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Abstract:  

This paper deals with a system of 𝐺 −fractional stochastic differential equations 

with delay. Under some regularity conditions we study the well posedness of the 

system and we establish the existence of stochastic optimal control. 
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1. Introduction 

Fractional stochastic differential equations are studied to describe different problems, for example in 

finance, physics and control theory. Many researchers worked out some interesting results of 

fractional stochastic differential equations. Among the important results, we cite the existence and 

uniqueness of solution, stability results, the averaging principle of fractional systems with 

perturbations, see [1,2,3,4,5,10,11,13,19]. 

The theory of sublinear expectation has quickly developed and has been of interest to many 

researchers due to the important potential applications in uncertainty problem. The concept of 

uncertainty in fluctuations was studied by Peng, see [21,22,23,24,25], who established a new 

stochastic process called 𝐺 −Brownian motion as a way to incorporate the unknown volatility into 

financial models. Denis and Martini [15], suggested a structure based on the quasi-sure analysis 

from the abstract potential theory to construct a similar structure using a tight family of possibly 

mutually singular probability measures. At the current time, it should be noted that the problems with 

uncertainty based on 𝐺 −Brownian motion have been widely studied by several authors. On the other 

hand, the optimal control theory is one of the most important fundamental concepts in mathematics 

that plays an important role in both deterministic and stochastic systems. This theory has found 

increasing application in the domain of applied mathematics. In the 𝐺 −framework, Redjil et al. [26] 

proved the existence of relaxed optimal control, the existence of optimal control for stochastic 
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system with controlled jumps is established [27]. We note that many authors have considered the 

optimal control problems and stochastic differential equations under incertainty, further, details can 

be found in [6,7,8,9,12,14,16,17,27,30,31,33]. 

Stochastic control problem is the study of dynamical systems subject to random perturbations and 

which can be controlled in order to optimize some performance criterion. Historically handled with 

Bellman’s and Pontryagin’s optimality principles, the research on control theory considerably 

developed over these last years, inspired in particular by problems emerging from mathematical 

finance. 

Motivated by the applications of fractional SDEs, the solution properties have been widely studied, 

B.P. Moghaddam et al.[18], studied the sufficient conditions for existence and uniqueness of 

fractional stochastic delay differential equations. In [29], Saci et al. established the existence and 

uniqueness of solution for fractional stochastic differential equations driven by 𝐺 −Brownian motion 

with delay (𝐺 −FSDEs in short) and the authors investigated the averaging principle. Recently, 

D. Kasinathan et al. studied the dynamical behaviors of fractional neutral stochastic integro-

differential delay systems with impulses, for more details see [19]. 

In this paper, we are interested on studying, the existence of stochastic optimal control for fractional 

stochastic differential equations driven by 𝐺 −Brownian motion with delay. Such equations are used 

to model a realistic financial modeling framework by combining memory effects (fractional), 

volatility uncertainty (G-Brownian motion), and decision delays. This makes them valuable 

especially in optimal control problems in uncertain markets. For this, we consider systems governed 

by the following equation 

{
𝐷𝑡

𝛼𝑋(𝑡) = 𝑏(𝑡, 𝑋𝑡)𝑑𝑡 + ℎ(𝑡, 𝑋𝑡)𝑑⟨𝐵⟩𝑡 + 𝜎(𝑡, 𝑋𝑡)𝑑𝐵𝑡 , 𝑡 ∈ [0, 𝑇]

𝑋0 = 𝛹 : = {𝛹(𝜃): −𝜏 ≤ 𝜃 ≤ 0},
       (1.1) 

where 𝑋𝑡 = {𝑋(𝑡 + 𝜃): −𝜏 ≤ 𝜃 ≤ 0}, 𝜏 ∈ [0, +∞[, 𝐷𝑡
𝛼 is the "Caputo fractional derivative", 𝛼 ∈

(
1

2
, 1). The coefficients 𝑏, ℎ, 𝜎 are in the space ℳ𝐺

2([0, 𝑇]; ℝ), {⟨𝐵⟩𝑡, 𝑡 ≥ 0} is the quadratic 

variation process of 𝐺 −Brownian motion. We denote by 𝐵𝐶([−𝜏, 0]; ℝ), the family of bounded 

continuous ℝ − valued mapping 𝜙 defined on [−𝜏, 0] with norm ‖𝜙‖ = sup−𝜏≤𝜃≤0|𝜙(𝜃)|, 

the proofs of the well posedness of problem (1.1) are based on the results of Saci et al.[28]. 

Our main result is proving the existence of an optimal control in the 𝐺 −framework. To this end, we 

consider the following controlled 𝐺 −FSDE with delay 

{
𝐷𝑡

𝛼𝑋𝑡 = 𝑏(𝑡, 𝑋𝑡 , 𝑢𝑡)𝑑𝑡 + ℎ(𝑡, 𝑋𝑡, 𝑢𝑡)𝑑⟨𝐵⟩𝑡 + 𝜎(𝑡, 𝑋𝑡)𝑑𝐵𝑡

𝑋0 = 𝛹 : = {𝛹(𝜃): −𝜏 ≤ 𝜃 ≤ 0},
       (1.2) 

where 𝑢(. ) ∈ 𝐴 stands for the control variable for each 𝑡 ∈ [0, 𝑇], and 𝐴 is a compact polish space of 

ℝ. Let the set 𝐴 denote the space action and the set 𝑈 = 𝑈[0, 𝑇] is the set of admissible controls. 

This article is organized as follows. In Section 2, we give some preliminaries required for the further 

of the subject. In Section 3, we study the existence and uniqueness of solution. Later, we established 

the existence of an optimal control of our controlled system. The last section is devoted to studying 
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an example on stochastic optimal control for fractional SDEs in order to confirm the validity of our 

results. 

Basic settings 

In this section, we introduce preliminary results in the 𝐺 −framework which are required in the rest. 

Let 𝐶𝑏,𝑙𝑖𝑝(ℝ𝑛) be the space of all bounded and lipschitz continuous functions on ℝ𝑛. Let  𝑇 ∈ ℝ+ be 

a fixed time. Consider the space 𝛺 : = {𝑤: [0, 𝑇] → ℝ,  𝑤 is continuous function and 𝑤(0) = 0 }, 

which is equipped with the following distance: 

𝜌(𝜔1, 𝜔2) = ∑ 2−𝑛

∞

𝑛=1

( max
𝑡=[0,𝑛]

|𝜔𝑡
1 − 𝜔𝑡

2| ∧ 1) , 𝜔1, 𝜔2 ∈ 𝛺 

and consider the canonical process 𝐵𝑡(𝜔) = 𝜔𝑡 for 𝑡 ∈ [0, ∞) and  𝜔 ∈ 𝛺. Let 

𝐿𝑖𝑝(𝛺𝑡) = {𝜙(𝐵𝑡1
, 𝐵𝑡2

− 𝐵𝑡𝑛
): 𝑡1, 𝑡2, . . . 𝑡𝑛 ∈ [0, 𝑡], 𝜙 ∈ 𝐶𝑙,𝑙𝑖𝑝(ℝ𝑛)} 

𝐿𝑖𝑝(𝛺) : = ⋃
∞

𝑛=1
𝐿𝑖𝑝(𝛺𝑛). 

We have 𝐿𝑖𝑝(𝛺𝑡) ⊂ 𝐿𝑖𝑝(𝛺𝑇) for each 𝑡 ∈ [0, 𝑇]. 

A functional 𝔼̂: ℋ : = 𝐿𝑖𝑝(𝛺) → ℝ is a consistent sublinear expectation on the lattice ℋ of real 

functions 𝑖. 𝑒. it satisfies: 

𝑖 - Monotonicity: for all 𝑋, 𝑌 ∈ ℋ, 𝑋 ≥ 𝑌 ⇒ 𝔼̂[𝑋] ≥ 𝔼̂[𝑌]. 

𝑖𝑖 - Constant preserving: for all 𝑐 ∈ ℝ, 𝔼̂[𝑐] = 𝑐. 

𝑖𝑖𝑖 - Subadditivity: for all 𝑋, 𝑌 ∈ ℋ, 𝔼̂[𝑋 + 𝑌] ≤ 𝔼̂[𝑋] + 𝔼̂[𝑌] . 

𝑖𝑣 - Positive homogeneity: for all 𝜆 ≥ 0, 𝑌 ∈ ℋ, 𝔼̂[𝜆𝑋] = 𝜆𝔼̂[𝑋]. 

The triplet (𝛺, ℋ, 𝔼̂) is a sublinear expectation space. 

Definition 1.   Let 𝑌 = (𝑌1, . . . , 𝑌𝑛) be an 𝑛 −dimensional random vector on (𝛺, ℋ, 𝔼̂). 𝑌 is said to 

be independent from an 𝑚 −dimensional random vector 𝑋 = (𝑋1, . . . , 𝑋𝑚) if for each 𝜑 ∈

𝐶𝑏,𝑙𝑖𝑝(ℝ𝑛+𝑚), 𝔼̂[𝜑(𝑋, 𝑌)] = 𝔼̂[𝔼̂[𝜑(𝑥, 𝑌)]𝑥=𝑋]. 

Definition 2.  (𝐺 − Brownian motion) The canonical process (𝐵𝑡)𝑡≥0  on (𝛺, ℋ, 𝔼̂) is called a 

𝐺 −Brownian motion if the following properties are satisfied: 

1. 𝐵0 = 0; 

2. For each 𝑡, 𝑠 ≥ 0 the increment 𝐵𝑡+𝑠 − 𝐵𝑡  is 𝒩(0, [𝑠𝜎2, 𝑠𝜎
2

]) −distributed 

3. (𝐵𝑡1
, 𝐵𝑡2

, . . . , 𝐵𝑡𝑛
) is independant of 𝐵𝑡 , for 𝑛 ≥ 1 and 𝑡1, 𝑡2, . . . , 𝑡𝑛 ∈ [0, 𝑡]. 

We denote by 𝐿𝐺
𝑃 (𝛺𝑇) (𝑝 ≥ 1) be the Banach space completion of 𝐿𝑖𝑝(𝛺𝑇) under the natural norm 

‖𝑋‖𝑝 : = 𝔼̂[|𝑋|𝑝]1/𝑝, and we consider the following type of simple process ℳ𝐺
𝑝,0(0, 𝑇): for a given 

partition 𝜋𝑇 = {𝑡0, 𝑡1, . . . , 𝑡𝑁} of [0, 𝑇], 
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{𝜂𝑡(𝜔) = ∑ 𝜉𝑗

𝑁−1

𝑗=0

(𝜔)𝕀[𝑡𝑗,𝑡𝑗+1)(𝑡),     𝜉𝑗 ∈ 𝐿𝐺
𝑃 (𝛺𝑡𝑗

)} 

Let us denote the completion of ℳ𝐺
𝑝,0(0, 𝑇) by ℳ𝐺

𝑝(0, 𝑇) under the norm 

‖𝜂‖
ℳ𝐺

𝑝(0,𝑇) : = [∫ 𝔼̂
𝑇

0

[|𝜂𝑠|𝑝]𝑑𝑠]

1
𝑝

,  𝑝 ≥ 1. 

for each 𝜂 ∈ ℳ𝐺
2,0(0, 𝑇), the related Itô intergal of (𝐵𝑡)𝑡≥0 is defined by 

𝐼(𝜂) = ∫ 𝜂
𝑇

0

(𝑠)𝑑𝐵𝑠 : = ∑ 𝜂𝑗

𝑁−1

𝑗=0

(𝐵𝑡𝑗+1
− 𝐵𝑡𝑗

) 

where the mapping 𝐼: ℳ𝐺
2,0(0, 𝑇) → 𝐿𝐺

2 (𝛺𝑇) is continuously extended to ℳ𝐺
2(0, 𝑇). The quadratic 

variation process ⟨𝐵⟩𝑡 of (𝐵𝑡)𝑡≥0 defined by 

⟨𝐵⟩𝑡 : = 𝐵𝑡
2 − 2 ∫ 𝐵𝑠

𝑡

0

𝑑𝐵𝑠. 

For each 𝜂 ∈ ℳ𝐺
1,0(0, 𝑇), let the mapping 𝐽: ℳ𝐺

1,0(0, 𝑇) → 𝐿𝐺
1 (𝛺𝑇) given by 

𝐽(𝜂) = ∫ 𝜂
𝑇

0

(𝑡)𝑑⟨𝐵⟩𝑡 : = ∑ 𝜉𝑗

𝑁−1

𝑗=0

(⟨𝐵⟩𝑡𝑗+1
− ⟨𝐵⟩𝑡𝑗

). 

Then 𝐽 can be extended continuously to ℳ𝐺
1(0, 𝑇). 

Definition 3.  We define the capacity ℂ associated with 𝔼̂ by putting 

ℂ(𝐴) : = sup
𝑝∈𝒫

 𝑃(𝐴), 𝐴 ∈ ℬ(𝛺). 

We will say that a set 𝐴 ∈ ℬ(𝛺) is polar if ℂ(𝐴) = 0. A property holds quasi-surely (𝑞. 𝑠. in short) if 

it holds outside a polar set. 

Lemma 4.  [11] Let 𝑋 ∈ 𝐿𝐺
𝑝 (𝛺), then for each 𝛼 > 0 

ℂ(|𝑋| > 𝛼) ≤
𝔼̂[|𝑋|𝑝]

𝛼𝑝
. 

The following two lemmas are the 𝐺 − 𝐵𝐷𝐺 type inequalities with respect to the quadratic variation 

process ⟨𝐵⟩𝑡 and 𝐵𝑡 respectively. 

Lemma 5.  Let for 𝑝 ≥ 1, 𝜂 ∈ ℳ𝐺
𝑝(0, 𝑇) and 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑢 ≤ 𝑇. Then we have: 

                               𝔼̂ [ sup
𝑠≤𝑡≤𝑢

|∫ 𝜂𝑣
𝑡

𝑠
𝑑⟨𝐵⟩𝑣|

𝑝

] ≤ 𝐶1|𝑢 − 𝑠|𝑝−1 ∫ 𝔼̂
𝑢

𝑠
[|𝜂𝑣|𝑝]𝑑𝑣, 

 where 𝐶1 is a positive constant independent of 𝜂. 
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Lemma 6.  Let for 𝑝 ≥ 2, 𝜂 ∈ ℳ𝐺
𝑝(0, 𝑇) and 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑢 ≤ 𝑇. Then we have: 

                                  𝔼̂ [ sup
𝑠≤𝑡≤𝑢

|∫ 𝜂𝑣
𝑡

𝑠
𝑑𝐵𝑣|

𝑝

] ≤ 𝐶2|𝑢 − 𝑠|
𝑝

2
−1

∫ 𝔼̂
𝑢

𝑠
[|𝜂𝑣|𝑝]𝑑𝑣, 

where 𝐶2 is a positive constant independent of 𝜂. 

We will need the generalized Gronwall Lemma: 

Lemma 7.  [31] Suppose 𝛽 > 0, 𝑎(. ) ≥ 0 is a nonnegative function locally integrable on 0 ≤ 𝑡 ≤ 𝑇 

(some 𝑇 ≤ +∞) and 𝑔(. ) is a nonnegative, nondecreasing continuous function defined on 0 ≤ 𝑡 ≤

𝑇, 𝑔(𝑡) ≤ 𝑀(constant), and suppose 𝑢(. ) is nonnegative and locally integrable on 0 ≤ 𝑡 ≤ 𝑇 with 

                             𝑢(𝑡) ≤ 𝑎(𝑡) + 𝑔(𝑡) ∫ (𝑡 − 𝑠)𝛽−1𝑡

0
𝑢(𝑠)𝑑𝑠.  

Then, 

𝑢(𝑡) ≤ 𝑎(𝑡) + ∫ [∑
(𝑔(𝑡)𝛤(𝛽))

𝑛

𝛤(𝑛𝛽)

∞

𝑛=1

(𝑡 − 𝑠)𝑛𝛽−1𝑎(𝑠)]
𝑡

0

𝑑𝑠  for each  0 ≤ 𝑡 < 𝑇. 

Corollary 8.  [31] Under the hypothesis of Lemma 7, we have  

                                                   𝑢(𝑡) ≤ 𝑎(𝑡)𝐸𝛽(𝑔(𝑡)𝛤(𝛽)𝑡𝛽),   

where 𝐸𝛽 is the Mittag-Leffler function defined by 𝐸𝛽(𝑧) = ∑
(𝑧)𝑘

𝛤(𝑘𝛽+1)
∞
𝑘=0 . 

Existence and uniqueness 

The objective of this section is to prove existence and uniqueness of the solution of equation (1.1), 

the proof is based on the results of Saci et al. [29],where the functions 𝑏(. , 𝑥), ℎ(. , 𝑥) and 𝜎(. , 𝑥) ∈

ℳ𝐺
2([0, 𝑇]) for each 𝑥 ∈ ℝ. We consider the following assumptions: 

(𝐻1) 𝐽 = 𝑏, ℎ, 𝜎: [0, 𝑇] × 𝐵𝐶([−𝜏, 0]; ℝ) × 𝛺 → ℝ, satisfy the Lipschitz continuous condition with 

respect to 𝑥, uniformly with respect to 𝑡, that is for any  𝑥, 𝑦 ∈ 𝐵𝐶([−𝜏, 0]; ℝ) 

|𝐽(𝑡, 𝑥) − 𝐽(𝑡, 𝑦)|2 ≤ 𝐷‖𝑥 − 𝑦‖2, 𝑞. 𝑠. 

And 

 (𝐻2)               |𝐽(𝑡, 0)|2 ≤ 𝑃, 𝑞. 𝑠. 

 

uniformly with respect to 𝑡, where 𝐷 and 𝑃 are positive constants. 

Definition 9.  The process 𝑋 ∈ ℳ𝐺
2([−𝜏, 𝑇]) is called a solution of the equation (1.1) with initial 

condition 𝛹, if for all 𝑡 ∈ [0, 𝑇]; 
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𝑋(𝑡) = 𝛹(0) +
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝑏(𝑠, 𝑋𝑠)𝑑𝑠

+
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

ℎ(𝑠, 𝑋𝑠)𝑑⟨𝐵⟩𝑠

+
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝜎(𝑠, 𝑋𝑠)𝑑𝐵𝑠                     (3.1)

 

and 𝑋(𝑡) = 𝛹(𝑡) for all 𝑡 ∈ [−𝜏, 0]. 

Theorem 10.  Under the assumptions (𝐻1) and (𝐻2), the 𝐺 −FSDE (1.1) has a unique solution in 

ℳ𝐺
2([−𝜏, 𝑇]). 

Proof. Uniqueness 

Let 𝑋 and 𝑍 ∈ ℳ𝐺
2([−𝜏, 𝑇]) represent two solutions of the 𝐺 −FSDE (1.1) with the same initial 

condition 𝛹. For all 0 ≤ 𝑠 ≤ 𝑇, 

‖𝑋𝑠 − 𝑍𝑠‖ ≤ sup
𝑢∈[−𝜏,𝑠]

|𝑋(𝑢) − 𝑍(𝑢)| ≤ sup
𝑢∈[0,𝑠]

|𝑋(𝑢) − 𝑍(𝑢)|. 

It is clear that for 0 ≤ 𝑡 ≤ 𝑇 

𝑋(𝑡) − 𝑍(𝑡) =
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

[𝑏(𝑠, 𝑋𝑠) − 𝑏(𝑠, 𝑍𝑠)]𝑑𝑠

+
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

[ℎ(𝑠, 𝑋𝑠) − ℎ(𝑠, 𝑍𝑠)]𝑑⟨𝐵⟩𝑠

+
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

[𝜎(𝑠, 𝑋𝑠) − 𝜎(𝑠, 𝑍𝑠)]𝑑𝐵𝑠,

 

so that 

sup
𝑡∈[0,𝑇]

|𝑋(𝑡) − 𝑍(𝑡)|2 ≤
3

𝛤(𝛼)2
sup

𝑡∈[0,𝑇]
|∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

[𝑏(𝑠, 𝑋𝑠) − 𝑏(𝑠, 𝑍𝑠)]𝑑𝑠|

2

+
3

𝛤(𝛼)2
sup

𝑡∈[0,𝑇]
|∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

[ℎ(𝑠, 𝑋𝑠) − 𝑏(𝑠, 𝑍𝑠)]𝑑⟨𝐵⟩𝑠|

2

+
3

𝛤(𝛼)2
sup

𝑡∈[0,𝑇]
|∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

[𝜎(𝑠, 𝑋𝑠) − 𝜎(𝑠, 𝑍𝑠)]𝑑𝐵𝑠|

2

.

 

 

Under the hypothesis (𝐻1), we apply Cauchy-Schwarz, Holder and 𝐺 − 𝐵𝐷𝐺 inequalities, we obtain 

the following estimate: 

𝔼̂ sup
𝑡∈[0,𝑇]

|𝑋(𝑡) − 𝑍(𝑡)|2 ≤ 𝑟1 ∫ 𝔼̂
𝑇

0

[ sup
𝑢∈[0,𝑠]

|𝑋(𝑢) − 𝑍(𝑢)|2] 𝑑𝑠, 

where 𝑟1 =
3𝐷𝑇2𝛼−2(𝑇+𝑇𝐶1+𝐶2)

𝛤(𝛼)2 . By classical Gronwell’s lemma, we obtain 



Communications on Applied Nonlinear Analysis 

ISSN: 1074-133X 

Vol 33 No. 1s (2026) 

  

245 
https://internationalpubls.com 

𝔼̂ [ sup
𝑠∈[0,𝑇]

|𝑋(𝑠) − 𝑍(𝑠)|2] = 0, 

which implies that 𝑋(𝑠) = 𝑍(𝑠)  𝑞. 𝑠. for any 𝑠 ∈ [0, 𝑇] and then 𝑋(𝑠) = 𝑍(𝑠)  𝑞. 𝑠. for all 𝑠 ∈

[−𝜏, 𝑇]. 

Existence 

Let 𝑋0(𝑡) = 0 for any 𝑡 ∈ [−𝜏, 𝑇]. Define the following Picard sequence: For each 𝑛 ≥ 1, we set 

 𝑋0
𝑛 = 𝛹 and 

𝑋𝑛(𝑡) = 𝛹(0) +
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝑏(𝑠, 𝑋𝑠
𝑛−1)𝑑𝑠

+
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

ℎ(𝑠, 𝑋𝑠
𝑛−1)𝑑⟨𝐵⟩𝑠

+
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝜎(𝑠, 𝑋𝑠
𝑛−1)𝑑𝐵𝑠.                         (3.2)

 

The existence will be proved in 3 steps 

Step 1:  First, we prove that 𝑋𝑛(𝑡) ∈  𝐿𝐺
2 (𝛺) for all 𝑡 ∈ [0, 𝑇]. We claim that 𝑋𝑛 ∈ 𝑀𝐺

2([−𝜏, 𝑇]). 

Indeed, we have: 

|𝑋𝑛(𝑡)|2 ≤ 4|𝛹(0)|2 +
4

𝛤(𝛼)2
|∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝑏(𝑠, 𝑋𝑠
𝑛−1)𝑑𝑠|

2

+
4

𝛤(𝛼)2
|∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

ℎ(𝑠, 𝑋𝑠
𝑛−1)𝑑⟨𝐵⟩𝑠|

2

+
4

𝛤(𝛼)2
|∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝜎(𝑠, 𝑋𝑠
𝑛−1)𝑑𝐵𝑠|

2

.

 

Applying Cauchy-Schwarz, Holder and 𝐺 − 𝐵𝐷𝐺 inequalities, we get the following estimation: 

𝔼̂ ( sup
𝑡∈[0,𝑇]

|𝑋𝑛(𝑡)|2) ≤ 4|𝛹(0)|2

+
4𝑇

𝛤(𝛼)2
𝔼̂ ( sup

𝑡∈[0,𝑇]
∫ (𝑡 − 𝑠)2𝛼−2

𝑡

0

|𝑏(𝑠, 𝑋𝑠
𝑛−1)|2𝑑𝑠)

+
4𝑇𝐶1

𝛤(𝛼)
𝔼̂ ( sup

𝑡∈[0,𝑇]
∫ (𝑡 − 𝑠)2𝛼−2

𝑡

0

|ℎ(𝑠, 𝑋𝑠
𝑛−1)|2𝑑𝑠)

+
4𝐶2

𝛤(𝛼)
𝔼̂ ( sup

𝑡∈[0,𝑇]
∫ (𝑡 − 𝑠)2𝛼−2

𝑡

0

|𝜎(𝑠, 𝑋𝑠
𝑛−1)|

2
𝑑𝑠) .

 

From (𝐻1) and (𝐻2), we derive 

|𝐽(𝑠, 𝑥)|2 ≤ 2|𝐽(𝑠, 𝑥) − 𝐽(𝑠, 0)|2 + 2|𝐽(𝑠, 0)|2 ≤ 2𝐷‖𝑥‖2 + 2𝑃. 

It follows that 
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𝔼̂ [ sup
𝑡∈[0,𝑇]

|𝑋𝑛(𝑡)|2] ≤ 4‖𝛹‖2

+
8𝑇

𝛤(𝛼)2
∫ (𝑡 − 𝑠)2𝛼−2

𝑇

0

(𝐷𝔼̂[‖𝑋𝑠
𝑛−1‖2] + 𝑃)𝑑𝑠

+
8𝑇𝐶1

𝛤(𝛼)
∫ (𝑡 − 𝑠)2𝛼−2

𝑇

0

(𝐷𝔼̂[‖𝑋𝑠
𝑛−1‖2] + 𝑃)𝑑𝑠

+
8𝐶2

𝛤(𝛼)
∫ (𝑡 − 𝑠)2𝛼−2

𝑇

0

(𝐷𝔼̂[‖𝑋𝑠
𝑛−1‖2] + 𝑃)𝑑𝑠

≤ 4‖𝛹‖2 +
8𝑃𝑇2𝛼−1(𝑇 + 𝑇𝐶1 + 𝐶2)

(2𝛼 − 1)𝛤(𝛼)2

+
8𝐷(𝑇 + 𝑇𝐶1 + 𝐶2)

𝛤(𝛼)2
∫ (𝑡 − 𝑠)2𝛼−2

𝑇

0

𝔼̂[‖𝑋𝑠
𝑛−1‖2]𝑑𝑠.

 

Noting that the fact 

‖𝑋𝑠
𝑛−1‖2 ≤ sup

𝑢∈[−𝜏,𝑠]
|𝑋𝑛−1(𝑢)|2 ≤ ‖𝛹‖2 + sup

𝑢∈[0,𝑠]
|𝑋𝑛−1(𝑢)|2, 

so, it follows that 

𝔼̂ ( sup
𝑡∈[0,𝑇]

|𝑋𝑛(𝑡)|2)

≤ 4‖𝛹‖2 +
8𝑃𝑇2𝛼−1(𝑇 + 𝑇𝐶1 + 𝐶2)

(2𝛼 − 1)𝛤(𝛼)2

+
8𝐷(𝑇 + 𝑇𝐶1 + 𝐶2)

𝛤(𝛼)2
∫ (𝑡 − 𝑠)2𝛼−2

𝑇

0

𝔼̂ [‖𝛹‖2 + sup
𝑢∈[0,𝑠]

|𝑋𝑛−1(𝑢)|2] 𝑑𝑠

≤ 𝑟2 + 𝑟3 ∫ (𝑡 − 𝑠)(2𝛼−1)−1
𝑇

0

𝔼̂ ( sup
𝑢∈[0,𝑠]

|𝑋𝑛−1(𝑢)|2) 𝑑𝑠,

 

where 

𝑟2 = 4‖𝛹‖2 (1 +
2𝐷𝑇2𝛼−1(𝑇 + 𝑇𝐶1 + 𝐶2)

(2𝛼 − 1)𝛤(𝛼)2
) +

8𝑃𝑇2𝛼−1(𝑇 + 𝑇𝐶1 + 𝐶2)

(2𝛼 − 1)𝛤(𝛼)2
, 

and 

𝑟3 =
8𝐷(𝑇 + 𝑇𝐶1 + 𝐶2)

𝛤(𝛼)2
. 

On the other hand, for any 𝑘 ≥ 𝑛, we have 

max
1≤𝑛≤𝑘

𝔼̂ ( sup
𝑡∈[0,𝑇]

|𝑋𝑛(𝑡)|2) ≤ 𝑟2 + 𝑟3 ∫ (𝑡 − 𝑠)2𝛼−2
𝑇

0

max
1≤𝑛≤𝑘

𝔼̂ ( sup
𝑢∈[0,𝑠]

|𝑋𝑛−1(𝑢)|2) 𝑑𝑠. 

Moreover, 
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max
1≤𝑛≤𝑘

𝔼̂ ( sup
𝑢∈[0,𝑠]

|𝑋𝑛−1(𝑢)|2) ≤ max {𝔼̂‖𝛹‖2, max
1≤𝑛≤𝑘

𝔼̂ ( sup
𝑢∈[0,𝑠]

|𝑋𝑛(𝑢)|2)}

≤ ‖𝛹‖2 + max
1≤𝑛≤𝑘

𝔼̂ ( sup
𝑢∈[0,𝑠]

|𝑋𝑛(𝑢)|2) .

 

Therefore, 

max
1≤𝑛≤𝑘

𝔼̂ ( sup
𝑡∈[0,𝑇]

|𝑋𝑛(𝑡)|2)

≤ 𝑟2 + 𝑟3 ∫ (𝑡 − 𝑠)2𝛼−2
𝑇

0

(‖𝛹‖2 + max
1≤𝑛≤𝑘

𝔼̂ ( sup
𝑢∈[0,𝑠]

|𝑋𝑛(𝑢)|2)) 𝑑𝑠

≤ 𝑟4 + 𝑟3 ∫ (𝑡 − 𝑠)2𝛼−2
𝑇

0

max
1≤𝑛≤𝑘

𝔼̂ ( sup
𝑢∈[0,𝑠]

|𝑋𝑛(𝑢)|2) 𝑑𝑠,

 

where 𝑟4 = 𝑟2 + 𝑟3
𝑇2𝛼−1

(2𝛼−1)
‖𝛹‖2. Now by corollary 8, we get: 

max
1≤𝑛≤𝑘

𝔼̂ ( sup
𝑡∈[0,𝑇]

|𝑋𝑛(𝑡)|2) ≤ 𝑟4𝐸2𝛼−1(𝑟3𝛤(2𝛼 − 1)𝑇2𝛼−1). 

We deduce that: 

𝔼̂ ( sup
𝑡∈[0,𝑇]

|𝑋𝑛(𝑡)|2) ≤ 𝑟4𝐸2𝛼−1(𝑟3𝛤(2𝛼 − 1)𝑇2𝛼−1).                       (3.3) 

Step 2: Second, we prove that (𝑋𝑛)𝑛∈ℕ is Cauchy sequence in ℳ𝐺
2([0, 𝑇]). 

Let the space 

𝐻𝑇 : = {𝑋 ∈ ℳ𝐺
2([0, 𝑇]): 𝔼̂ [ sup

𝑠∈[0,𝑇]
|𝑋(𝑠)|2] < ∞}, 

equipped with the norm 

𝑁(𝑋) = (𝔼̂ [ sup
𝑠∈[0,𝑇]

|𝑋(𝑠)|2])

1
2

. 

It follows from (3.2) that: 

𝑋1(𝑡) − 𝑋0(𝑡) =
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝑏(𝑠, 0)𝑑𝑠

+
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

ℎ(𝑠, 0)𝑑⟨𝐵⟩𝑠

+
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝜎(𝑠, 0)𝑑𝐵𝑠.

 

Similary to the proof of uniqueness, we have: 
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𝔼̂ [ sup
𝑡∈[0,𝑇]

|𝑋1(𝑡) − 𝑋0(𝑡)|2] ≤
3

𝛤(𝛼)2
sup

𝑡∈[0,𝑇]
|∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝑏(𝑠, 0)𝑑𝑠|

2

+
3

𝛤(𝛼)2
| sup

𝑡∈[0,𝑇]
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

ℎ(𝑠, 0)𝑑⟨𝐵⟩𝑠|

2

+
3

𝛤(𝛼)2
sup

𝑡∈[0,𝑇]
|∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝜎(𝑠, 0)𝑑𝐵𝑠|

2

≤
3𝑇

𝛤(𝛼)2
∫ (𝑡 − 𝑠)2𝛼−2

𝑇

0

|𝑏(𝑠, 0)|2𝑑𝑠

+
3𝑇𝐶1

𝛤(𝛼)2
∫ (𝑡 − 𝑠)2𝛼−2

𝑇

0

|ℎ(𝑠, 0)|2𝑑𝑠

+
3𝐶2

𝛤(𝛼)2
∫ (𝑡 − 𝑠)2𝛼−2

𝑇

0

|𝜎(𝑠, 0)|2𝑑𝑠.

 

Then we get from (𝐻2) 

𝔼̂ [ sup
𝑡∈[0,𝑇]

|𝑋1(𝑡) − 𝑋0(𝑡)|2]

≤
3𝑇𝑃

𝛤(𝛼)2
∫ (𝑡 − 𝑠)2𝛼−2

𝑇

0

𝑑𝑠 +
3𝑇𝐶1𝑃

𝛤(𝛼)2
∫ (𝑡 − 𝑠)2𝛼−2

𝑇

0

𝑑𝑠 +
3𝐶2𝑃

𝛤(𝛼)2
∫ (𝑡 − 𝑠)2𝛼−2

𝑇

0

𝑑𝑠

≤
3(𝑇 + 𝑇𝐶1 + 𝐶2)𝑃𝑇2𝛼−1

(2𝛼 − 1)𝛤(𝛼)2
.

 

It follows that 

𝑁(𝑋1 − 𝑋0) ≤ 𝐾,              (3.4) 

where 𝐾 = (
3(𝑇+𝑇𝐶1+𝐶2)𝑃𝑇2𝛼−1

(2𝛼−1)𝛤(𝛼)2 )

1

2
. Now we have for any arbitrary 𝑛 ≥ 1 and 𝑡 ∈ [0, 𝑇]: 

𝑋𝑛+1(𝑡) − 𝑋𝑛(𝑡) =
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

[𝑏(𝑠, 𝑋𝑠
𝑛) − 𝑏(𝑠, 𝑋𝑠

𝑛−1)]𝑑𝑠

+
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

[ℎ(𝑠, 𝑋𝑠
𝑛) − ℎ(𝑠, 𝑋𝑠

𝑛−1)]𝑑⟨𝐵⟩𝑠

+
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

[𝜎(𝑠, 𝑋𝑠
𝑛) − 𝜎(𝑠, 𝑋𝑠

𝑛−1)]𝑑𝐵𝑠.

 

With similarity to the proof of uniqueness, we get: 

𝔼̂ [ sup
𝑡∈[0,𝑇]

|𝑋𝑛+1(𝑡) − 𝑋𝑛(𝑡)|2]

≤
3𝐷(𝑇 + 𝑇𝐶1 + 𝐶2)𝑇2𝛼−2

𝛤(𝛼)2
∫ 𝔼̂

𝑇

0

( sup
0≤𝑡2≤𝑡1

|𝑋𝑛(𝑡2) − 𝑋𝑛−1(𝑡2)|2) 𝑑𝑡1.

 

By seeting 𝛾 =
3𝐷(𝑇+𝑇𝐶1+𝐶2)𝑇2𝛼−1

(2𝛼−1)𝛤(𝛼)2 ,we can write 
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𝔼̂ [ sup
𝑠∈[0,𝑇]

|𝑋𝑛+1(𝑠) − 𝑋𝑛(𝑠)|2] ≤ 𝛾 ∫ 𝔼̂
𝑇

0

( sup
0≤𝑡2≤𝑡1

|𝑋𝑛(𝑡2) − 𝑋𝑛−1(𝑡2)|2) 𝑑𝑡1

≤ 𝛾2 ∫ ∫ 𝔼̂
𝑡1

0

𝑇

0

( sup
0≤𝑡3≤𝑡2

|𝑋𝑛−1(𝑡3) − 𝑋𝑛−2(𝑡3)|2) 𝑑𝑡1𝑑𝑡2

≤ 𝛾𝑛𝐾 ∫ ∫ .
𝑡1

0

𝑇

0

. . ∫ 𝑑
𝑡𝑛−1

0

𝑡1. . . 𝑑𝑡𝑛

≤ 𝐾
(𝛾𝑇)𝑛

𝑛!
.

 

It follows that 

𝑁(𝑋𝑛+1 − 𝑋𝑛) ≤ (𝐾
(𝛾𝑇)𝑛

𝑛!
)

1
2

.                      (3.5) 

Let 𝑚 > 𝑛, 

𝑁(𝑋𝑚 − 𝑋𝑛) = 𝑁 ( ∑ (𝑋𝑖 − 𝑋𝑖−1)

𝑚

𝑖=𝑛+1

)

≤ ∑ 𝑁

𝑚

𝑖=𝑛+1

(𝑋𝑖 − 𝑋𝑖−1)

≤ ∑ 𝑁

𝑖>𝑛

(𝑋𝑖 − 𝑋𝑖−1)

≤ ∑ √𝐾
(𝛾𝑇)𝑖

𝑖!
𝑖>𝑛

.

 

This implies that (𝑋𝑛)𝑛∈ℕ is a Cauchy sequence in 𝐻𝑇 and also in ℳ𝐺
2([0, 𝑇]). Let 𝑋 be the limit of 

this sequence. 

Step 3: We prove that for all 𝑡 ∈ [0, 𝑇],  𝑋𝑡 is the solution of the 𝐺 −FSDE (1.1). 

By using the continuity of the norm 𝑁, we deduce from equation (3.3) that 

𝔼̂ ( sup
𝑠∈[0,𝑇]

|𝑋(𝑠)|2) ≤ 𝑟4𝐸2𝛼−1(𝑟3𝛤(2𝛼 − 1)𝑇2𝛼−1),                       (3.6) 

which implies that 

𝔼̂ (∫ |𝑋(𝑠)|2
𝑇

−𝜏

𝑑𝑠) = 𝔼̂ (∫ |𝑋(𝑠)|2
0

−𝜏

𝑑𝑠) + 𝔼̂ (∫ |𝑋(𝑠)|2
𝑇

0

𝑑𝑠)

≤ 𝜏‖𝛹‖2 + 𝑟4𝑇𝐸2𝛼−1(𝑟3𝛤(2𝛼 − 1)𝑇2𝛼−1) < ∞.

 

Therefore, 𝑋 ∈ ℳ𝐺
2([−𝜏, 𝑇]). 
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According to the unicity of the limit, it suffices to prove that for each 𝑡 ∈ [0, 𝑇], the sequence of 

random variables (𝐾𝑛(𝑡))
𝑛

 (resp. (𝑇𝑛(𝑡))
𝑛

, (𝑉𝑛(𝑡))
𝑛
) converges in 𝐿𝐺

2 (𝛺) to the random variable 

∫ (𝑡 − 𝑠)𝛼−1𝑡

0
𝑏(𝑠, 𝑋𝑠)𝑑𝑠 

(resp. ∫ (𝑡 − 𝑠)𝛼−1𝑡

0
ℎ(𝑠, 𝑋𝑠)𝑑⟨𝐵⟩𝑠, ∫ (𝑡 − 𝑠)𝛼−1𝑡

0
𝜎(𝑠, 𝑋𝑠)𝑑𝐵𝑠), where 

𝐾𝑛(𝑡) = ∫ (𝑡 − 𝑠)𝛼−1
𝑡

0

𝑏(𝑠, 𝑋𝑠
𝑛−1)𝑑𝑠 

𝑇𝑛(𝑡) = ∫ (𝑡 − 𝑠)𝛼−1
𝑡

0

ℎ(𝑠, 𝑋𝑠
𝑛−1)𝑑⟨𝐵⟩𝑠, 

and 

𝑉𝑛(𝑡) = ∫ (𝑡 − 𝑠)𝛼−1
𝑡

0

𝜎(𝑠, 𝑋𝑠
𝑛−1)𝑑𝐵𝑠 . 

Indeed, we have by using Holder’s inequality, 

𝔼̂ [∫ (𝑡 − 𝑠)𝛼−1
𝑡

0

𝑏(𝑠, 𝑋𝑠
𝑛)𝑑𝑠 − ∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝑏(𝑠, 𝑋𝑠)𝑑𝑠]

2

≤ 𝑇 ∫ (𝑡 − 𝑠)2𝛼−2
𝑇

0

𝔼̂|𝑏(𝑠, 𝑋𝑠
𝑛) − 𝑏(𝑠, 𝑋𝑠)|2𝑑𝑠

≤ 𝐷𝑇2𝛼−1 ∫ 𝔼̂
𝑡

0

( sup
𝑟∈[0,𝑇]

|𝑋𝑟
𝑛 − 𝑋𝑟|2) 𝑑𝑠,

 

then 

𝔼̂ [
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝑏(𝑠, 𝑋𝑠
𝑛)𝑑𝑠 −

1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝑏(𝑠, 𝑋𝑠)𝑑𝑠]

2

≤
𝐷𝑇2𝛼

𝛤(𝛼)2
(𝑁(𝑋𝑛 − 𝑋))

2
,

 

which implies that 

lim
𝑛→∞

∫ (𝑡 − 𝑠)𝛼−1
𝑡

0

𝑏(𝑠, 𝑋𝑠
𝑛)𝑑𝑠 = ∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝑏(𝑠, 𝑋𝑠)𝑑𝑠 in 𝐿𝐺
2 (𝛺). 

Similarly, by using 𝐺 − 𝐵𝐷𝐺 inequalities, we can write 

lim
𝑛→∞

∫ (𝑡 − 𝑠)𝛼−1
𝑡

0

ℎ(𝑠, 𝑋𝑠
𝑛)𝑑⟨𝐵⟩𝑠 = ∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

ℎ(𝑠, 𝑋𝑠)𝑑⟨𝐵⟩𝑠 in 𝐿𝐺
2 (𝛺), 

and 

lim
𝑛→∞

∫ (𝑡 − 𝑠)𝛼−1
𝑡

0

𝜎(𝑠, 𝑋𝑠
𝑛)𝑑𝐵𝑠 = ∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝜎(𝑠, 𝑋𝑠)𝑑𝐵𝑠 in 𝐿𝐺
2 (𝛺). 

The proof is complete. 
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Corollary 11.  Let 𝑋 be the solution of 𝐺 −FSDE (1.1). Then we have 

𝔼̂ [ sup
𝑡∈[−𝜏,𝑇]

|𝑋(𝑡)|2] ≤ ‖𝛹‖2 + 𝑟4𝐸2𝛼−1(𝑟3𝛤(2𝛼 − 1)𝑇2𝛼−1). 

 ◻ 

Proof. Follows from the formula (3.6) and the fact that sup
𝑡∈[−𝜏,0]

|𝑋(𝑡)| = ‖𝛹‖. ◻ 

Existence of stochastic optimal control 

We study stochastic control problems where the control domain need not be convex, the system is 

governed by fractional stochastic differential equation driven by 𝐺 − Brownian motion with delay. A 

control process 𝑢∗ that solves inf𝑢∈𝑈𝐽(𝑢) = 𝐽(𝑢∗) is called optimal, where the infimum is taken over 

all admissible controls. The exepected cost to be minimized over the class of admissible controls has 

the form 

𝐽(𝑢) = 𝔼̂ [∫ 𝜁
𝑇

0

(𝑡, 𝑋𝑡
𝑢, 𝑢𝑡)𝑑𝑡]. 

For each fixed control 𝑢 ∈ 𝑈,we study the existence and uniqueness of solution of the system (1.2). 

Definition 12.  We say that the process (𝑋𝑡
𝑢)𝑡≥0 ∈ ℳ𝐺

2([0, 𝑇]) is called a solution of the equation 

(1.2) for each fixed control 𝑢 ∈ 𝑈 if 𝑋𝑡
𝑢 satisfies for 𝑡 ∈ [0, 𝑇]; 

𝑋𝑡
𝑢 = 𝑥0 +

1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝑏(𝑠, 𝑋𝑠, 𝑢𝑠)𝑑𝑠

+
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

ℎ(𝑠, 𝑋𝑠, 𝑢𝑠)𝑑⟨𝐵⟩𝑠

+
1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1

𝑡

0

𝜎(𝑠, 𝑋𝑠)𝑑𝐵𝑠                                  (4.1)

 

We consider the following assumptions: 

(𝐻3) Lipschitz condition: 

- The functions 𝑄 = 𝑏, ℎ: [0, 𝑇] × ℝ × 𝑈 → ℝ are Lipschitz continuous with respect to 𝑥 uniformly 

with respect to (𝑡, 𝑢), 𝑖. 𝑒. 

|𝑄(𝑡, 𝑥, 𝑢) − 𝑄(𝑡, 𝑦, 𝑢)| ≤ 𝑙|𝑥 − 𝑦| for each 𝑥 ∈ ℝ, 

- The function 𝜎: [0, 𝑇] × ℝ → ℝ is Lipschitz continuous with respect to 𝑥 uniformly with respect to 

𝑡, 𝑖. 𝑒. 

|𝜎(𝑡, 𝑥) − 𝜎(𝑡, 𝑦)| ≤ 𝑙|𝑥 − 𝑦| for each 𝑥 ∈ ℝ, 

(𝐻4) Linear growth condition: 

- The functions 𝑄 are linearly growing with respect to 𝑥 uniformly with respect to (𝑡, 𝜔), 𝑖. 𝑒. 

|𝑄(𝑡, 𝑥)| ≤ 𝑔(1 + |𝑥|2) for each 𝑥 ∈ ℝ, 
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-The functions 𝜎 is linearly growing with respect to 𝑥 uniformly with respect to (𝑡, 𝜔), 𝑖. 𝑒. 

|𝜎(𝑡, 𝑥)| ≤ 𝑔(1 + |𝑥|2) for each 𝑥 ∈ ℝ, 

where 𝑙 and 𝑔 are positive constants 

Theorem 13.  Let the assumption (𝐻3) be satisfied. Then for each 𝑢 ∈ 𝑈, the system (1.2) admits a 

unique solution. The process (𝑋𝑡
𝑢)𝑡∈[0,𝑇] is the solution of the controlled system. 

Proof. Using the same reasoning as Theorem (3.2), we can conclude that the system (1.2) admits a 

unique solution. ◻ 

Lemma 14.  Assume that the hypothesis (𝐻4) is satisfied. Let (𝑋𝑡
𝑢)𝑡≥0 be the solution of the 

𝐺 −FSDE (1.2) with initial condition 𝑥0 ∈ ℝ. Then we have, sup
0≤𝑡≤𝑇

𝔼̂[|𝑋𝑡
𝑢|2] ≤ 𝑀, 

Proof. Using the same reasoning as Corollary (3.3) we can easily obtain the boundedness of 𝑋𝑡
𝑢. ◻ 

Now, we prove the existence of fractional optimal control. Note that, the problem of the existence of 

fractional optimal control for semilinear stochastic system has been studied in [19]. We consider the 

real cost functional 𝐽  defined over 𝑈 the set of admissible controls by 𝐽(𝑢) = 𝔼̂ [∫ 𝜁
𝑇

0
(𝑡, 𝑋𝑡, 𝑢𝑡)𝑑𝑡], 

we have the following hypothesis (𝐻5): 

- The integrand 𝜁 is a real function, ℱ𝑡 − measurable, for each 𝑡 ∈ [0, 𝑇]. 

- 𝜁 is continous in 𝑋 and 𝑢 for almost all 𝑡 ∈ [0, 𝑇]. 

- 𝜁 is convex on the space of admissible controls 𝑈 for each 𝑋 and 𝑡 ∈ [0, 𝑇]. 

- There exists a constants 𝑎, 𝑏 ≥ 0, 𝜃 ∈ 𝐿𝐺
1 ([0, 𝑇], ℝ) such that 

𝜃(𝑡) + 𝑎𝔼̂|𝑋|2 + 𝑏|𝑢|𝑢
𝑝 ≤ 𝜁(𝑡, 𝑋, 𝑢) 

Theorem 15.  Let us assume that the hypothesis (𝐻3), (𝐻4) and (𝐻5) hold, then there esists an 

optimal control 𝑢∗: 𝐽(𝑢∗) = inf
𝑢∈𝑈

𝐽(𝑢) 

Proof. We turn to the proof of existence of optimal control. 

    If inf {𝐽(𝑢), 𝑢 ∈ 𝑈} = +∞, then there is nothing to prove. We assume that the 

    inf { 𝐽(𝑢), 𝑢 ∈ 𝑈} = 𝜀 < ∞. 

We have by the definition of the infimum, there is a minimizing sequence (𝑋𝑚 , 𝑢𝑚) such that 

𝐽(𝑋𝑚 , 𝑢𝑚) converges to 𝜀 as 𝑚 → +∞, with (𝑋𝑚) is the sequence of solution of the controlled 

system (1.2) corresponding to the sequence of admissible controls (𝑢𝑚). 

Since (𝑢𝑚)𝑚≥1 ∈ 𝑈, is a bounded subset of the separable reflexive Banach space 𝐿𝐺
𝑃 ([0, 𝑇], 𝐴), there 

exists a subsequence, relabeled as (𝑢𝑚) and 𝑢∗ ∈ 𝐿𝐺
𝑃 ([0, 𝑇], 𝐴) such that: 

𝑢𝑚 → 𝑢∗ weakly as 𝑚 → +∞ in 𝐿𝐺
𝑃 ([0, 𝑇], 𝐴) 

Since 𝑈 is closed and convex, the Mazur lemma forces us to conclude that 𝑢∗ ∈ 𝑈. 
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Let (𝑋𝑚) be the sequence of solutions of the system (1.2) corresponding to (𝑢𝑚), by Lemma (4.3), 

it is easy to see that there exists 𝛿 ≥ 0 such that: 

𝔼̂|𝑋𝑚|2 ≤ 𝛿, 𝑚 ≥ 0. 

We denote by 𝑋∗ the solution of the system (1.2) corresponding to the control 𝑢∗ ∈ 𝑈. 

For all 𝑡 ∈ [0, 𝑇], using conditions (𝐻3), (𝐻4), Cauchy-Schwartz and Holder inequalities, we obtain 

that: 

𝔼̂|𝑋𝑚(𝑡) − 𝑋∗(𝑡)|2 

is bounded. 

By the well-known singular version of Gronwall inequality, there exists a constant 𝐾∗(𝛼) 

independent of 𝑢, 𝑚 and 𝑡 such that 

𝔼̂|𝑋𝑚(𝑡) − 𝑋∗(𝑡)|2 ≤ 𝐶(𝐾∗(𝛼)).                                                         (a1) 

Since 𝑏 is continuous, we get 

𝔼̂|𝑏(𝑡, 𝑋𝑚, 𝑢𝑚) − 𝑏(𝑡, 𝑋∗, 𝑢∗)|
𝐿𝐺

𝑃([0,𝑇],𝐴)
2 → 0 𝑎𝑠 𝑚 → +∞.              (a2) 

From (𝑎1) and (𝑎2) we conclude that 

𝔼̂|𝑋𝑚(𝑡) − 𝑋∗(𝑡)|2 → 0 𝑎𝑠 𝑚 → +∞ 

This implies that 

𝔼̂|𝑋𝑚(𝑡) − 𝑋∗(𝑡)|2 → 0 𝑖𝑛 𝐶([0, 𝑇], 𝐿𝐺
2 (𝛺, ℝ)) 𝑎𝑠 𝑚 → +∞ 

We can conclude that 

(𝑋, 𝑢) → 𝔼̂ [∫ 𝜁
𝑇

0

(𝑡, 𝑋𝑡
𝑢, 𝑢𝑡)𝑑𝑡] 

is sequentially continuous in the strong topology of 𝐿1([0, 𝑇], ℝ) and weak topology of 

𝐿𝐺
𝑃 ([0, 𝑇], 𝐴) ⊂ 𝐿𝐺

1 ([0, 𝑇], 𝐴). Hence, 𝐽 is weakly continuous on 𝐿𝐺
𝑃 ([0, 𝑇], 𝐴), and since by 𝐽 > −∞, 

𝐽 attaints its infimum at 𝑢∗ ∈ 𝑈, that is, 

𝜀 : = lim
𝑚→+∞

𝔼̂ [∫ 𝜁
𝑇

0

(𝑡, 𝑋𝑡
𝑚 , 𝑢𝑡

𝑚)𝑑𝑡] ≥ 𝔼̂ [∫ 𝜁
𝑇

0

(𝑡, 𝑋𝑡
∗, 𝑢𝑡

∗)𝑑𝑡] = 𝐽(𝑋∗, 𝑢∗) ≥ 𝜀. 

This completes the proof. ◻ 

Simulation 

In this section we would provide an example with simulation strengthen the impact of the theoretical 

findings by illustrating how the proposed fractional stochastic optimal control model behaves 

numerically. 

Example 17.  Consider the following 𝐺-FSDE: 

𝐷𝑡
𝛼𝑋(𝑡) = 𝑏(𝑡, 𝑋𝑡)𝑑𝑡 + ℎ(𝑡, 𝑋𝑡)𝑑⟨𝐵⟩𝑡 + 𝜎(𝑡, 𝑋𝑡)𝑑𝐵𝑡 
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where 

𝑏(𝑡, 𝑥) =
8

10
. sin (

𝑥

2
) ,  ℎ(𝑡, 𝑥) =

2

10
arctan (

3𝑥

10
) , and 𝜎(𝑡, 𝑥) =

4𝑥

10(1 + |𝑥|)
 

with the initial condition 

𝛹(𝜃) = 1 +
3

10
sin(2𝜋𝜃),   𝜃 ∈ [−𝜏, 0] 

In the simulation we set the parameters as follows: 

𝛼 = 0.7, 𝜏 = 0.2, 𝑇 = 2, 𝜎 ∈ {0.3,0.5,0.7} 

By using python we obtain the following figures 

 

 

Figure 1: Solution of the G-FSDE under different volatilities 

Control Strategies 

Now, we simulate the controlled equation, we set the controlled coefficients as follows: 

𝑏(𝑡, 𝑥, 𝑢) =
8

10
sin (

𝑥

2
) +

3

10
𝑢,  ℎ(𝑡, 𝑥, 𝑢) =

2

10
arctan (

3𝑥

10
) +

1

10
𝑢 

and the diffusion coefficient 𝜎 is unchanged. The coefficients are carefully chosen so that they 

satisfy all theoretical assumptions. The cost functional is 

𝜁(𝑡, 𝑥, 𝑢) = (𝑥 −
1

2
)

2

+
𝑢2

10
 

To demonstrate the existence of an optimal control, we evaluate several admissible control strategies 

𝑢(⋅) ∈ 𝑈. The following controls are considered: 
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Strategy 1 (Zero Control):  𝑢1(𝑡) = 0                                                                      (5.1)

Strategy 2 :  𝑢2(𝑡) = 0.3                                                                   (5.2)

Strategy 3 (Constant Large) :  𝑢3(𝑡) = 0.8                                                                   (5.3)

Strategy 4 :  𝑢4(𝑡) = 𝐴sin(𝜔𝑡),  𝐴 = 0.5,  𝜔 = 2𝜋                 (5.4)

Strategy 5 (Linear):  𝑢5(𝑡) = 𝑘(𝑡 − 𝑡0),  𝑘 = 0.4,  𝑡0 = 1.0                (5.5)

Strategy 6 :  𝑢6(𝑡) = 𝑢0𝑒−𝛽𝑡, 𝑢0 = 0.6,  𝛽 = 2.0                   (5.6)

 

 

These strategies satisfy the admissibility conditions 𝑢(⋅) ∈ 𝑈. We obtain the following results: 

 

                                                                        Figure 2. 

 

Figure 3. 
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Remark 16.  The optimal control (red bar) achieves the minimum worst case cost of 𝐽(𝑢∗) = 2.650 

and one can see that the zero control strategy (first bar) does not depend on the highest cost which 

indicates that some control strategies can act worse than no control. The best strategy control here is 

the linear control. 

References 

[1] Z. Arab, Spectral Galerkin method for stochastic space-time fractional integro-differential 

equation, Advances in Mathematics: Scientific Journal, 11(4), 369–382, (2022). 

[2] Z. Arab and M. M. El-Borai, Wellposedness and stability  of fractional stochastic nonlinear 

heat equation in Hilbert space. Fract Calc Appl Anal, 25, 2020–2039,(2022). 

DOI:10.1007/s13540-022-00078-4.  

[3] Z. Arab and C. Tunc, Well-posedness and regularity of some stochastic time-fractional 

integral equations in Hilbert space. Journal of Taibah University for Science, 16 (1), 788–

798. (2022), https://doi.org/10.1080/16583655.2022.2119587. 

[4] Z. Arab and L. Debbi, Fractional stochastic Burgers-type Equation in Hölder space -

Wellposedness and approximations. Math. Meth. Appl. Sci., 44, 705–736, (2021). 

[5] Z. Arab, A. Redjil  and M.M. El-Borai, Almost Sure Asymptotic Stability for a Fractional 

Stochastic Nonlinear Heat Equation in Hilbert space. Stat. Optim. Inf. Comput. V14, 3310-

3320,(2025). 

[6] H. Ben Gherbal and B. Mezerdi, The relaxed stochastic maximum principle in optimal 

control of diffusions with controlled jumps. Afrika Statistika, 12(2): 1287-1312, (2017), DOI: 

10.16929/as/2017.1287.105. 

[7] H. Ben Gherbal, A. Redjil and Z. Arab, Regularity and Optimality Necessary Conditions for 

System of 𝐺 −Stochastic Differential Equations. Lobachevskii Journal of Mathematics, 2023, 

Vol. 44, No. 11, pp. 4590–4602, (2023).           

[8]  F. Biagini, T. Meyer-Brandis, B. Øksendal and K. Paczka, Optimal control with delayed 

information flow of systems driven by G-brownian motion.Probability. Uncertainty and 

Quantitative Risk (2018) 3:8. DOI 10.1186/s41546-018-0033-z. 

[9] X. Bai and Y. Lin, On the existence and uniqueness of solutions to stochastic differential 

equations driven by G-Brownian motion with integral-Lipschitz coefficients. Acta Math.App. 

Sin. Engl. Ser 30, 589- 610 (2014). DOI.org/10.1007/s10255-014-0405-9. 

[10] H. Bao and J. Cao, Existence of solutions for fractional stochastic impulsive neutral 

functional differential equations with infinite delay, Adv. Differ. Equ. 2017(1) (2017). 

[11] A. Chadha and D.N. Pandey, Existence results for an impulsive neutral stochastic fractional 

integro-differential equation with infinite delay, Nonlinear Anal. 128, pp. 149–175, (2015). 

[12] F. Coquet, Y.J. Hu and S. Peng, Filtration-consistent nonlinear expectations and related g-

expectations. Probability Theory and Related Fields, 123(1): 1-27, (2002), 

DOI.org/10.1007/s004400100172. 

[13] J. Cui and L. Yan, Existence result for fractional neutral stochastic integro-differential 

equations with infinite delay, J. Phys. A Math. Theor. 44(33) (2011), p. 335201,(2011). 



Communications on Applied Nonlinear Analysis 

ISSN: 1074-133X 

Vol 33 No. 1s (2026) 

  

257 
https://internationalpubls.com 

[14] L. Denis, M. Hu and S. Peng, Function spaces and capacity related to a sublinear 

expectation: application to G-Brownian motion paths. Potential Analysis, 34(2): 139-161. 

(2011), DOI.org/10.1007/s11118-010-9185-x. 

[15] L. Denis and C. Martini, A theoretical framework for the pricing of contingent claims in the 

presence of model uncertainty. The Annals of Applied Probability, 16(2): 827-852. (2006). 

DOI:10.1214/105051606000000169. 

[16] N. El Groud, H. Boutabia, A. Redjil and O. Kebiri, Existence of relaxed optimal control for 

G-Neutral stochastic functional differential equations with uncontrolled diffusion, Bulletin of 

the Institute of Mathematics Academia Sinica (New Series), 17(2), 143–172, (2022). 

[17] F. Gao, Pathwise properties and homeomorphic flows for stochastic differential equations 

driven by G-Brownian motion. Stochastic Processes and their Applications, 119(10): 3356-

3382. (2009), DOI.org/10.1016/j.spa.2009.05.010. 

[18] B. P. Moghaddam, Lei Zhang, A. M. Lopes, J. A. Tenreiro Machado & Z. S. Mostaghim. 

Sufficient conditions for existence and uniqueness of fractional stochastic delay differential 

equations. Stochastics,   92(3), 379-396,(2020). 

[19] D. Kasinathan et al., Dynamical behaviors of fractional neutral stochastic integro-differential 

delay systems with impulses. Bound Value Probl, 49 (2025). 

[20] S. Kumar, The solvability and fractional optimal control for Semilinear Stochastic Systems, 

CUBO A Mathematical Journal, Vol.19, N 03, (01–14), (2017). 

[21] S. Peng, Filtration consistent nonlinear expectations and evaluations of contingent claims. 

Acta Mathematicae Applicatae Sinica, English Series, 20(2): 191-214. (2004), 

DOI.org/10.1007/s10255-004-0161-3. 

[22] S. Peng, G-Brownian motion and dynamic risk measure under volatility uncertainty. ArXiv e-

prints, nov. arXiv:0711.2834v1, (2007). 

[23] S. Peng, Multi-dimensional G-Brownian motion and related stochastic calculus under G-

expectation. Stochastic Processes and their Applications, 118(12): 2223-2253. (2008), 

DOI.org/10.1016/j.spa.2007.10.015. 

[24] S. Peng, Nonlinear expectations and stochastic calculus under uncertainty, Arxiv 

Mathematics e-prints, arxiv: 1002.4546.(2010). 

[25] S. Peng, Nonlinear expectations and stochastic calculus under uncertainty - with robust CLT 

and G-Brownian motion. Springer-Verlag GmbH Germany (2019), DOI: 10.1007/978-3-662-

59903-7. 

[26] A. Redjil and S. E. Choutri, On relaxed stochastic optimal control for stochastic differential 

equations driven by G-Brownian motion. ALEA, Lat. Am. J. Probab. Math. Stat., 15: 201-

212. (2018). DOI: 10.30757/ALEA.v15-09. 

[27] A. Redjil, H. Ben Gherbal and O. Kebiri, Existence of relaxed stochastic optimal control for 

G-SDEs with controlled jumps, Stochastic Analysis and Applications, v41:1, 115-133, 

(2021).DOI: 10.1080/07362994.2021.1991809. 

[28] A. Redjil, Z. Arab, H. Ben Gherbal  and Z. Boumezbeur, Temporal Regularity of Stochastic 

Differential Equations Driven by G-Brownian Motion, Stat., Optim. Inf. Comput., Vol. 12, pp 

1173–1183. (2024). 



Communications on Applied Nonlinear Analysis 

ISSN: 1074-133X 

Vol 33 No. 1s (2026) 

  

258 
https://internationalpubls.com 

[29] A. Saci, A. Redjil, H. Boutabia and O. Kebiri: Fractional stochastic differential equations 

driven by G-Brownian motion with delays. Probability and Mathematical Statistics,vol. 43, 

Fasc. 1, pp. 1–21. (2023) DOI: 10.37190/0208-4147.00092 

[30] H. M. Soner, N. Touzi and J. Zhang,  Martingale representation theorem for the G-

expectation., Stochastic Processes and their Applications, 121(2): 265-287, 

(2011).DOI.org/10.1016/j.spa.2010.10.006. 

[31] M. Soner, N.Touzi and J. Zhang, Quasi-sure stochastic analysis through aggregation. 

Electronic Journal of Probability.16, 1844-7: 169-219. (2011).DOI:10.1214/EJP.v16-950. 

[32] R. Suvetha, J. J. Nieto,P. Prakash, Non-fragile output-feedback control for delayed 

memristive bidirectional associative memory neural networks against actuator failure, 

Applied Mathematics and Computation 485, 129021, (2025). 

[33] H. Ye, J. Gao and Y. Ding, A generalized Gronwall inequality and its application to a 

fractional differential equation, J. Math. Anal. Appl., 328, 1075–1081,(2007). 

 


