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1. Introduction

Fractional stochastic differential equations are studied to describe different problems, for example in
finance, physics and control theory. Many researchers worked out some interesting results of
fractional stochastic differential equations. Among the important results, we cite the existence and
uniqueness of solution, stability results, the averaging principle of fractional systems with
perturbations, see [1,2,3,4,5,10,11,13,19].

The theory of sublinear expectation has quickly developed and has been of interest to many
researchers due to the important potential applications in uncertainty problem. The concept of
uncertainty in fluctuations was studied by Peng, see [21,22,23,24,25], who established a new
stochastic process called G —Brownian motion as a way to incorporate the unknown volatility into
financial models. Denis and Martini [15], suggested a structure based on the quasi-sure analysis
from the abstract potential theory to construct a similar structure using a tight family of possibly
mutually singular probability measures. At the current time, it should be noted that the problems with
uncertainty based on G —Brownian motion have been widely studied by several authors. On the other
hand, the optimal control theory is one of the most important fundamental concepts in mathematics
that plays an important role in both deterministic and stochastic systems. This theory has found
increasing application in the domain of applied mathematics. In the G —framework, Redjil et al. [26]
proved the existence of relaxed optimal control, the existence of optimal control for stochastic
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system with controlled jumps is established [27]. We note that many authors have considered the
optimal control problems and stochastic differential equations under incertainty, further, details can
be found in [6,7,8,9,12,14,16,17,27,30,31,33].

Stochastic control problem is the study of dynamical systems subject to random perturbations and
which can be controlled in order to optimize some performance criterion. Historically handled with
Bellman’s and Pontryagin’s optimality principles, the research on control theory considerably
developed over these last years, inspired in particular by problems emerging from mathematical
finance.

Motivated by the applications of fractional SDEs, the solution properties have been widely studied,
B.P. Moghaddam et al.[18], studied the sufficient conditions for existence and uniqueness of
fractional stochastic delay differential equations. In [29], Saci et al. established the existence and
uniqueness of solution for fractional stochastic differential equations driven by G —Brownian motion
with delay (G —FSDEs in short) and the authors investigated the averaging principle. Recently,
D. Kasinathan et al. studied the dynamical behaviors of fractional neutral stochastic integro-
differential delay systems with impulses, for  more details see [19].
In this paper, we are interested on studying, the existence of stochastic optimal control for fractional
stochastic differential equations driven by G —Brownian motion with delay. Such equations are used
to model a realistic financial modeling framework by combining memory effects (fractional),
volatility uncertainty (G-Brownian motion), and decision delays. This makes them valuable
especially in optimal control problems in uncertain markets. For this, we consider systems governed
by the following equation

{Dt“X(t) = b(t, X )dt + h(t,X,)d(B); + o(t,X,)dB;, t € [0,T] (1.1)
Xo=¥:={W(O):—1 <6 <0}, '

where X; = {X(t+0):—1 <0 <0}, T € [0,+c0[, Df is the "Caputo fractional derivative", a €

G, 1). The coefficients b,h,o are in the space MZ([0,T];R), {(B); t = 0} is the quadratic

variation process of G —Brownian motion. We denote by BC([—7,0]; R), the family of bounded

continuous R — valued mapping ¢ defined on [—7, 0] with norm ||¢|| = sup_,<g<olp ()],

the proofs of the well posedness of problem (1.1) are based on the results of Saci et al.[28].

Our main result is proving the existence of an optimal control in the G —framework. To this end, we
consider the following controlled G —FSDE with delay

{Dt“Xt = b(t, X, uy)dt + h(t, X;, u.)d(B); + o(t, X;)dB;

Xo=¥:={W(@):—1<6 <0}, (1.2)

where u(.) € A stands for the control variable for each t € [0, T], and A is a compact polish space of
R. Let the set A denote the space action and the set U = U[0, T] is the set of admissible controls.

This article is organized as follows. In Section 2, we give some preliminaries required for the further
of the subject. In Section 3, we study the existence and uniqueness of solution. Later, we established
the existence of an optimal control of our controlled system. The last section is devoted to studying
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an example on stochastic optimal control for fractional SDEs in order to confirm the validity of our
results.

Basic settings

In this section, we introduce preliminary results in the G —framework which are required in the rest.

Let Cp 15, (R™) be the space of all bounded and lipschitz continuous functions on R™. Let T € R* be
a fixed time. Consider the space £2:={w:[0,T] - R, w is continuous function and w(0) =0 },
which is equipped with the following distance:

plwt,w?) = Z 27" (trg%g%]lw} — w?| A 1),w1,w2 €N
n=1 '

and consider the canonical process B;(w) = w; for t € [0,00) and w € 0. Let

Llp(ﬂt) = {(p(Btl' Btz - Btn): tll tZ' v tn € [Or t]) ¢ € Cl,lip(]Rn)}
Lip(@):= U Lip(2).

We have Lip(2,) c Lip(Q2) for each t € [0, T].

A functional E:H : = Lip(£2) > R is a consistent sublinear expectation on the lattice # of real
functions i. e. it satisfies:

i - Monotonicity: forall X,Y € H, X > Y = E[X] > E[Y].

ii - Constant preserving: for all ¢ € R, E[c] = c.

iii - Subadditivity: for all X,Y € 3, E[X + Y] < E[X] + E[Y] .
iv - Positive homogeneity: forall A > 0,Y € H, E[AX] = AE[X].
The triplet (.Q, H, E) is a sublinear expectation space.

Definition 1. Let Y = (Y,...,Y,) be an n —dimensional random vector on (.(2,7{ , fE) Y is said to

be independent from an m —dimensional random vector X = (Xy,...,X,,) if for each ¢ €
Co1ip R™™), Elo(X, V)] = E[El(x, V)] =x]

Definition 2. (G — Brownian motion) The canonical process (Bp);sq on (2,3, E) is called a
G —Brownian motion if the following properties are satisfied:

1. By, = 0;
2. Foreach t,s > 0 the increment By, — By is N (0, [sgz, 532]) —distributed
3. (Btl,Btz, : ..,Btn) is independant of B, forn = 1 and t4, t,,..., t, € [0, t].

We denote by LE.(27) (p = 1) be the Banach space completion of Lip(27) under the natural norm
IX1l,, : = E[IX|?]*/?, and we consider the following type of simple process M} 0(0,T): for a given
partition ; = {tq, ty,...,ty} of [0, T],

https://internationalpubls.com 241



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 33 No. 1s (2026)

N-1
@) = ) & @, O, & €Lh ()
j=0

j
Let us denote the completion of ]V[Gp 20, T) by Mg (0, T) under the norm
1

T P
||n||Mg(o,T):=[ [ E[Inslp]dsl p21
0

for each n € MZ°(0,T), the related Ito intergal of (B,) ;s is defined by

N-1

I(m) = fOTn (s)dBs := z nj (Bt,-+1 - Btj)

j=0

where the mapping I: M°(0,T) — L%(Q27) is continuously extended to MZ(0, T). The quadratic
variation process (B); of (B;) o defined by

t
(B),:=B?% — zf B, dB..
0

For each 7 € M;°(0,T), let the mapping J: M°(0,T) — L (27) given by

N-1
J(m) = fOTYI (t)d(B);:= 2 fj (<B>tj+1 - (B)tj)'
7=0

Then J can be extended continuously to M2 (0, T).

Definition 3. We define the capacity C associated with E by putting

C(A) :=sup P(A),A € B(1).
pEP

We will say that a set A € B(R) is polar if C(A) = 0. A property holds quasi-surely (q.s. in short) if
it holds outside a polar set.

Lemma 4. [11] Let X € LV.(Q), then for each a > 0

CX|>a) < E“le].

The following two lemmas are the G — BDG type inequalities with respect to the quadratic variation
process (B); and B; respectively.

Lemma 5. Letforp >1,n€ MGp(O, T)and 0 < s <t <u <T.Then we have:

p -
[ dey || < Colu = st [V E Ll P,

E[sup

Ss<t<u

where Cy is a positive constant independent of 1.
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Lemma 6. Let forp = 2,1 € MF(0,T) and 0 < s <t < u < T. Then we have:

= t p p_ Y
B[ sup [[1ny dB)|| < Colu = 57 [ Elln,IPIav,

S<t<u

where C, is a positive constant independent of 1.
We will need the generalized Gronwall Lemma:

Lemma 7. [31] Suppose B > 0,a(.) = 0 is a nonnegative function locally integrable on 0 <t <T
(some T < +o0) and g(.) is a nonnegative, nondecreasing continuous function defined on 0 < t <
T, g(t) < M(constant), and suppose u(.) is nonnegative and locally integrable on 0 < t < T with

u(®) < a(®) + g(®) [t — )P u(s)ds.

Then,

t
w(®) < ale) + f (t — ) 1a(s)| ds foreach 0 <t <T.
0

rmp)

i (g@®r@)"

Corollary 8. [31] Under the hypothesis of Lemma 7, we have
u(t) < a®Eg(g(Or BIEF),

k
where Ep is the Mittag-Leffler function defined by Eg(z) = ¥i’-o %

Existence and uniqueness

The objective of this section is to prove existence and uniqueness of the solution of equation (1.1),
the proof is based on the results of Saci et al. [29],where the functions b(.,x), h(.,x) and o(.,x) €
MZ([0,T]) for each x € R. We consider the following assumptions:

(H)) J =b,h,0:[0,T] x BC([-7,0]; R) X 2 - R, satisfy the Lipschitz continuous condition with
respect to x, uniformly with respect to ¢, that is for any x, y € BC([—7,0]; R)

IJ(t,x) = J (&, »)I* < Dllx — ylI% q.s.
And
(H3) J(t,0)]* < P,q.s.

uniformly with respect to t, where D and P are positive constants.

Definition 9. The process X € MZ([—7,T]) is called a solution of the equation (1.1) with initial
condition ¥, if for all t € [0, T];
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X() =%(0) + —— j (t — $)%1 b(s, X,)ds

F( )
1
F( 5] (t—s) 1 h(s, X,)d(B)
+ mj; (t —5)*1o(s,X,)dB (3.1)

and X(t) = W(t) forall t € [—7,0].
Theorem 10. Under the assumptions (H,) and (H,), the G —FSDE (1.1) has a unique solution in
ME([=7, TD.

Proof. Uniqueness

Let X and Z € MZ([—1,T]) represent two solutions of the G —FSDE (1.1) with the same initial
condition ¥. Forall0 < s < T,

1Xs = Zsll < sup |X(w) —Z(w)| < Sup]lX(u) Z(w|.

ue[-t,s] ue[

Itisclearthatfor0 <t <T
1 [t .
XO =20 = [ €= 97 b 0 - b(s,2)]ds

F( )J (t —s)* L [h(s, X;) — h(s, Z;)]d(B)

b [ €= otk = oG5, 2008,

so that

2

3
sup | X(t) —Z(D|? < su
tE[OI;" X(©) =z F(OC) te[ opT

3
+——= su
I'(a)? tE[Og"]

3
+——= su
r(a)z tE[Og"]

f (t — )% [b(s, X,) — b(s, Z,)]ds
0

t 2
j (¢ — $)% [h(s,Xs) — b(s, Z5)]d(B);
0

2

J (t — )% 1 [0(s, X,) — 0 (s, Z,)]dB,
0

Under the hypothesis (H; ), we apply Cauchy-Schwarz, Holder and G — BDG inequalities, we obtain
the following estimate:

E sup [X(t) —Z(t)|? < rlf [sup I X(w) — Z(u)lzl ds,

te[o,T] u€lo,s]

3DT?%~2(T+TC,+Cy)
I'(a)?

where r; = . By classical Gronwell’s lemma, we obtain
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E sup 1X(s) —Z(s)|?| =0,

selo,T]

which implies that X(s) = Z(s) gq.s. for any s € [0,T] and then X(s) = Z(s) gq.s. for all s €
[—7,T].

Existence
Let X°(t) = 0 for any t € [—1, T]. Define the following Picard sequence: For each n > 1, we set
Xy =W and

XMt = w(0) + —— j (£ — )% b(s, X2 1)ds

r'(a)
1 _ n—
+m] (t—-s) 1h(S,X5 1)d<B>s

s f (t — ) o(s, X*~1)dB,. 3.2)

The existence will be proved in 3 steps

Step 1: First, we prove that X™(t) € L%(Q) for all t € [0,T]. We claim that X" € MZ([—T,T]).
Indeed, we have:
2

IX™M(®O1? < 4P (0)]* +

f (t — ) 1h(s, X} Vds

* e
2
F( x f (£ = )% h(s, X2D)d(B),
2
F( : f (t — )% (s, XI1)dB,

Applying Cauchy-Schwarz, Holder and G — BDG inequalities, we get the following estimation:

E( sup IX"(t)|2> < 4|¥(0)|?

te[o,T]

4T £
+m (sup f(t—s)za 2|b(s, X1~ 1)|2ds>

telo,T]

4TC i
+F(a; (ts%pT f (t — )22 |h(s, X1~ 1)|2ds>
E
4C. &
o[-

From (H,) and (H,), we derive
J(s,2)1? < 2](s,x) = J(s,0)|* + 2]/ (s, 0)|* < 2D]|x]|* + 2P.

It follows that
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[El sup, IX™M(O)1?| < 4ll¥II?

tE[O T]

e )zf (¢ — )22 (DE[IIX1112] + P)ds

L 87C
T ()

2 2a-2 (T n—1j2
+F(a)_[0 (t — )22 2 (DE[|IX?~1|1?] + P)ds

< 4||%|? +

f (t — )22~ 2 (DE[|IX?~1|1?] + P)ds

8PT2%"1(T + TC, + C,)
Qa-1Dr(a)?

8D(T+TC,+C,) (T _
( : 2)f (t — )22 E[IX2I*]ds
0

I (a)?
Noting that the fact
X371 < sup [X"T@)I? < 1Y% + sup [X"1(w)l?,

u€[—1,s] u€lo,s]

so, it follows that

E( sup IX"(t)I2>

te[o,T]
8PT?* (T +TC, + Cy)
Qa—-1Dr(a)?
8D(T+TC,+C,) (T _
F(a); 2 f (t _ S)Za—Z E l

< 4||¥|I? +

u€elo,s]

T
<nr+r f (t — s)a-1D-1 E( sup IX”‘l(u)|2> ds,
0

u€lo,s]
where
2DT2%1(T + TC, + Cz) 8PT22~1(T + TC, + Cz)
2= 4P (1 2a— DI'(@)? > Qa-Dr@?
and

8D(T +TC; + C,)
I'(a)?

T'3 =

On the other hand, for any k > n, we have

1=ns<k te[o,T] 1=ns<k u€elo,s]

Moreover,

https://internationalpubls.com
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maxE( sup IX”_l(u)|2> < max{EII'PIIZ, 1maxkﬁ< sup |X"(u)|2>}
<n<

1snsk  \qyelos] uelo,s]

< |Il?)? + maxﬁ( sup |X”(u)|2>.
1sn<k

u€lo,s]

Therefore,

1=ns<k te [O,T]

max E( sup |X”(t)|2>

T
<r+ r3f (t — s)%a2 (II‘PII2 + 1111333(@( sup |X”(u)|2>) ds
0 <n<

u€lo,s]

T
<n +r3J (t —s)?%72 maXIE( sup |Xn(u)|2> ds
0

lsnsk  \ yefo,s]

where 1, =1, + 13 IIHUII2 Now by corollary 8, we get:

(2

max E( sup |X”(t)|2> < 1y Eyu 1 (sl (2a — 1)T?*7 1),
1<n<k tE[O,T]
We deduce that:
E( sup |X”(t)|2> < 1yEyu 1 (s (2a — 1)T?%7 1), (3.3)
telo,T]

Step 2: Second, we prove that (X™) ey is Cauchy sequence in MZ([0,T]).

Let the space

Hp:= {X e Mz2([0,T]): E[ sup IX(S)IZl < oo},

sel0,T]
equipped with the norm

1
2

N(X) = ( l sup |X(S)|2D
selo,T]
It follows from (3.2) that:

X)) -X°(t) = %] (t—=95)*"1hb(s,0)ds
F( ) f (¢ — )% h(s, 0)d(B)s
+@ fo (t — )% 6 (s, 0)dB,.

Similary to the proof of uniqueness, we have:
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2

3 t )
t:ﬁ)pT |X1(t) — Xo(t)lzl _F(a) t:%;; jo(t—s) Lb(s,0)ds
3 2
_ a—-1
+F(a) t:%p;j(t s)* 1 h(s,0)d(B),
3 . 2
I"(a) t:%pﬂ fo(t—s) o(s,0)dBy
< Wf (t — 272 |b(s, 0)[2ds
0
T
I?(Tc)lz f (¢ — )25 |h(s, 0) ds
3C
e z)zf (t — )2%72 o (s, 0)|2ds.

Then we get from (H,)

[EI sup |X1(t) — Xo(t)lzl

tel0,T]

3TP
F( )Zf (t —s)?%2ds +

3(T + TC, + C,)PT?%1
Qa -1 (a)?

3TC,P
I'(a)?

f(t—s)2“2d5+ f(t—s)zazds

r(a)?

It follows that
NX!'-X% <K, (3.4)

1

2a-1
where K = (3(Tg§12)ci)(z; ) Now we have for any arbitrary n > 1 and t € [0, T]:
X)) — X7(2) —F( )f (t — )% [b(s, X2) — b(s, X2~V)]ds

r( o [ =9 it 1) - s 3 0am)

(t—5)*1o(s, X)) —o(s, X2 1)
@ f [ 1B
With similarity to the proof of uniqueness, we get:

E| sup IX”“(t)—X“(t)IZl
tE[O,T]

- 3D(T + TCy + C,)T?%72 ITE<
- Ir(a)? 0

sup |X™(t;) — Xn_l(t2)|2> dt,.

0<t,<t;

3D(T+TCy+C,)T?4 1

e DI’ L W€ can write

By seeting y =
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T
E| sup IX"“(S)—X”(S)IZl Syf E( sup |Xn(t2)_Xn_1(t2)|2>dt1

s€lo,T] 0<t,<t;

0
T oty
= VZJ f E( sup [X™71(t3) — Xn_z(t3)|2> dt dt,
o Jo

0sty<t,
T fty tne1
i [ [t
0o Jo 0
n
< K()’T ) _
n!
It follows that
1
T)™\2
N(X™1 — xn) < <K (Vm) ) . (3.5)
Letm > n,

x5 -x)

i=n+1
m

< Z N (X' —Xx1)

i=n+1

< Z N (xt—Xx1)

i>n
i
< Z 0D
i!
i>n
This implies that (X™),cy is a Cauchy sequence in Hy and also in MZ([0, T]). Let X be the limit of
this sequence.

Step 3: We prove that for all t € [0,T], X, is the solution of the G —FSDE (1.1).

By using the continuity of the norm N, we deduce from equation (3.3) that

E( sup |X(s)|2> <1y Eyq 1 (3l (2a — 1)T?%71), (3.6)

s€lo,T]

which implies that

T 0 T
E(J;TIX(S)Ist> =E<£T|X(s)|2ds>+ﬁ<£) |X(s)|2ds>

S T”llullz + T'4TE2a_1(T3F(2a - 1)T2a_1) < 00,
Therefore, X € MZ([—7, T]).
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According to the unicity of the limit, it suffices to prove that for each t € [0,T], the sequence of
random variables (Kn(t))n (resp. (Tn(t))n, (Vn(t))n) converges in L% () to the random variable

fot(t —5)*1bh(s, X,)ds

(resp. fot(t —5)* 1T h(s,X,)d(B),, fot(t —5)*1o(s,X;)dB;), where

K, () = j (t — $)%1 b(s, XV ds
0

t
T.(t) = f (t — )1 h(s, XP-D)d(B).,
0

and

V() = j (t = $)%1 (s, X2-1)dB,
0

Indeed, we have by using Holder’s inequality,

2

t t
ﬂi[ f (t — $)1 b(s, XT)ds — j (t — $)%1 b(s, X,)ds
0 0
T
< Tf (t — 5)20-2 B|b(s, X2) — b(s, X,)|2ds
0

< DTZO.’—l f
0

t
E( sup |XP —Xr|2> ds,

r€l0,T]

then

2

lr( )f (t—S)“_lb(S,Xgl)ds—r( )f (t —s)* 1 b(s,X,)ds

(N — ),

_I"( )?

which implies that

t t
lim [ (t — )% b(s, XM)ds = f (t — $)%1 b(s, X,)ds in L2 (22).
0

— 00
n 0

Similarly, by using G — BDG inequalities, we can write
t
lim [ (t— $)% h(s, X)d(B), = f (t — )31 h(s, X,)d{B), in L2 (),

— 00
n 0

and
t
lim [ (t— )% (s, Xx2)dB, = J (t — )% (s, X,)dB, in L2 (22).

— 00
n 0

The proof is complete.
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Corollary 11. Let X be the solution of G —FSDE (1.1). Then we have

E[ sup |X(t)|zl < |I¥l? + 14Erq1 (s Qo — 1)T2e-1),
te[-1,T]

O

Proof. Follows from the formula (3.6) and the fact that sup [X(¢)| = ||¥]|. O
te[-1,0]

Existence of stochastic optimal control

We study stochastic control problems where the control domain need not be convex, the system is
governed by fractional stochastic differential equation driven by G — Brownian motion with delay. A
control process u* that solves inf,¢;;J(u) = J(u*) is called optimal, where the infimum is taken over
all admissible controls. The exepected cost to be minimized over the class of admissible controls has
the form

T
Jw) =E U ((t,XE‘:ut)dtl-
0

For each fixed control u € U,we study the existence and uniqueness of solution of the system (1.2).

Definition 12. We say that the process (X¥*);s0 € MZ([0,T]) is called a solution of the equation
(1.2) for each fixed control u € U if X}* satisfies for t € [0,T];

1 t
X¥ =x,+ mj; (t — )% 1h(s, X, us)ds

1 (¢ 1
+m.]; (t —s)* Y h(s, X, us)d(B)
+ i ), =9 ot xaB, (4.1

We consider the following assumptions:
(H3) Lipschitz condition:

- The functions Q = b, h:[0,T] X R X U — R are Lipschitz continuous with respect to x uniformly
with respect to (¢, u), i. e.

|Q(t, x,u) — Q(t,y,u)| < l|lx — y| for each x € R,

- The function ¢: [0,T] X R = R is Lipschitz continuous with respect to x uniformly with respect to
t,i.e.

lo(t,x) — o(t,y)| < llx — y| for each x € R,
(H,) Linear growth condition:
- The functions Q are linearly growing with respect to x uniformly with respect to (t, ), i.e.

1Q(t,x)| < g(1 + |x|?) for each x € R,
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-The functions o is linearly growing with respect to x uniformly with respect to (t, w), i.e.
lo(t,x)| < g(1 + |x|?) for each x € R,

where [ and g are positive constants

Theorem 13. Let the assumption (H3) be satisfied. Then for each u € U, the system (1.2) admits a
unique solution. The process (X{*)¢e[o,r] is the solution of the controlled system.

Proof. Using the same reasoning as Theorem (3.2), we can conclude that the system (1.2) admits a
unique solution. O

Lemma 14. Assume that the hypothesis (H,) is satisfied. Let (X})iso be the solution of the

G —FSDE (1.2) with initial condition x, € R. Then we have, sup E[|X}|?] < M,
0stsT

Proof. Using the same reasoning as Corollary (3.3) we can easily obtain the boundedness of X}. O

Now, we prove the existence of fractional optimal control. Note that, the problem of the existence of
fractional optimal control for semilinear stochastic system has been studied in [19]. We consider the

real cost functional / defined over U the set of admissible controls by J(u) = E [ fOTC (t, X;, ut)dt],
we have the following hypothesis (Hs):

- The integrand { is a real function, F; — measurable, for each t € [0, T].
- { is continous in X and u for almost all t € [0, T].
- { is convex on the space of admissible controls U for each X and t € [0, T].
- There exists a constants a, b > 0, 8 € LL([0, T], R) such that
6(t) + aE|X|? + blu|®, < ¢(t, X, u)
Theorem 15. Let us assume that the hypothesis (Hs),(H,) and (Hg) hold, then there esists an
optimal control u*: J(u*) = &relgl(u)
Proof. We turn to the proof of existence of optimal control.
Ifinf {J(u),u € U} = +o, then there is nothing to prove. We assume that the
inf{J(w),u €U} =& < oo,

We have by the definition of the infimum, there is a minimizing sequence (X™,u™) such that
J(X™,u™) converges to € as m — +oo, with (X™) is the sequence of solution of the controlled
system (1.2) corresponding to the sequence of admissible controls (u™).

Since (u™)ms1 € U, is a bounded subset of the separable reflexive Banach space L% ([0, T], A), there
exists a subsequence, relabeled as (u™) and u* € L% ([0, T], A) such that:

u™ - u* weakly asm — +oo0 in LE([0,T], A)

Since U is closed and convex, the Mazur lemma forces us to conclude that u* € U.
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Let (X™) be the sequence of solutions of the system (1.2) corresponding to (u™), by Lemma (4.3),
it is easy to see that there exists § = 0 such that:

EIX™|* <6,m > 0.
We denote by X* the solution of the system (1.2) corresponding to the control u* € U.

For all t € [0, T], using conditions (H3), (H,), Cauchy-Schwartz and Holder inequalities, we obtain
that:

ElX™() — X* ()12
1s bounded.

By the well-known singular version of Gronwall inequality, there exists a constant K*(a)
independent of u, m and t such that

Elx™(t) — X*(®)1? < ¢(K* (). (al)
Since b is continuous, we get

I * *\ |2

E|b(t, X™ u™) — b(t,X*,u )lL’g([o,T],A) - 0asm - +oo, (a2)

From (al) and (a2) we conclude that
EIX™(t) —X*(t)|? > 0asm —» 4+
This implies that
ElX™() — X*(®)|?> - 0in C([0,T], I2(2,R)) as m > +oo

We can conclude that

T
(Xw) - E [ f (@ X#,ut)dtl
0

is sequentially continuous in the strong topology of L([0,T],R) and weak topology of
LE([0,T],A) < LE([0,T], A). Hence, ] is weakly continuous on L. ([0, T], A), and since by | > —oo,
J attaints its infimum at u* € U, that is,

g:= lim E
m-—+4oo

T T
f ((t,XZ”,u{”)dtl > IEU {(t,X;,u;‘)dtl =J(X*u*) > e
0 0

This completes the proof. O
Simulation

In this section we would provide an example with simulation strengthen the impact of the theoretical
findings by illustrating how the proposed fractional stochastic optimal control model behaves
numerically.

Example 17. Consider the following G-FSDE:
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where
8  /x 2 3x 4x
b(t,x) = E_sm (E) , h(t,x) = Earctan (E) ,and o(t,x) = 10(1—+|x|)
with the initial condition
3
veo)=1+ Esin(Zn@), 6 €[—1,0]
In the simulation we set the parameters as follows:
a=0.7,t=02T=2,0€{0.3,0.5,0.7}
By using python we obtain the following figures
(a) Solutions of G-FSDE under Different Volatilities (b) G-Brownian Motion Paths
—— Volatility 0 = 0.3 — 0=0.3
2301 Volatility o = 0.5 207 0=05
—— Volatility 0 = 0.7 o=0.7

2.251 1.5

2.00 1.0

1751

HJ'M 0.5 ]
M’w’\‘h 0.0 uﬁ-f'\r"'w W

—-0.51

State X(t)
B(t)

1.501

1.25 1

1.00 1
-1.04

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Time t Time t

Figure 1: Solution of the G-FSDE under different volatilities
Control Strategies

Now, we simulate the controlled equation, we set the controlled coefficients as follows:
8 ,x 3 2 3x 1
b(t,x,u) = 10 sin (E) + 1—Ou, h(t,x,u) = Earctan (E) + 1—0u

and the diffusion coefficient o is unchanged. The coefficients are carefully chosen so that they
satisfy all theoretical assumptions. The cost functional is

1\*  u?
tLx,u)=\(x—5) +——
< ) ( 2) 10
To demonstrate the existence of an optimal control, we evaluate several admissible control strategies
u(-) € U. The following controls are considered:

https://internationalpubls.com 254



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 33 No. 1s (2026)

Strategy 1 (Zero Control): u () =0 (5.1)
Strategy 2 : u,(t) = 0.3 (5.2)

Strategy 3 (Constant Large) : uz(t) = 0.8 (5.3)
Strategy 4 : u,(t) = Asin(wt), A=0.5, w =21 (5.4)

Strategy 5 (Linear): us(t) =k(t—ty), k=04, t,=10 (5.5)

Strategy 6 :  ug(t) = uge P, uy =06, g =2.0 (5.6)

These strategies satisfy the admissibility conditions u(-) € U. We obtain the following results:

(a) State Trajectories under Different Controls

251 Zero Control
’ = Constant Large
Linear
=== Target State
2.0 1
=
>
Y 1.5
m
A
1.0 1
D5 T m T T T
T T T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Time t
Figure 2.
(c) Worst-Case Costs of Different Controls
5.237
5 -
4_
3.671
3.412
3.066
S 34 2.882
= 2.650
uw
[=]
L]
2 -
1
0 T T T T
~ 1 > e ©
'\'55\ -\?'6;\ '\'55\ -\?'6;\ -\?'6;\
G}@ 6}@ G}@ 6}@ 6}@
Figure 3
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Remark 16. The optimal control (red bar) achieves the minimum worst case cost of J(u*) = 2.650

and one can see that the zero control strategy (first bar) does not depend on the highest cost which
indicates that some control strategies can act worse than no control. The best strategy control here is
the linear control.
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