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solutions of the field equations, we assume that the scalar expansion is proportional
to the shear scalar and adopt Berman’s law for the variation of the Hubble parameter,
which leads to a constant deceleration parameter.

Explicit solutions for the metric functions are derived, and the dynamical behavior
of key physical quantities such as the expansion scalar, shear scalar, anisotropy
parameter, energy density, string tension density, and pressure are examined. The
resulting models exhibit accelerated expansion at late times and are free from initial
singularities. It is also found that the universe remains anisotropic throughout its
evolution due to the non-vanishing anisotropy parameter. Furthermore, both the
energy density and the string tension (or domain wall pressure) decrease with cosmic
time and tend toward negligible values in the far future.

These results indicate that Bianchi type-VI cosmological models with cosmic strings
and domain walls in F(R,T) gravity provide a consistent theoretical framework for
describing an anisotropic, accelerating universe and offer useful insights into the
possible role of topological defects in cosmic evolution.
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1. Introduction

Several independent astronomical observations show that the universe is currently undergoing
an accelerated expansion. The first strong evidence for this behavior came from the study of
distant type la supernovae, which indicated that the universe is expanding faster today than in
the past [1,2]. This conclusion was later confirmed by measurements of the cosmic microwave
background radiation from satellite missions such as WMAP and Planck [3,4], baryon acoustic
oscillation observations from galaxy surveys [5], and large-scale structure data [6]. More recent
datasets, including the Pantheon+ supernova compilation and the Dark Energy Survey, have
further improved the precision of cosmological parameters and strengthened the evidence for
late-time acceleration [7-9]. These observations strongly suggest that a dominant component
with negative pressure, commonly called dark energy, governs the present dynamics of the
universe.

Although the cosmological constant provides a simple explanation for dark energy, it faces
conceptual problems such as fine-tuning and coincidence. This has motivated the study of
modified theories of gravity, where the geometrical part of Einstein’s equations is changed
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instead of introducing unknown matter components [10]. Examples include f(R) gravity
[11,12], teleparallel f(T) gravity [13], and scalar—tensor theories [14]. These models have been
extensively studied and shown to produce accelerated expansion in many cosmological
settings.

The f(R,T) theory of gravity, proposed by Harko et al. [15], extends the idea of modified
gravity by introducing an explicit coupling between matter and geometry. In this theory, the
gravitational action depends on both the Ricci scalar R and the trace T of the energy—
momentum tensor [15]. The gravitational field equations have been derived from the Helbert-
Einstein type variational principal by taking the action [15]

S——ff(RT)\/_d4x+Lm\/_d4 (1)

Here f(R, T) is an arbitrary function of the Ricci scalar R, T is the trace of energy momentum
tensor of the matter T;;, Ly, is the matter Lagrangian.
The energy—momentum tensor of matter is defined by [15]

_ 2 5(/7gLm)
Ty === sqi @)

and its trace is
T = gTy 3)

Assuming that the matter Lagrangian L,, depends only on the metric tensor and not on its
derivatives, one obtains

aL
Tl] = Jij Ly — agz} 4)

Variation of the action with respect to the metric tensor yields the field equations of f(R,T)
gravity

frR(R, T)R;; — %f(R»T)gij + (g;; O =V:V;)fz(R,T) = 8Ty — fr(R, )Ty — fr(R, T)6;;
)

Where
_ 1k _ 0% Lm
0;j = —2T;j + gijLm — 29 agUagm (6)
Here fp = %, fr= af(R T), O= V!V;, V; is the covariant derivative and T; ; 1s the

standard matter energy momentum tensor derived from the Lagrangian L,,
For a perfect fluid, the energy—momentum tensor is given by
Tij = (p + Puu; — pgij (7)

Where ut = (1,0,0,0) is the four-velocity vector which satisfies the condition uiui =1 and
uiVjui = 0. Here p and p are energy density and pressure of the fluid respectively.

and the corresponding variation leads to
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0ij = —2Ti; — pgij (8)
If one chooses the functional form

f(R,T) =R+ 2f(T) 9)
Then the field equations in (5) reduce to
R;j — %Rgij = 8nT;; + 2f'(T)T;; + [2pf'(T) + f(T)]g;; (10)

Where the overhead prime denotes the derivative with respect to the argument.
These equations show explicitly how matter and geometry are coupled in this theory.

Since its introduction, f(R,T) gravity has been applied to a wide variety of cosmological
models. Harko et al. [15] studied homogeneous cosmologies and basic theoretical aspects of
the model. Adhav [16] investigated anisotropic LRS Bianchi type-I cosmologies, Singh and
Sharma [17] examined Bianchi type-II models with dark energy, and Ram and Chandel [18]
studied magnetized and string cosmologies. More recently, observational constraints and
statistical analyses have been performed to test the viability of f(R,T) models using modern
data [19,20].

Cosmic strings and domain walls are topological defects that may have formed during
symmetry-breaking phase transitions in the early universe. The formation mechanism was first
described by Kibble [21], and the cosmological consequences of domain walls were discussed
by Zel’dovich et al. [22]. Cosmic strings were studied in detail by Vilenkin and Shellard [23],
Gott [24], and Letelier [25], while domain wall dynamics were analyzed by Ipser and Sikivie
[26] and Mukherjee [27]. These defects can influence cosmic expansion and anisotropy and
therefore provide physically interesting matter sources for anisotropic cosmological models.

Motivated by the strong observational evidence for cosmic acceleration, the theoretical
flexibility of modified gravity, the matter—geometry coupling in f(R,T) gravity, and the
physical relevance of cosmic strings and domain walls, we investigate Bianchi type-VI
cosmological models with these defect sources in the framework of f (R, T) gravity. We adopt
physically reasonable assumptions such as a proportionality relation between shear and
expansion [28] and Berman’s law for the Hubble parameter [29] to obtain exact solutions and
analyze their physical behavior.

2. Metric and field equations

In this work we consider a spatially homogeneous but anisotropic Bianchi type-VI space-time,
which generalizes the standard isotropic cosmological models by allowing different expansion
rates along different spatial directions. Such anisotropic models are useful for studying possible
deviations from isotropy in the early universe and for investigating the role of anisotropic
matter sources such as cosmic strings and domain walls [30,31].

The line element for the Bianchi type-VI metric is taken in the form
ds? = —dt? + A?(t)dx? + B?(t)e ?"*dy? + C?(t)e?*™*dz? (11)
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Where A(t), B(t), and C(t) are directional scale factors depending only on cosmic time t, and
h is a constant parameter that characterizes the anisotropy of the spatial sections [30]. The
exponential terms in the metric reflect the non-trivial spatial curvature of the Bianchi type-VI
geometry and distinguish it from other Bianchi classes.

This metric is spatially homogeneous, since the metric functions depend only on time, but it is
anisotropic because the expansion along the x, y, and z directions is governed by different scale
factors. The Bianchi type-VI space-time reduces to simpler Bianchi models for special choices
of the parameter h and the scale factors, and therefore provides a flexible framework for
studying anisotropic cosmological evolution in modified gravity theories [31,32]. For these
reasons, the Bianchi type-VI metric is a suitable choice for analyzing cosmological models
with anisotropic matter sources such as cosmic strings and domain walls in the framework of

f(R,T) gravity.
2.1 Cosmic strings

Cosmic strings are one—dimensional topological defects that may have formed during
symmetry-breaking phase transitions in the early universe and can influence the large-scale
dynamics and anisotropy of the universe [33,34]. Their gravitational properties and
cosmological implications have been widely studied in both general relativity and modified
gravity theories [35,36]. In cosmological modelling, a cloud of cosmic strings with particles
attached is described by an anisotropic energy—momentum tensor that reflects the fact that
strings possess tension along a preferred spatial direction.

The energy—momentum tensor for a cloud of strings is taken as [35,37]

Where p is the total energy density of the string cloud, A is the string tension density, u; is the
four-velocity vector of the matter distribution, and x; is a unit space-like vector indicating the
direction of the strings.

The total energy density is written as p = p,, + 1

Where p,, represents the energy density of the particles attached to the strings. The vectors u;
and x; satisfy the normalization and orthogonality conditions [35]

uy; = —x'x; =1 and ulx; =0 (13)

Ensuring that u; is time-like, x; is space-like, and the string direction is orthogonal to the matter
flow.

In the co-moving coordinate system, and by choosing the strings to be aligned along the xxx-
direction, the non-zero components of the energy—momentum tensor reduce to [37]

TL=AT;=0T3=0 Td=p (14)
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This form clearly shows that the pressure (tension) is present only along the string direction,
while the transverse directions are pressure less, highlighting the anisotropic character of the
string cloud.

Using the Bianchi type-VI metric (11), the cosmic string energy—momentum tensor (12)—(14),
and the choice f(T) = uT where u is a constant, the modified field equations of the f (R, T)
gravity given by (10) reduce to the following system of coupled differential equations:

B ¢ BC 6 h? _
stotoct 7= 1@ +2W24+ 2pu+ ulp + ] (15)
i, ¢ Ac n2_
Stote— 5= "ru+ulp+2)] (16)
i B 4B R _
St 24T = —[2pp + p(p + )] (17)

_+—+———2:—[(8n+2u)p+2pll+#(,0+/1)] (18)

-—==0 (19)
Here, an over dot denotes differentiation with respect to cosmic time t, and for this string-
dominated model the trace of the energy—momentum tensor takes the form T = p + 1
2.1.1 Solutions of field equations

From (19), we obtain a direct relation between the metric functions B(t), and C(t). On
integrating this equation, we get C = kB

where k is a constant of integration. Without loss of generality, we choose k = 1, which leads
to the simple relation

C=8 (20)

With this condition, the field equations (15)— (18) reduce to a system of two independent
equations involving the functions A(t), B(t), and the physical quantities p and A.

i B 4B (B\2 h2

Z_E-I_E_(E) —ZA—2= (8m + 2u)A (21)
A B AB B
35— (5) = Gr+20p 22

To close the system and obtain a determinate solution, we introduce the following physically
motivated assumptions.

First, we assume that the scalar expansion 6 is proportional to the shear scalar o2. This
condition, which is commonly used in anisotropic cosmology, leads to a simple relation
between the scale factors [28],

B = A™, where m is non zero. (23)

Second, we adopt Berman’s special law for the variation of the Hubble parameter, which gives
a constant deceleration parameter q [29]. This law is expressed as
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q= —% = constant (24)
Integration of this relation yields the average scale factor in the form

R = (AB?)5 = (agt + b)i+a 25)

Where a # 0 and b are constants of integration. The condition for accelerated expansion in
this model is therefore 1 + g > 0.

Using the relations (23) and (25) in the reduced field equations (21) and (22), we obtain explicit
expressions for the metric functions. The scale factor A(t) is given by

3
A = (ayt + b)em+na+) (26)
and the remaining scale factors become
3m
B = C = (agt + b)em+D(+0) (27)

Substituting these expressions into the line element (11), the Bianchi type-VI space-time in the
framework of f (R, T) gravity with cosmic strings can finally be written as

6 3m
ds? = —dt? + (agt + b)em+n+adx? + (agt + b)em+G+de~2M¥dy2 4 (ot +
3m

b)eminGroe2h*dz2  (28)

This metric represents an anisotropic but spatially homogeneous cosmological model whose
dynamical behaviour depends on the constants m, q, ag, b, and h.

2.1.2 Physical properties of the model

The spatial volume V is

3
V = (aot + b)1+a (29)
The scalar expansion 8 is
_ é E _ 3(10
9 = 2t 2 B (1+q)(aot+h) (30)
The shear scalar o2 is defined as
512 2 2
2 _1[A _B]" _ 3a0%(m-1)
0" =3 [A B] = (1+@)?@m+ D2 (agt+b)? Gh
The generalized mean Hubble parameter H is given in the form
_15_ S
H=3 0= (1+q)(aot+b) (32)
The mean anisotropy parameter
_ 5 (m-1)?
Am = (2m+1)? (33)

The energy density
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1 9a%(1-m)—3ay?(m+1)(1+q)(2m+1)

p= (811:+2u)[ (Zm+1)2(1+q)%(agt+h)? (34)
The string tension density
1 3ao®(2m+1)(1+q)(n-1)-9a,e*(2m*-m-1) 2 h? (35)
 (8m+2p) (2m+1)2(1+q)?(agt+b)? (@ Hb)m
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Figure 1: The Energy density's relationship to cosmic time t when the right constants are

chosen
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Figure 2: The String tension density's relationship to cosmic time t when the right constants

are chosen
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The cosmological solutions obtained for the model (28) exhibit a physically viable and
observationally consistent evolution. The spatial volume increases monotonically with cosmic
time, implying a non-singular expanding universe. The expansion scalar 8 and the mean
Hubble parameter H, both inversely proportional to (ayt + b), decrease continuously and tend
to zero as t — oo, indicating accelerated expansion at early times followed by a gradual slowing
down at late times. The shear scalar o remains finite throughout the evolution, and the constant
non-zero value of the mean anisotropy parameter A,, confirms that anisotropy is preserved
during the entire cosmic history due to the directional nature of the string source. The energy
density p, given by equation (34), behaves as a positive, decreasing function of time, as
illustrated in Figure 1, and asymptotically approaches zero for large t, which is consistent with
the dilution of matter content in an expanding universe. Likewise, the string tension density A,
described by equation (35), also exhibits a monotonic decay with cosmic time, as shown in
Figure 2, indicating that the dynamical influence of cosmic strings is dominant at early epochs
and becomes negligible at late times. This behavior aligns well with observational expectations
that topological defects, if present, should not significantly affect the present-day universe.
Hence, the model successfully describes an anisotropic, accelerating universe in which cosmic
strings contribute to early-time dynamics while remaining compatible with late-time
cosmological observations.

2.2 Domain wall
The energy momentum tensor for thick domain walls is given by
T;j = p(gl-]- + wiwj) +pww;, ww;=-1 (36)

Where p is the density of the wall, p is the pressure in the direction of normal to the plane of
the wall and w; is a unit space like vector in the same direction (Rahaman et al. [38]). In the
co-moving co-ordinate system, from (36) we have

Here p denotes the energy density of the thick domain wall and p is the pressure acting along
the direction normal to the wall. The space-like vector w;, specifies this preferred direction
(Rahaman et al. [38]). Equation (36) therefore represents an anisotropic energy—momentum
tensor with

T}=T;=T0=p Ti=—p andT} =0 fori#j. (37)
In the co-moving frame.

Here pressure is taken in the direction of X-axis and the quantities p and p depend on t only.

B ¢  BC

= E+E+——(87T+#)P 3up (38)
A € AC _

Z+E+E_F__(8”+5“)p up (39)
é+§+A—B——=—(87r+5u)p up (40)

—+—+———=—(87r+5,u)p Up (41)
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=0 (42)

w | W
ala.

The trace in the considered model is givenby T =T + TZ + T3 + TQ =3p —p
2.2.1 Solution of field equation

Integrating equation (42) we obtain C = kB where k is a constant of integration without loss
of any generality for its value as unity, it becomes

C=B (43)

Using equation (43), the field equations (38)- (41) reduce to the following system of
independent equations

B, (B\* | R
22+ (3) +% = (8m+wp—3pup (44)
i B AB
Stz e —®r+5up—up (45)
AB | (B\*  n?
ZE-'_(E) — == —@m+5u)p—up (46)

Equations (44)-(46) are system of three independent equations in four unknowns A, B, p and
p. Hence to find a determinate solution once again we use the conditions given by
(23) and (24)

Now, the field equations (44)-(46) together with equations (23) and (24) admit the solutions

3
A = (agt + b)em+D(+a) (47)
3m
B = C = (ayt + b)em+D0+a) (48)
Also, the energy density and pressure are given by
_ 1 6a9’m(2m+1)(1+q)—-27m?ay? _ h? "
P = Gr+sm) (sn+tm)+3u2 2m+1)2(1+q)?(agt+b)2 (o4 5) EIET
(87‘[ n ,Ll) {3a02(2m+1)(1+z)(m+12)—9a02(1;12+m+1) n h2 _ }
(49)
_ 1 (87 + 1) 27m?ag?®—6a,’m(2m+1)(1+q)
P = Grrspenw+ae | o Tl ) T GmrD2 (42 (agt+b)?
h2 i } +3u {30102(2m+1)(1+Z)(m+12)—9a02b(1:2+m+1) n h2 i } (50)
(apt+b)@m+1)(1+q) (2m+1)2(1+)*(aot+b) (apt+b)Zm+1)(1+q)
4338
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Figure 3: The Energy density's relationship to cosmic time t when the right constants are
chosen
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Figure 4: The Pressure relationship to cosmic time t when the right constants are chosen

q=-05 a,=10, b=10, u=01 m=02 h=03

The domain wall cosmological model obtained in this subsection exhibits physically
meaningful behavior that is consistent with both anisotropic cosmology and observational
expectations. The energy density p, shown in Figure 3, remains positive throughout the
evolution and decreases monotonically with cosmic time, asymptotically approaching zero at
late times. This decay reflects the gradual dilution of domain wall energy due to the overall
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expansion of the universe. Similarly, the pressure p, illustrated in Figure 4, evolves smoothly
with time and remains negative over a substantial cosmic interval, indicating the repulsive
gravitational effect associated with domain walls. Such negative pressure contributes to
accelerated expansion and is compatible with the role of exotic matter sources in driving late-
time cosmic acceleration. It is important to note that, although the matter variables p and p
differ in form from those of the cosmic string case, all geometrical and kinematical quantities—
such as the scale factors, spatial volume, expansion scalar, shear scalar, Hubble parameter, and
anisotropy parameter—retain the same functional dependence as in the cosmic string model
described by equation (28). Consequently, the universe remains anisotropic throughout its
evolution, with a decreasing expansion rate and non-vanishing shear, while the matter content
distinguishes the physical interpretation of the model. This demonstrates that both cosmic
strings and domain walls can support identical background geometries in f(R,T) gravity,
differing only in their energy—momentum characteristics and their specific dynamical influence
on the cosmic evolution.

3. Conclusion

In this paper, anisotropic Bianchi type-VI cosmological models have been investigated in the
framework of f(R, T) gravity by considering cosmic strings and thick domain walls as matter
sources. Exact solutions of the modified field equations were obtained by assuming a
proportionality between the expansion scalar and shear scalar together with Berman’s law,
leading to a constant deceleration parameter and late-time accelerated expansion.

The models describe a non-singular, ever-expanding universe in which the expansion rate,
shear scalar, and Hubble parameter decrease with cosmic time. The persistence of a non-zero
anisotropy parameter indicates that anisotropic matter sources prevent complete isotropization,
even at late epochs. In the cosmic string scenario, both the energy density and string tension
decay monotonically and become negligible in the far future, while in the domain wall case the
energy density decreases and the negative pressure provides an effective repulsive contribution
compatible with accelerated expansion. Notably, both matter configurations admit the same
background geometry, differing only in their matter variables, which highlights the versatility
of f(R, T) gravity in accommodating distinct physical sources.

Overall, the present models provide a consistent theoretical framework for describing an
anisotropic, accelerating universe and offer insight into the possible cosmological role of
topological defects within modified gravity theories.
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