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Introduction

Graph-theoretical concepts are widely applied in chemistry to model molecular systems. When
materials are examined at the nanoscale, their properties often differ substantially from those observed
at the macroscopic level, which makes numerical analysis a key component of nanoscale studies.
Chemical graph theory, an interdisciplinary area of mathematics, utilizes graph-based methods to
represent and analyze the structural features of chemical compounds [2, 3]. In mathematical
chemistry, topological indices (TIs) provide numerical descriptors of molecular structures and are
extensively used to estimate a variety of chemical and biological properties without experimental
procedures. These indices encode the structural information of molecules through their corresponding
molecular graphs. Based on their defining parameters, Tls are generally categorized as distance-
based, degree-based, or eigenvalue-based indices [10-12]. The present work investigates degree-based
topological indices associated with transformation graphs. Introduced by Gutman and Trinajstic [4] in
1972, and Das and Gutman [5] the first and second Zagreb indices respectively of the graph G are
given by

My W= ) (8(0) +8(s)
tSEE(v)
and

M, W)= > 8060

tsEE(w)

The degree inverse index of ¥ is defined as

Mpri(y) = Z %z Z (%t)z-F Fi)z)

teviy) tseE(w)

Other related indices have attracted great interest in the last ten years. Among them we can mention
the harmonic degree index [1]. For a graph W, the harmonic degree index My, is defined as

2
Mypi (W) = Z HOro)
tSEE(y)

The symmetric deg index of ¥ is defined as

https://internationalpubls.com 821



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 4s (2025)

Msp(y) = tSEZE(m (% + %)

Several studies have focused on the inverse degree index and its extremal properties. Bojan Miti? et
al. [6] established a set of inequalities that provide bounds for the inverse degree index of trees.
Further developments were presented in [7], where additional inequalities were obtained and extremal
graphs corresponding to the inverse degree index were characterized. That work also included a QSPR
investigation of the inverse degree index along with its exponential extension. The extremal values of
both the inverse degree index and the forgotten index within the class of unicyclic graphs were
examined in [8]. Moreover, Muhammad Asif et al. [9] derived bounds for several families of
connected n -vertex graphs containing pendant paths of fixed length attached to complete vertices,
taking into account the effects of graph transformations. They also determined exact values of the
inverse degree index for regular graphs, with particular emphasis on unicyclic structures. Building on
these contributions, the present work establishes formulae for the degree inverse indices of
transformation graphs.

Bounds on M,
In this section, we compute the bounds on My for \P.

Theorem 2.1. Let vy be a (8,) — graph with € pendant vertices and minimal non- pendant vertex
Mpi1 (y) < 2(/1—6)142+:(1+u2)nf

degree 171 . Then m

0 and v is regular if e= 0.

Proof. From the definition of MDy; we have

. Equality holds if and only if vy (1,) — semiregular if e>

Mpi;(v) = Z (ﬁi_ Thls)z)

tsEE(y)

1 + 1 )+ (1+ 1 )
- Sz 52 T sz
(SEE(y).8(1),6(s)%1 8(t) 8(s) tsEE(p).8(0)=1 1 68(s)

L2 Z (j1)+1+2“2 Z (1)

1 4
1 tseByam (s 1 I tseE(p -1

1+u?

2
1

2
= ('}L—E)ZL‘L+E
_ -

_2(A-e)p+e(1+p®)n?

1
R
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| | L, 0 =6(s)=m o
Equality holds if and only if ¥ for each non- pendant vertex teV (¢)is

regular. this implies y (1, ) — semiregular if €> 0 and v is regular if €= 0.
If v has no pendant vertices then by previous theorem,

2Au
Mpri(y) = e
2Au?
Mbi11(y) < — f:
For a (0,) — graph v, " Equality holds if and only if y is regular.
Proof. From the definition of MDn we have
1 1
Mp 11(v) = Z (—S(t)z + —5(3)2) (2.1)
tseE(y)
For any t € V(y), n=4(t)=pu. Thus
1
2 2
Mp 1(v) < p Z (6(6)* +6(s)%) (2.2)

tseEE(y)

For any t € V(v), &(t)<6 —e(t). Thus

Mp (V) £ = Beses((6 = e()? + (8 — e())?)

1
== Z ((6% + e(t) — 28e(1) + 6% + e(s)? — 20e(s) )
1 tseE(y)
This gives that

Mpip (v) <

25

n*

The eccentricity of a vertex t of ¥ is defined as maximum distance between t and all the vertices of
Y. The eccentricity version of first Zagreb index and forgotten index of a graph W are respectively
definedas

ecCey (V) = Z (e(t) +e(s))

tseE(w)
and

eccp (V) = Z (e(t)* +e(s)?)

tseE(y)

2

o284 1 20 '
Mp11(y) = -~ +FQCCF1 (v) — P eccrz; (v).

For a (0,) — graph v,
Equality holds if and only if y is regular or biregular.
Proof. By the definition of MDy, we have
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Mp 1(w) = Z (r]l:)z‘i' ﬁ) (2.1)

tseE(y)

For any t € V(y), n<=48(t)<u. Thus
1
Mpr(w) < — > (807 +6()%) (22)
! tsEE(w)

For any t € V(y), &(t) <0 —e(t). Thus

Mo 11(¥) < 55 Teser((6 = e(D)” + (6 = e(s))?)

== Z ((ez +e()? — 20e(t) + 0 + e(s)? — zee(_s))

1 4
tseE(y)

= iﬂf Z ((292 + (e(t)? + e(s)?) — 20(e(t) + e(s)))
tseE(w)

This gives that

2

20 1 28 ,
Mon(W) S —rter D (02 +e(©) =mp D (e(0) +e(s))
tseE(y) tseE(w)

By the definition of eccentricity version of forgotten index and first Zagreb index, we have

262

1 26
Mp1r(v) < gy + e ECCFI (V) _FQCCFZI(W)'

By the definition of eccentricity version of forgotten index and first Zagreb index, we have

2021260
MDII(¥) = &T*wFW$HTTAIWﬁQHT)

Transformation graph R™S(¥)
The graph RIS(W) is a graph with V (RIS(¥)) = (V (¥) U E(¥)) such that two vertices r and s in V
(R™(¥)) are adjacent if and only if the following holds

6)) r,s €EV(¥), rs € E(¥)if r=+ and r and s are not adjacent if r=—,
(i) reV(¥) and seE(¥Y), rs€eE(Y) if s=+ and rs EE(P) if s=—.

One can observe that this transformation graph RS(¥) has four graphs like R++(LP) ,
R (%), R-T(¥) and R~ (¥).

Theorem 2.4. Fora (6, A)— graph G, RT7(S(¥)) =+ 3%

Mpu(W¥)
Proof. By the definition of MDJ] of R++(S(‘P)) we have 2 4
. 1
MDII(R++(S(.W))) = Z m
tev(RH(S(w))
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RTT

From the structure of (S(¥)), the number of vertices and edges are respectively, 8 + 3A and 6\ .

In addition, the degree of t € V (RTT(S(¥))) N V (S(V)) is 25(t) and degree of ts € V (RTT(S(¥)))
N E(S(P)) is2.
Hence,

1 1
MDII(R++(S(!”))) = Z F"' m
tEV(R++(S(w))ﬂV(S(yx))) tsEV(R'H(S(W:))HE(S(W))) '
1 1
= ) 2500 Z 2
tEeV(S(y)) ts€E(S(y))
1 1 1
T L% Z FRCM D 2
teV(y) teV(S(y)/V(v) ts€E(S(v))
_ MDH(W)_i_i_'_i
2 4 2
_ Mpn() +ﬂ
2 4
Theorem 2.5. Fora (0, A)— graph G,
o 9+ Mpp(v) i 2 22
Mpi11 (R (S < — D4 s .
prr (RS = 4(6+31-1) 8 4(60+31-1) 16 & 0+1-2

Proof. From the structure of R (S(¥)) , it has 6 + 3\ vertices and 2(6 + 7»)2 -2 -0 edges. The

degree of a vertex t € V (R (S(¥))) N V (S(¥)) is 6 + 31 — 28(t) — 1 and an edge ts € V
(R (S(P))) NE(S(P))is 6 + A — 2. Thus

MDII(R__(S(:W))) = 2 L+ Z 1

1) 1)
tEV(R_‘(S(w))ﬁV(S(w))) ® xyEV(R“(S(W))ﬁE(S(W])) (©)
1 1

+ -
6+ 3L—-25(t)—1 Z 0+ Ar—2
teV(S(v)) ( ) xy€E(S(w))

1 1
= +

D a2 rmmmes)
Gt o(t) cevisve) T ©

1
+i=2

+
xyEE(S(y))
By Jensen’s inequality, we have
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M (R"(S()))<IZ( = 1)+ Z ( > 1)
DII v)=3 8+31-1 25(t) 6+31—1 26(t)
tEV (W) LEV(S(w)/V ()

1
+ 6+1-2
xyEE(S(y))
_ 3] Z 1 + A
TA0+30—1) 85(t) 4(0+3h—1
@+3-1 £, B0 40+ 1D
1 N 2A
16 6+A1-—-2
tEV(S(w)/V(y))
__e+i  Mpu + A _i_l_ 24
T 4(6+34-1) 8 4(6431-1) 16 ' 0+A-2

A+8 24

+— —

. MDII(R S(W)) — + 12

Theorem 2.6. For a (6,) — graph with G, 2 G+A—2

Proof.

1
Mpn(RS@W) = 50}
1E'\'(R+_(S(\y)))

From the construction of the graph (R+ —(S(y)), the number of vertices and edges of (R+ —(S(v))
are respectively 6+31 and (6+4)2 — 2A. Likewise, the degree of a vertex t € V(R+ —(S(y))) N
V(S(y) is 24 and an edge t s € V(R+ —(S(y))) N E(S(y) is 6+4 2.
Hence,

) _ 1 1
Mpy(R*"S(w)) = Z m-l— —_—

tEV(R += (S(W))nv(s(w))j ' tSEV(R+‘ (S(w'))ﬂE(S(w)))

_ 1 1
= Leer(sw) 7z T LtseE(sw) gracs

1 1 1

= —+ —+
24 2 6+4A-2
tev(S(w)/v(y)) tev(w) tseE(S(w))

A e 24

22 24 | 9a—z

— A+6 2A
Mp(R*=S(w)) = ?+9+/1—2 .

- A+0
Mpy(R™*S(y)) = 011 + A

Theorem 2.7. For a (0, A)— graph G,
Proof. From the structure of R_+(S(‘P)) , the number of vertices and edges are 6 + 3\ and (0+A)(0

+A—1) respectively. In addition, the degree of a vertex t €V (R_+(S(‘P))) 1s 0 +A — 1 and an edge ts
€V (Y)NE(S(Y))is2. Thus,
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. B 1 1
Mpu(R™*5()) = > oM > 50

tEV(R_+ (s(wj))nv(s(y;j))) ts EV(R"*’(S‘(w))ﬂE(S‘(w))]

D
=

I
]~

= Pue—
+Ai—-1
teV(S(w)) ts€E(S(v))

R
B O+r—1 Lib+r—1 2
tEV(stv)/Vv) eV (y) 1s€E(S(y))

A48
C B+A-1
References
[1] Fajtlowicz, On conjectures of Graffiti-II, Congressus Numerantium, 60 (1987) 187 197.

[2]

[8]

[9]

A. Bondy, U.S.R. Murty, Graph Theory, Graduate Texts in Mathematics 244, Springer, New
York, (2008)

M.V. Diudea, I. Gutman, L. Jantschi, Molecular Topology, Nova Science Publishers Huntington,
New York, (2001).

Gutman, I. Trinajstic, N. Graph theory and molecular orbitals. Total ?-electron energy of
alternant hydrocarbons. Chem. Phys. Lett. 17(4), 535-538 (1972).

Das, K. C., Gutman, I. Some properties of the second Zagreb index. MATCH Commun. Math.
Comput. Chem. 52(1)(2004) 103-112.

Bojan Mitic, Emina Milovanovic, Marjan Matejic, Igor Milovanovic, Some Properties of the Inverse
Degree Index and Coindex of Trees, Filomat 36(7) (2022),2143-2152.

Edil D. Molina, Jos Rodrez, Jos Shez, Jos Sigarret, Inverse degree index: exponential extension
andapplications, Journal of Mathematical Chemistry, https://doi.org/10.1007/s10910-023-
01453-z.

Manian, M. A., Heidarian, S., Khaksar Haghani, F. (2023). Maximum and minimum values of
inverse degree and forgotten indices on the class of all unicyclic graphs. AKCE International
Journal of Graphs and Combinatorics, 20(1), 5760. https://doi.org/10.1080/0972860
0.2023.2170298.

Muhammad Asif, Muhammad Hussain, Hamad Almohamedh, Khalid M. Alhamed, Sultan
Almotairi, An Approach to the Extremal Inverse Degree Index for Families of Graphs with
Transformation Effect, Journal of Chemistry https://doi.org/10.1155/2021/6657039.

[10] K. Pattabiraman, P. Danesh, Spectrum-Based Topological Indices and Their QSPR Studies of

Nonsteroidal Anti-Inflammatory Drugs, Int. J. Quantum Chemistry, 124(18) (2024)e27472.

[11] K. Pattabiraman, QT Analysis Through Topological Descriptors of COVID - 19 Drugs, LAP

Lambert Academic Publishing ISSBN  6206145298.

[12] K. Pattabiraman, Empowerments of blood cancer therapeutics via molecular descriptors,

Chemometrics and Intelligent Laboratory Systems, 252(2024)105-180.

https://internationalpubls.com 827


https://doi.org/10.1080/0972860

