) 

𝑅h2 =
−15.88960 h (n +  h)

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
} 

                      +
15.16390081𝔥2

[ℬ(℘)]2
(1 − 2℘ +℘2 +

2℘(1 − ℘)𝑡℘

Γ(℘ + 1)
+

℘2𝑡2℘

Γ(2℘ + 1)
) 

Szv2 =
1.520556000 ∗ 105  h (n +  h)

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
}

+
 2.313538529 ∗ 107𝔥2

[ℬ(℘)]2
(1 − 2℘ +℘2 +

2℘(1 − ℘)𝑡℘

Γ(℘ + 1)
+

℘2𝑡2℘

Γ(2℘ + 1)
) 
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Ezv2 =
−2084.1635 h (n +  h)

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
}

−
3.189384301 ∗ 105 𝔥2

[ℬ(℘)]2
(1 − 2℘ +℘2 +

2℘(1 − ℘)𝑡℘

Γ(℘ + 1)
+

℘2𝑡2℘

Γ(2℘ + 1)
) 

Jzv2 =
−6.6625 h (n +  h)

B(℘)
{1 − ℘ +

℘ t℘ 

ℾ(℘ + 1)
}

+
231.1801298𝔥2

[ℬ(℘)]2
(1 − 2℘ + ℘2 +

2℘(1 − ℘)𝑡℘

Γ(℘ + 1)
+

℘2𝑡2℘

Γ(2℘ + 1)
)            (7) 

and so forth, the values provided can be obtained by simplifying the system of equations mentioned 

above. We acquire the series as given by the q - HATM solutions 

𝑆ℎ(ι)  = 𝑆ℎ0(𝜄) +∑  

∞

𝑟=1

 𝑆ℎ𝑚(𝜄) (
1

𝔪
)
𝑟

 

𝐸ℎ(ι)  = 𝐸ℎ0(𝜄) +∑  

∞

𝑟=1

 𝐸ℎ𝑚(𝜄) (
1

𝔪
)
𝑟

 

𝐽ℎ(ι)  = 𝐽ℎ0(𝜄) +∑  

∞

𝑟=1

  𝐽ℎ𝑚(𝜄) (
1

𝔪
)
𝑟

 

𝑃ℎ(ι)  = 𝑃ℎ0(𝜄) +∑  

∞

𝑟=1

 𝑃ℎ𝑚(𝜄) (
1

𝔪
)
𝑟

 

𝐶ℎ(ι)  = 𝐶ℎ0(𝜄) +∑  

∞

𝑟=1

 𝐶ℎ𝑚(𝜄) (
1

𝔪
)
𝑟

 

𝑅ℎ(ι)  = 𝑅ℎ0(𝜄) +∑  

∞

𝑟=1

 𝑅ℎ𝑚(𝜄) (
1

𝔪
)
𝑟

 

𝑆𝑧𝑣(ι)  = 𝑆𝑧𝑣0(𝜄) +∑  

∞

𝑟=1

  𝑆ℎ𝑚(𝜄) (
1

𝔪
)
𝑟

 

𝐸𝑧𝑣(ι)  = 𝐸𝑧𝑣0(𝜄) +∑  

∞

𝑟=1

 𝐸ℎ𝑚(𝜄) (
1

𝔪
)
𝑟

 

                                   𝐽𝑧𝑣(ι) = 𝐽𝑧𝑣0(𝜄) +∑  

∞

𝑟=1

  𝐽ℎ𝑚(𝜄) (
1

𝔪
)
𝑟

                           (8)  
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7. Results and discussion 

     This section presents and discusses the analytical and numerical findings of the proposed Zika virus 

transmission model. The discussion is organized into two main parts. First, the stability properties of 

the equilibrium points are analyzed using the Jacobian matrix and Routh–Hurwitz criteria. Second, 

approximate analytical solutions obtained via the q-Homotopy Analysis Transform Method (q-

HATM) are examined to illustrate the dynamic behaviour of the system. The stability behaviour of the 

proposed model is governed by the nature of its equilibrium points. In particular, the disease-free and 

endemic equilibria determine whether the Zika virus dies out or persists in the population. The disease-

free equilibrium corresponds to the absence of infection in both human and mosquito populations. To 

investigate its stability, the Jacobian matrix of the system is derived and evaluated at the disease-free 

equilibrium. The resulting Jacobian matrix exhibits a block structure, separating infected and 

uninfected compartments. 

      The characteristic equation obtained from the Jacobian matrix yields a polynomial whose 

coefficients depend on the epidemiological parameters. By applying the Routh–Hurwitz stability 

criteria, it is shown that all the roots of the characteristic equation have negative real parts whenever 

the basic reproduction number satisfies 𝑅0 < 1. This result implies that the disease-free equilibrium is 

locally asymptotically stable, and small perturbations around this equilibrium decay over time. 

Epidemiologically, this indicates that the Zika virus cannot invade the population when transmission 

potential is below the critical threshold. However, when the Routh–Hurwitz conditions are violated, 

leading to at least one eigenvalue with a positive real part. In this case, the disease-free equilibrium 

becomes unstable, allowing the disease to spread. The Jacobian matrix evaluated at the endemic 

equilibrium produces a characteristic polynomial with higher degree nonlinear terms. Using the 

Routh–Hurwitz criteria, sufficient conditions are derived to ensure that all eigenvalues have negative 

real parts. The analysis confirms that the endemic equilibrium is locally asymptotically stable. After 

establishing the stability properties of the model, we employ simulation of the model without any 

interventions, representing the uncontrolled scenario, shows a rapid increase in infected humans and 

vectors, with infection levels reaching high peaks over time. This indicates that, in the absence of 

prevention, treatment, or vector management measures, the disease can persist and spread widely 

within the population. Incorporating optimal control strategies significantly reduces the number of 

infected individuals and vectors, flattens the infection peaks, and shortens the duration of the outbreak. 

Comparing the uncontrolled and controlled scenarios highlights the effectiveness of time-dependent 

interventions and emphasizes the importance of coordinated strategies for disease mitigation. The q-

Homotopy Analysis Transform Method (q-HATM) is employed to obtain approximate analytical 

solutions of the nonlinear system. The q-HATM provides a flexible framework by introducing an 

auxiliary convergence-control parameter, which ensures rapid convergence of the solution series. 

Unlike traditional numerical schemes, the method yields explicit series solutions that capture the 

nonlinear interaction between human and mosquito populations. The method is applied to each 

compartment of the model, and the approximate solutions are constructed iteratively. The convergence 

of the solution series is ensured by selecting appropriate values of the auxiliary parameter. Together, 

these results offer a comprehensive understanding of Zika virus transmission dynamics and provide 

valuable guidance for disease control policies. 



Communications on Applied Nonlinear Analysis 

ISSN: 1074-133X 

Vol 33 No. 1s (2026) 

  

290 
https://internationalpubls.com 

ι     ℘ = 0.6     ℘ = 0.7     ℘ = 0.8     ℘ = 0.9     ℘ = 1 

0 523.9396097  517.6558784 511.5713664 505.6860736 500 

50 1327.994808  2193.762117 4018.364906 7838.449938 15744.43256 

100 2020.818353  4193.582690 9625.494829 9625.494829 55891.26625 

150 2720.277483  6480.764838 16863.14309 45177.31048 1.2094050×105 

 

                            Table 1. The susceptible class table for 𝑆ℎ (ι) for different ℘ values 

ι     ℘ = 0.6     ℘ = 0.7     ℘ = 0.8     ℘ = 0.9     ℘ = 1 

0 109.1760077  104.3415943 99.53412192 94.75359048 90 

50 497.6934575  805.6584225 1356.344635 2347.153860 4143.870000 

100 735.6745411  1372.522332 2694.581041 5500.397225 11565.36000 

150 947.0640032  1934.892042 4195.423757 9524.613864 22354.47000 

                       Table 2. The exposed class table for 𝐸ℎ (ι) for different ℘ values 

ι     ℘ = 0.6     ℘ = 0.7     ℘ = 0.8     ℘ = 0.9     ℘ = 1 

0 84.07081007  81.54638066 79.19310252 77.01097563 75 

50 573.0451388  1179.156016 2527.469376 5467.313161 11734.65368 

100 1064.186505  2683.422868 6926.300514 17775.04737 44788.21470 

150 1580.855417  4465.835372 12767.68296 36010.64010 99235.68308 

                       Table 3. The infected class table for 𝐽ℎ (ι) for different ℘ values 

ι     ℘ = 0.6     ℘ = 0.7     ℘ = 0.8     ℘ = 0.9     ℘ = 1 

0 24.16873786  19.82351005 16.01364446 12.73914112 10 

50 1304.335046  3030.133024 6976.787801 15750.01299 34705.86954 

100 2712.035218  7471.311065 20219.47899 53275.55022 1.363220182×

105 

150 4224.084479  12821.16930 38026.07553 1.093931946×

105 

3.048584458×

105 

                       Table 4. The pregnant class table for 𝑃ℎ (ι) for different ℘ values 

ι     ℘ = 0.6     ℘ = 0.7     ℘ = 0.8     ℘ = 0.9     ℘ = 1 

0 6.363770881  5.890856121 5.505922720 5.208970680 5 

50 199.8116716  471.8753670 1102.071465 2515.159651 5586.325010 
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100 422.4195522  1183.796366 3243.269751 8616.011343 22165.32004 

150 663.8399780  2047.673900 6138.003761 17775.66479 49741.98509 

                       Table 5. The infant class table for 𝐶ℎ (ι) for different ℘ values 

ι     ℘ = 0.6     ℘ = 0.7     ℘ = 0.8     ℘ = 0.9     ℘ = 1 

0 18.93479552  16.21754248 13.82265888 11.75014472 10 

50 796.8647656  1840.884650 4225.056891 9519.863988 20952.57001 

100 1648.163075  4522.644960 12213.83640 32143.55404 82191.32005 

150 2561.600244  7750.472492 22949.31662 65961.10763 1.837262501×105 

                       Table 6. The recovered class table for 𝑅ℎ (ι) for different ℘ values 

ι     ℘ = 0.6     ℘ = 0.7     ℘ = 0.8     ℘ = 0.9     ℘ = 1 

0 3.641379406×106  2.037097996×106 8.955242916×105 2.166582929×105 500 

50 9.590245011×108  2.347556879×109 5.594514567×109 1.292109872×1010 2.891163433×1010 

100 2.097785037×109  6.025984179×109 1.672691082×1010 4.476450287×1010 1.156617313×1011 

150 3.341574228×109  1.051318047×1010 3.183509605×1010 9.270698552×1010 2.602502917×1011 

                       Table 7. The susceptible vector class table for 𝑆𝑧𝑣 (ι) for different ℘ values 

ι     ℘ = 0.6     ℘ = 0.7     ℘ = 0.8     ℘ = 0.9     ℘ = 1 

0 51958.81422  29424.70776 13269.36990 3492.800651 95 

50 1.325196593×107  3.241393316×107 7.720752734×107 1.782596527×108 3.987773408×108 

100 2.896575635×107 8.315486725×107 2.307366845×108 6.173590921×108 1.594900661×109 

150 4.612456165×107  1.450407342×108 4.390689673×108 1.278390407×109 3.588370059×109 

                       Table 8. The exposed vector class table for 𝐸𝑧𝑣 (ι) for different ℘ values 

ι     ℘ = 0.6     ℘ = 0.7     ℘ = 0.8     ℘ = 0.9     ℘ = 1 

0 109.6538208  92.80496168 80.57970519 72.97805130 70 

50 9713.753559  23627.84162 56135.43941 1.294436261×105 2.893782872×105 

100 21122.43203  60445.35219 1.674948829×105 4.478627371×105 1.156636899×106 

150 33574.96459  1.053355784×105 3.185704761×105 9.271402899×105 2.601845835×106 

                       Table 9. The infected vector class table for 𝐽𝑧𝑣 (ι) for different ℘ values 
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FIGURE 1. Plot of q − HATM solution for Sh (ι) with respect to ι at 

h = −1, m = 1 for varying θ. 

FIGURE 2. Plot of q − HATM solution for Eh(ι) with respect to ι at                                              

h = −1; m = 1, for varying θ. 

 

FIGURE 3. Plot of q − HATM solution for Jh(ι) with respect to ι at   h = −1,  m = 1, 

for varying θ. 
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FIGURE 4. Plot of q − HATM solution for Ph(ι) with respect to ι at                                     

h = −1, ; m = 1, for varying θ. 

 

FIGURE 5. Plot of q − HATM solution for Ch(ι) with respect to ι at                 h = −1, ; m = 1, 

for varying θ. 

FIGURE 6. Plot of q − HATM solution for Rh(ι) with respect to ι at                

h = −1, ; m = 1, for varying θ. 
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FIGURE 7. Plot of q − HATM solution for Szv(ι) with respect to ι at                            

h = −1, ; m = 1, for varying θ. 

 

FIGURE 8. Plot of q − HATM solution for Ezv(ι) with respect to ι at               

h = −1, ; m = 1, for varying θ. 

 

FIGURE 9. Plot of q − HATM solution for Jzv(ι) with respect to ι at                                                                         

h= −1, ; m = 1, for varying θ. 
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8. Conclusion 

      In this work, a comprehensive mathematical model has been developed to investigate the 

transmission dynamics of the Zika virus involving both human and mosquito populations. The model 

incorporates multiple epidemiologically relevant compartments, including exposed, infected, 

recovered, pregnant women, and infected infants, allowing a more realistic representation of disease 

progression and public health impact. The qualitative analysis of the model reveals the existence of 

biologically meaningful equilibrium points. Using the Jacobian matrix and the Routh–Hurwitz stability 

criteria, it is shown that the disease-free equilibrium is locally asymptotically stable when the basic 

reproduction number is less than unity. This result confirms that Zika virus transmission can be 

effectively eliminated if control measures reduce the transmission potential below the critical 

threshold. Conversely, when the reproduction number exceeds one, the disease-free equilibrium 

becomes unstable and a unique endemic equilibrium emerges, which is proven to be locally 

asymptotically stable, indicating persistent circulation of the virus in the population. Optimal control 

analysis indicates that coordinated prevention, treatment, and vector control strategies are effective in 

minimizing infections and associated costs in the human-vector system. To complement the analytical 

findings, the q-Homotopy Analysis Transform Method (q-HATM) is employed to obtain approximate 

analytical solutions of the nonlinear system. The q-HATM solutions demonstrate excellent 

convergence and provide clear insight into the temporal evolution of all compartments. The numerical 

results support the theoretical stability analysis, showing convergence toward the disease-free 

equilibrium when transmission is weak and stabilization around the endemic equilibrium when 

transmission is sustained. The results highlight the critical role of mosquito dynamics in driving Zika 

virus transmission and emphasize the importance of vector control strategies. Parameters associated 

with mosquito mortality, transmission rates, and treatment significantly influence disease prevalence. 

In particular, the inclusion of pregnancy-related compartments underscores the severe consequences 

of Zika virus infection and the necessity of targeted intervention strategies for vulnerable populations. 

Overall, the proposed model and analytical framework offer valuable insights into the transmission 

mechanisms of Zika virus and provide a robust mathematical foundation for evaluating control and 

prevention strategies. Future work may extend the model to include spatial effects, seasonal variability, 

stochastic influences, or optimal control measures to further enhance its applicability in real-world 

epidemiological settings. 
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