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Abstract:  

Differential Transform Method is a semi-analytical numerical technique that 

depends on Taylor’s series for the resolution of ordinary Differential Equations. 

This technique useful to obtain the series solutions of ordinary Differential 

Equations.  Differential Transform method provides the solutions in the form of a 

polynomial.  In this paper, we study Differential Transform Method , Its theorems, 

properties and examples. The Differential Transform method is a monotonous 

procedure for attaining the analytic solutions of ordinary Differential Equations 
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Introductions: The Differential Transform Method (DTM)[17] is a powerful mathematical 

technique used to solve higher-order boundary value problems in ordinary differential equations. 

It's particularly useful when dealing with complex problems that might not have straight forward 

analytical solutions. In essence, DTM involves transforming the ordinary differential equations 

into algebraic equations using a series of transformations based on Taylor series expansions. The 

method involves transforming the derivatives in the original equation into a series of algebraic 

expressions, which are then solved to obtain the solution. [2,11] This transformation is carried 

out by expressing the dependent variables and their derivatives as series in terms of a parameter. 

The resulting system of algebraic equations can then be solved to obtain an approximate solution 

to the original   Differential Equation. The Two-Dimensional Differential Transform Method has 

been applied in various fields, including heat conduction, fluid dynamics, and elasticity, 

providing a numerical technique for solving two-dimensional problems in engineering and 

physics[4,8]. It is particularly useful when analytical solutions are challenging or impossible to 

obtain.[3,10] 

Methodology: 

Differential Transformation Method[17]: 

The differential transformation of the kth derivative of a function u(x) is defined as follows: 

𝑈(𝑘) =
1

𝑘!
[

𝑑𝑘𝑢(𝑥)

𝑑𝑥𝑘
]

𝑥=𝑥0

                            (1) 

In (1), 𝑢(𝑥) is the original function and 𝑈(𝑘) is the transformed function. 

and inverse differential transformation of  is defined as follow: 

𝑢(𝑥) = ∑  ∞
𝑘=0 𝑈(𝑘)(𝑥 − 𝑥0)𝑘                (2) 

From (1) and (2), we obtain. 
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𝑢(𝑥) = ∑  ∞
𝑘=0

1

𝑘!
(𝑥 − 𝑥0)𝑘 [

𝑑𝑘𝑢(𝑥)

𝑑𝑥𝑘
]

𝑥=𝑥0

    (3) 

Eq. (3) implies that the concept of differential transformation is derived from the Taylor series 

expansion. From the definitions of (2) and (3), it is easy to prove that the transformed functions 

comply with the following basic mathematics operations (Table1). 

 

 

 

 

 

 

 

 

 

 

                                                                                                                              

                                                                                                    Table1 

Example 1- Consider the following differential equation of second order, 

𝑑2𝑣

𝑑𝑡2
− 2

𝑑𝑣

𝑑𝑡
+ 5𝑣 = 0 

With the conditions v(0)= -1, v’(0) = 7 

We apply DTM, with initial conditions V(0)= -1, V(1)=7, we get 

𝑉(𝑘 + 2) =
1

(𝑘 + 1)(𝑘 + 2)
[2(𝑘 + 1)𝑉(𝑘 + 1) − 5𝑉(𝑘)] 

Put k=0,1,2,3,4,…  𝑉(2) =
19

2
, 𝑉(3) =

1

2
, 𝑉(4) =

−89

24
 … 

Therefore, the closed form of the solution can be easily written as, 

Original Function Transformed Function 

𝑧(𝑥) = 𝑢(𝑥) ± 𝑣(𝑥) 𝑍(𝑘) = 𝑈(𝑘) + 𝑉(𝑘)               (4) 

𝑧(𝑥) = 𝜆𝑢(𝑥) 𝑍(𝑘) = 𝜆𝑈(𝑘)                            (5) 

𝑧(𝑥) =
𝑑2𝑔(𝑥)

𝑑𝑥𝑛
 𝑍(𝑘) =

(𝑘+𝑛)!

k!
  𝐺(𝑘 + 𝑛)                         (6) 

𝑧(𝑥) = 𝑢(𝑥)𝑣(𝑥) 𝑍(𝑘) = ∑  

𝒌

𝒍=𝟎

 𝑈(𝑙)𝑉(𝑘 − 𝑙)                         (7) 

𝑧(𝑥) = 𝜆𝑥𝑚 𝑍(𝑘) = 𝜆𝛿(𝑘 − 𝑚) = {
1, 𝑖𝑓 𝑘 = 𝑚
0, 𝑖𝑓 𝑘 ≠ 𝑚

    (8) 
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v(t) = ∑ 𝑉(𝑘)𝑡𝑘 = −1 + 7t +
19

2
𝑡2

2

𝑘=0

+
1

2
𝑡3 −

89

24
𝑡4 

and the exact solution is 𝑣(𝑡) = −𝑒𝑡𝑐𝑜𝑠2𝑡 + 4𝑒2𝑡𝑠𝑖𝑛2𝑡 

Example 2- Consider the following differential equation of second order, 

𝑑2𝑣

𝑑𝑡2
+ 4

𝑑𝑣

𝑑𝑡
+ 4𝑣 = 6𝑒−𝑡 

With the conditions v(0)= -2, v’(0)=8 

We apply DTM, with initial conditions V(0)= -2, V(1)=8, we get 

𝑉(𝑘 + 2) =
1

(𝑘+1)(𝑘+2)
[ 

−6

𝑘!
− 4(𝑘 + 1)𝑉(𝑘 + 1) − 4𝑉(𝑘)]  

Put k=0,1,2,3,4,…𝑉(2) = −15, 𝑉(3) =
41

3
, 𝑉(4) =

−107

12
 … 

Therefore, the closed form of the solution can be easily written as, 

v(t) = ∑ 𝑉(𝑘)𝑡𝑘 = −2 + 8t − 15𝑡2

2

𝑘=0

+
41

3
𝑡3 −

107

12
𝑡4 

and the exact solution is 𝑣(𝑡) = 6𝑒𝑡 − 8𝑒−2𝑡 

Example3: consider the following system of non homogenous differential equations 

   
𝑑𝑦1

𝑑𝑥
= 𝑦3 − 𝑐𝑜𝑠𝑥 ,   

𝑑𝑦2

𝑑𝑥
=  𝑦3 − 𝑒𝑥,

𝑑𝑦3

𝑑𝑥
=  𝑦1 − 𝑦2    

With initial conditions    𝑦1(0) = 1, 𝑦2(0) = 0,  𝑦3(0) = 0   

Using a basic theorems(4),(5),(6) of Differential Transform Method, 

𝑌1(𝑘 + 1) =
1

𝑘 + 1
 (𝑌3(𝑘) −

1

𝑘!
cos (

𝑘𝜋

2
)) , 𝑌1(0) = 1 

𝑌2(𝑘 + 1) =
1

𝑘+1
(𝑌3(𝑘) −

1

𝑘!
) , 𝑌2(0) = 1 ,𝑌3(𝑘 + 1) =

1

𝑘+1
(𝑌1(𝑘) − 𝑌2(𝑘)), 𝑌3(0) = 2                                                                                     

Put 5,34,2,1,0=k  in above equations, we get  

 𝑌1(1) = 1 , 𝑌2(1) = 1  ,   𝑌3(1) = 1       𝑌1(2) =  
1

2
  , 𝑌2(2) =  0 , 𝑌3(2) = 0  

 𝑌1(3) =  
1

6
  , 𝑌2(3) =  −

1

6
 , 𝑌3(3) =

1

6
   𝑌1(4) =  

1

24
  , 𝑌2(4) =  0 , 𝑌3(4) =

1

12
  

 𝑌1(5) =  
1

5!
  , 𝑌2(5) =  

1

5!
 , 𝑌3(5) =

1

5!
  

 𝑌1(6) =  
1

6!
  , 𝑌2(6) =  0 , 𝑌3(6) =  0                                                                          
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By substituting these values of 𝑌1(𝑘), 𝑌2(𝑘), 𝑌3(𝑘)  to obtain  𝑦1(𝑥), 𝑦2(𝑥), 𝑦3(𝑥) in (3.1.2)  

𝑦𝑖(𝑥) = ∑ 𝑥𝑘  𝑌𝑖(𝑘)

𝑘=∞

𝑘=0

 

Take i = 1, 𝑦1(𝑥) = 1 + 𝑥 + 𝑥2 + .  .  .  =   𝑒𝑥 

Take i  = 2, 𝑦2(𝑥) = 𝑥 −
𝑥3

3!
+  .  .  . = 𝑠𝑖𝑛𝑥 

Take i = 1, 𝑦3(𝑥) = 2 + 𝑥(1) + 𝑥2(0) +
𝑥3

6
+ 

𝑥4

12
+ .  .  .  =   𝑒𝑥 + 𝑐𝑜𝑠𝑥               

 

 

CONCLUSION: 

From our study we  can conclude that we use Differential Transform Method can use to solve  

various types of ordinary differential equations in physics, mathematics, mechanical problems. 

The DTM provides a direct, recursive approach for solving differential equations, avoiding 
numerical calculations or discretization techniques. The computed approximate solutions 
using DTM show excellent agreement with exact analytical solutions, with minimal 
deviation even for small truncation orders. The method efficiently handles systems of 
differential equations, making it applicable to real-world problems involving coupled 
processes. Compared to conventional numerical methods, DTM offers a simple yet 
powerful alternative with fewer computational steps and reduced computational cost. 
DTM is a convergent method and that the accuracy of the solution improves significantly 
with the inclusion of more terms in the transformed series. DTM proves to be a reliable and 
computationally effective technique for solving integral equations. 
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