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Abstract

In this work, we explore the stability of weak solutions to a stochastic version of a globally modified coupled
Cahn-Hilliard-Magnetohydrodynamic model with multiplicative noise. The model describes the flow of the
mixture of two incompressible, immiscible fluids under the influence of an electomagnetic field with stochastic
pertubations. This system consists of the globally modified Magnetohydrodynamic model for the velocity and
magnetic field, coupled with a Cahn-Hilliard equation for the order (phase) parameter. We prove that the weak
solutions converge exponentially in the mean square and almost surely exponentially to the stationary solutions.

We also show a result related to the stabilization of these equations.
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1 Introduction

The stochastic Navier-Stokes equations describe the motion of fluids in the presence of random fluctua-
tions, unlike deterministic equations which only take into account known forces and initial conditions (see
[5, 9, 10, 11, 12, 18, 19, 30, 48, 54, 76]). These stochastic equations are used to model physical phenomena
where uncertainties or random disturbances play an important role, such as turbulence, flows in porous media,
or even fluid dynamics in complex media. By coupling the Navier-Stokes equations and the Maxwell equations
of electromagnetism through the Lorentz force and Ohm’s law, we obtain the magnetohydrodynamic (MHD)
model which studies the behavior of a current-carrying fluid in the presence of an electromagnetic field, and
which applies in particular to plasmas, even to sea water, and to several fields of applied science.

In previous years, the deterministic MHD system has been explored by famous scientists (e.g. Cowling [23],
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Chandrasekhar [20], Gerbeau [35], Planas [52], Schétzau [56], Temam [77], Sundar [62], Sango [55], Motyl [49],
Sritharan [59]). Subsequently, the authors in [4, 22, 55] studied the existence and the uniqueness of the solutions
for the stochastic MHD equations. The general framework is applied to the coupled stochastic Navier-Stokes,
magnetohydrodynamics, and the Boussinesq equations. The authors in [75] established the existence and unique-
ness of strong solutions for the stochastic three dimensional MHD equations with a multiplicative noise.

The study of the interaction of the electromagnetic field with the mixture of two incompressible and im-
miscible fluids is of great importance in engineering, and some analytical studies on the flow of the mixture
of two immiscible fluids in a channel under an external magnetic field are carried out in MHD generators
and pump accelerators (see [20, 22, 23, 28, 35, 36, 44, 45, 46, 47, 52, 55, 56, 58, 59, 62]). The Cahn-Hilliard-
Magnetohydrodynamics (CH-MHD) system was introduced in [41, 74, 78] and describes the flow of the mixture
of two incompressible, immiscible and electrically conducting fluids. The model consists of the Cahn-Hilliard,
Navier-Stokes equations and Maxwell equations (magnetic field) which are nonlinearly coupled through con-
vection, stresses and Lorentz forces. In [78], the authors proposed a fully discrete energy stable finite elements
method with a semi-implicit scheme. The scheme preserves the mass conservation and the discrete energy law.
They proved that there exist subsequences of discrete solutions which converge to a weak solution of the model
for vanishing discretization parameters. The proof uses the stability of the scheme and the compactness method.
In [74, 41], the authors prove the existence, uniqueness of the solutions for the stochastic CH-MHD and Allen-
Cahn-Magnetohydrodynamics (AC-MHD) system driven by Jump noise respectively. When the magnetic field
is withdrawn from the CH-MHD system, the remaining system is the Cahn-Hilliard-Navier-Stokes (CH-NS)
system which is a diffuse interface model for incompressible isothermal mixture of two immiscible fluids and
consists of the Navier-Stokes equations coupled with a convective Cahn-Hilliard equation for the relative concen-
tration difference of both fluids (see [17, 24, 25, 31, 32, 40, 61, 65, 67, 68, 71, 73]). Moreover, stochastic partial
differential equations serve as a mathematical model for systems involving two types of forces, one deterministic,
the other random and these equations make it possible to take into account a random noise in the evolution of
a phenomenon (see [24, 40, 62|). This may reflect, for instance, some environmental effects on the phenomena
or some external random forces. In the theory of fluid dynamic, the long-time behavior of flows is a very inter-
esting problem and the literature shows that the problem has been receiving very much attention over the three
decades (see [5, 15, 16, 27, 39, 54, 64, 77]). The exponential behavior of a stochastic Cahn-Hilliard-Navier-Stokes
(CH-NS) model with multiplicative noise was studied in [24, 71].

The above references motivate our work. We prove the stability of weak solutions to the stochastic 3D
globally modified Cahn-Hilliard-Magnetohydrodynamic (GMCHMHD) model with multiplicative noise. Among
other things, we investigate the exponential convergence in mean square and almost surely of the weak proba-
bility solutions to stationary solutions. It should be noted that the coupling between the stochastic Magneto-
hydrodynamic and Cahn-Hilliard system makes the analysis of the control problem more involved.

The article is structured as follows. In the next section, we present the stochastic 3D GMCHMHD model
and the functional framework. In Section 3, we study the stability of weak solutions. We also study the stability
of stationary solutions to the stochastic 3D GMCHMHD model, using the It6 formula. In section fourth, we

show a result related to the stabilization of these equations.
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2 A stochastic GMCHMHD model and its mathematical setting

2.1 Governing equations

Assume that a finite time horizon T' > 0 is given and the domain M of the fluid mixture is a bounded domain

of R? with smooth boundary. Then, we consider the system
dv + [~v1Av + (v- V)v — KuV® + Vp — (b V)bldt = h}(t)dt + hi(v, ®)dt + hi(t,v, ®)dW},

% + veurl(curld) 4+ (v- V)b = (b- V)v,

o .
T v3Ap+v - V& = h3(t) + hi(v, ®) + h3(t,v, ®)W?, (1)

[= —eAD + af(D),

div(v) = div(b) = 0.

In (1), the unknown functions are the random velocity v of the fluid mixture, its pressure p, the magnetic field
b and the order (phase) parameter ®. The external force hy(v,®) = (hi(v, ®), h3(v, ®)), ho(t) = (h}(t), h3(t))
are given and the term hy(t, v, ®)W; = (hi(t,v, @)W}, h3(t,v, ®)W?2) denotes random external forces depending
eventually on (v, ®), where W, = (W}, W?) represents the derivative with respect to time of a cylindrical
Wiener process. The quantity u is the chemical potential of the binary mixture which is given by the variational

derivative of the following free energy functional.
€ 2
F@)= | (5IV0P+aF(@))ds,
M N2

where, e.g., F(z / f(€)d¢. The constants v1 > 0, v > 0, v3 > 0 and K > 0 represent respectively the
kinematic viscosity of the fluid, the magnetic resistivity, the mobility constant and the coefficient of capillarity.
€ and o > 0 are two physical quantities which characterize the interaction between the two phases. More
precisely, € has a relation with the zone of separation of the two fluids. Hereafter, suppose that € < a.

The potential F' is usually assumed to be of logarithmic type, but it is sometimes replaced by an approximate
polynomial of the form F(r) = ;7% —v,r%, where ; and 7, are two positive real constants. It should be noted,

as in [26], that the first equation of the model can take the form:
dv+ [~v1Av+ (v- Vv — (b- V)b + Vildt = [-Kdiv(V® @ V®) + hi(t) + hi(v, ®)]dt + hi(t, v, )W},

where p=p—K (%\VCDP + aF((I))), since KuVe =V (IC (§|VCI>|2 + ozF(CI)))) - Kdiv(V® @ Vo).
The tensor product V® ® V& is the contribution which highlights the capillary forces coming from the tension

on the boundary zone of the fluids.
Oby  Oby

For a vector-valued function b = (b1, be) on M, define curl(b) 5 ou and for a scalar-valued function ®
€z Y
0d 09
on M, define curl(®) = 9y or

Also we know that curl(curl(b))=grad(div(b)) - Ab is valid in the two dimensions case.
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2.1 Governing equations

System (1) is supplemented with the following initial and boundary conditions:

On®=0,A2=0 on IOM x(0,T),

v=0 on OM,

curl(d) =0 on OM, (2)
b-n=0 on OM,

w(0,2) = up(x); 0b(0,2) =bo(z); P(0,2) = Po(z) in M,

where OM is the boundary of M and 7 is the unit outward normal to OM.

From the first equation in (2), we deduce the conservation of the following quantity

1
Ot z—/ b(z,t)dx, 3
@) = 5 [ o Q
where | M| is the Lebesgue measure of M. More exactly, we have
(@(1)) = (2(0)) = Mo, Vt=>0. (4)

We deduce from (4) that one can sometimes suppose that the average of ® is zero at the initial moment, starting
from a displacement of the order parameter field. Hence, it will be zero for all positive instants. So, we suppose
that

(®(1)) = (2(0)) =0, Vt=>0. ()

We suppose that h3, h? and h3 are chosen such that (4) is satisfied, which is the case if we assume that
(h3() =0, (hi(u,9)) =0, (A3(u,p)WE) =0, Vt>0, (u,9)€H,
where H is defined by (3) below.

Remark 2.1. If a stochastic perturbation of the Cahn-Hilliard system is considered, then the conservation of

mass giwven by (5) does not hold.
Now, we consider the function Fiy : RT — RT by
Fy(r) = min{1, g}, reRT,
for some (fixed) N € R*. From [18], we recall the following properties of Fi .

Lemma 2.1. The function Fy satisfies:

lp — 7|

|FN(p)_FN(T)|§f7 p,r€R+, 717&07
v — U
Exonl) = Enllel] < 522l o e, w0
M- N —
|FN(p)_FN<T)|S| ‘+ |p T|7 p7T7M7N6R+a T#O

r

https.//international publs.com 192



Communications on Applied Nonlinear Analysis | SSN:
1074-133X
Vol 33 No. 1s (2026)

2.2 Mathematical setting

Then, we consider the following 3D GMCHMHD model

dv + [—v1Av + Fy(||v]]) (v - V)v — KuV® 4+ Vp — (b- V)bldt = hi(t)dt + hi(v, ®)dt + hi(t,v, ®)dW},
% + veurl(curl) 4+ (v- V)b = (b- V)v,

0P

S VBt Vo= R(t) + h3 (v, ®) 4 h3(t, v, ®)W?,

B = —eA® + af(@),

div(v) = div(b) = 0,

(6)
in M x (0 + 00), where ||[v]| is a norm defined below.
Recall that, as in [18], the GMNSE are indeed globally modified and the factors Fy(||v]]) and Fn(||(v, ®)||)
depend respectively on the norms ||v|| and ||(v, ®)||. So, the GMCHNSE was studied in [24, 25, 65].

2.2 Mathematical setting

Assume that the domain M is a bounded domain with a smooth boundary M and that f € C?(R) satisfies

|r\1i1200f () >0, (7)

[l < ep(+ 77, ¥reR, i=0,1,2,
where cy is a positive real constant.
Let us introduce the functional framework of the problem (1)-(2).
Hereafter, if X is a real Hilbert space with inner product (-, -)x, then we will denote the induced norm by |-|x,
while X* will indicate its dual.
Set
V) = {u€ (CX(M))? :diviu) =0 in M}.
We denote by H; the closure of Vi in (L?(M))3, and by V; the closure of V; in (H}(M))3.

H; is endowed with the scalar product (.,.)r2 and the corresponding norm |- |z2. V; is endowed with the scalar

product
2

((uv v)) = Z(amiuv aﬂ?iv)LQ

=1

and the associated norm
lullv, = ((u,w)"/? = ||ul|.

We now consider the operator Ay defined by
Agu = —PAU, VUED(A()) :HZ(M)ﬁVh

where P is the Leray-Helmholtz projector in L?(M) onto H; (for more details see [24], page 37-38).

We also set
Vo ={be (C®(M))?:div(b) =0 and by=0 in OM},
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2.2 Mathematical setting

and denote by Hy and V5 the closure of Vy in (L?(M))? and (H'(M))3, respectively.

H, is endowed with the scalar product (.,.)rz and the corresponding norm | - |r2. We have H; = H (see [47],
page 6).

Vs is endowed with the scalar product ((®,v))y, = (curl®,curly))r2 and its corresponding norm ||®||y, =
V/((®,®))y,, which is equivalent to the norm in H*(M).

We introduce the operators Ay € L(Va, V5) defined by (Aiu,v) = ((B,C))q for all B,C € Vx.

The operator A; can also be defined as an unbounded operator generated by the boundary value problem

curl(curld) =g in M,
div(h) =0 in M, (8)
bmp=0, curl(b)=0 on OM,

with domain

D(Al) = {C ceVy:AC e HQ}

For more details about the operator A;, we refer the reader to [21].

We also consider the following linear nonnegative unbounded operator A, on L?(M):
Ay® = —A®, VO e D(Ay) ={®ec H* M), 9,2=0 on OM}NLZM). (9)

D(As) is endowed with the norm |As - |12 + |{-)|z2, which is equivalent to the H?-norm. We also consider the

linear positive unbounded operator G defined on LZ(M), the space of L?-functions with null mean
Gd = —AdD, V®c D(G)= D(Ay) N LA(M). (10)

G~! is a compact linear operator on L2(M). More generally, we consider G*, for all s € R, knowing that
|G*/2 |12, s > 0, is an equivalent norm to the canonical H*-norm on D(G*/?) C H*(M) N LZ(M). Also, note
that Ay = G on D(G). If & — (®) € D(G*/?), then we can say that |G*/2(® — (®))|z2 + [(®)|L2 is equivalent to
the H*-norm. It is worth recalling that H~*(M) = (H*(M))*, for all s > 0.
Set

Hy = D(G°) = L§(M), V3= D(G'?). (11)

Hs is equipped with the norm |- |72, and V3 with the norm ||-||, where |[1)]| = |G/ 2.
We now consider the bilinear operator B, and its trilinear form by defined on L*(M) x W11(M) x L*(M) by

setting

2
bo(u,v,w) = Z /M ui%wjdx,

ij=1
whenever the integrals make sense.

Let my,mgo, and mg be three real numbers. We recall that if the m; are greater than or equal to 0 and satisfy
mi+mo+m3>1 or mi+me+mz=1,

then, at least, two m; (i=1,2,3) are different from zero and by is a trilinear continuous form on H™! (M) x

H™F1 (M) x H™3(M). Moreover

‘b(](uvvvw” < Cl|u|Hm1 ‘W‘Hm2+1|w|Hm37 V(u,v,w) €H™ (M) X Hm2+1(M) X HmS(M)'
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2.2 Mathematical setting
In particular, for (m; = mz = 1,mg = 0), the trilinear form by is continuous on (H'(M))? (see [57]). Thus, we

can define a bilinear map B on H' x H' with values in (H;)* such that
(B(u,v),w) = bg(u,v,w), Yu,v,we H (M).
We have
bo(u,v,v) =0, YucVy, wveHY (M),
bo(u, v, w) = —bo(u,w,v), Yu € Va, wv,we H'(M).

We consider the bilinear operator B; (and its associated trilinear form b,), and Ry, which are respectively
defined from D(Ag) x D(A3) in L*(M), and L*(M) x (D(Az) N H*(M)) in H;.

More exactly,

(Bi(u, ®@),p) = /M[(u -V)®|pdx = by (u, ®,p), Yu€ D(Ag), @,pec D(As),

(Ro(j1, ®),w) = /M UV - wldz — by (w, @, 1), Yw € D(Ay), & € D(As) A HI (M), p e LA(M).

Note that
Ro(p, ®) = PuVo.

As in [24], the operators B, By and Ry satisfy the following estimates:

1bo (1, v, w)| < elul 1o [u]| /2| Agv| g2 [w] 2, Vu € Vi, v € D(Ag), w e Hy, (12)

(Bl o)l < elul 2 llul 4ol o], v € VA, 13)
|B(u, )2 < cllul||[v]|*/2[Agv]}M}, Yu e Vi, v e D(Ay),
1/4 1/4 k
B, b)lv; < clol 2l [P0, Yo e Vi, be D(A),, (14
|B(v,b)|2 < clloll[B]| /2| A1b]}°, Vo € Vi, be D(Ay),
[B(b,0)lv; < bl BIPAl 2ol P14, Yo € Vi, be D(Ay), 5)
|B(b,v)]12 < ellpll|[o]| /2| Ar0l 7, Vo e Vi, be D(Ay),
1Bi(v,®)|vy < clof )5t ||o]P/4@] 50 |9]134, YweV, VeV, 16)
By (v, ®)| 2 < cf[v]|||®]|1/2] 428|142, Yo € Vi, @€ D(Ay),
[Ro(A2®, p)lv; < cllp||"/2|Aapl /57| A2®l12, @, p € D(As), (17)

|Ro(A2®, p)|12 < c|A2®|12]| 42|} AY @[}, VP € D(A2), pe D(AY?).

Hereafter, we set
by (u,v,w) = Fx([[o]))bg (u,v,w), (BN (u,0),w) = by (u,0,w), Vu,v € V1.

It follows that
by (u,v,v) =0, Yu,v € Vi,
16 (u, v, w)| < eNlfulll[w]], Vu,v,w € Vi,

1B™ (u, v)|

vy < eNllull, Vu,v € V.
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Set
H=H1XH2X‘/3. (18)

Then H is a complete metric space with respect to the norm
(0,6, ®)[3, = [v]72 + [blT2 + €[ VO[T (19)
We now consider the Hilbert space U defined by
U=V, x Vy x D(AY?), (20)

with the associated norm

3/2
(0,0, D)1, = [[v][* + leurl(B) 32 + €| A5/ P[7.. (21)

Throughout the work, ¢ will denote a generic positive real constant which depends on the domain M, even
though its values may vary from line to line. We consider 1 =e=1v3=v=a=K = 1.

Let (Q,P,J) be a probability space on which an increasing and right continuous family {J}/cjo,00) of

complete sub o-algebra of 7 is defined and let 3, (¢)(n = 1,2, 3, ...) be a sequence of real valued one-dimensional

standard Brownian motions mutually independent on (2, P, 7). We set

t)=> VNBu(t)en, >0,
n=1

o0

where X (n = 1,2,3,...) are nonnegative real numbers such that Z)\; < o0, and {ey}(n = 1,2,3,...) is a

complete orthogonal basis in the real and separable Hilbert space K. Let Q € L(K, K) be the operator defined
by Qe, = A, e,. The above K-valued stochastic process W () is called a Q-Wiener process.

Taking into consideration the above transformations, we rewrite (1), (2) as

dv + [v1 Agv + BN (v,v) — Ro(eA2®, ®) — BN (b,b)|dt = hi(t)dt + hi(v, ®)dt + hi(t,v, ®)dW} in V},
db

%+[BN( ,b) — BN(b,v) + vA1b] =0 in Vi,

dd .
e + Agp + By (v, ®) = h3(t) + h3(v, ®) + h3(t,v, ®)W2 in V5,

p=eAs® +af(®) in H (M),

(U, b, (I))(O) = (UO, bo, (I)Q),

(22)
which is equivalent to
v(t)Jr/O (1 Agu(s )+BN( (s),v(s)) — BN(b(s) b(s)))ds :v0+/0 Ro(eAa®(s), P(s))ds
t(hl()+h1(( ))ds + th (t,v, ®)dW},
0 0
b(t) +/0 (BN (v(s),b(s)) — B (b(s), v(s)) + vA1b(s)]ds = bo,
(1) +/ (Aap(s) + Bi(v(s), @(s)))ds = ®g —|—/ (h2(s) + h3(v(s), (s )))ds+/ h3(s,v, ®)dW?2,
0 0 0
H= GAZCD + Oéf((I)),
(23)
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P-a.s., and for all ¢ € [0, 7], where
ho = (hi, hd) € L*(0,00,H), hy = (h},h}) U —H, hg = (hs,h3):[0,400) x U — L(K,H).

Remark 2.2. In the weak formulation (22), As®V® replaces the term uNV®. This is justified by the fact that
F(®)VD is the gradient of F(®) which can therefore be incorporated into the pressure gradient, see [26] for

details.

Definition 2.1. A stochastic process (v,b, ®)(t),t > 0 is said to be a weak solution to (22) or (23) if
i) (v,b,®)(t) is J— adapted,
i) (v,b,®)(t) € L=(0,T;H) N L*(0,T;U) almost surely for all T > 0,
iii) (v, b, @)satisfied (23) as an identity in U*, almost surely for t € [0, 00).
Note that (23) implies that almost surely (v,b, ®) € C(0,T;U*) and since (v,b, ®)(-) is also bounded in
H. As in [77], we can check that (v,b, @) is almost surely in C(0,T; Hyear) and the space of H-valued weakly

continuous functions on [0, 7.

So, we suppose that f satisfied the additional condition

(@ Asf (1), eAgt) = (@ Ay* F(1), eAS ) > —roe| AY 0|2, Vo € D(AY?),

(@2 f(D1) = A f(®s), €A (@1 — @3)) > —roe A3/ (@1 — ®5)[2,, V1, @5 € D(4F?), =
where kg > 0 is fixed constant.
We also set
a1 = min(vy, v, € — ko) > 0. (25)

3 The exponential stability of solutions

In this part, we examine the moment exponential stability and almost we sure exponential stability of weak
solutions to (22) assuming that they exist. Under some conditions, we discuss the long-time behavior of the
weak solutions (v, b, ®)(t). As in [24], we study the stability of stationary solutions to 3D GMCHMHD, using
the Ito formula.

We will use the notation

||h2(t7v7 (p)H%?(H) = t’l"(hg(tﬂ}, (D)QhQ(t,U, (I))*)7 (26)
<(£L'1,IE2), (y17y2)> = <$17y1>L2 + <x27y2>7 v(xlvxZ)a (y17y2) S H
We assume that
ho = (hg,hd) € H and hy = (hi,h]) U = H

satisfies

h1(0,0) =0, ||h1(v1, ®1) — hi(ve, P2)||Z. < Li||(v1, ®1) — (v2, ®2)||2,  V(v1,®1), (v2, P2) €U, (27)

where L > 0 is fixed.
We now consider the following stationary equation
1 Agv* + BN (v, v*) — BN(b*,b*) — Ro(eAy®*, ®*) = h} + hi(v*, ®*),
vAb* 4+ BN (v*,b*) — BN (b*,v*) = 0, (28)
€AZD* + aAs f(®*) + Bi(v*, %) = hi + hi(v*, ).
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3.1 Existence and uniqueness of stationary solution

To be more exact, by stationary solution, we mean an element u* = (v*,b*, ®*) € U that satisfies (28)1, (28)2

and (28)3 in V7", V5" and V5* respectively.

3.1 Existence and uniqueness of stationary solution
Theorem 3.1. Under the above assumptions and notations, if

ar — Ly > 0, (29)

then (28) has at least one solution u*, which is in fact in D(Ag) x D(A1) x D(A3). Moreover, any stationary
solution u* = (v*,b*, ®*) to (28) satisfied the following estimates:

10,8, @)l < (e — L)~ ol

' (30)

Moreover, if

a1 — (L1 + 3CK1) > 0, (31)
then the stationary solution to (28) is unique.
Proof. To prove (30), by multiplying (28); by v*, (28)3 by b* and (28)5 by eA3®*, to deduce that

vil[o* ]2+ v]|6°]]2 + 2| A5 2% 2, + (ady* f(@7), eA)/ 2 D)

= (I} + hy(v*, @), v%) + (h§ + h3(v*, @*), €A2®") < ||ho|les-[|(v*, 1%, @) les + La|(v*, b*, @*)I[Z- .
This gives
(a1 = Ly)[|(v*, 0", @)l < [1holfer-[1(0*, 6%, &) [ur, (33)
where a; =min(vq, v, € — ko).
We derive that
[1(0",0%, @) < (o = L1) [ hollu- = K1, (34)

and (30) is proved.

For the existence, let {(w;, B;,%;),i = 1,2,3,...} C U be an orthonomal basis of H, where {w;,i = 1,2...},
{Bi,i =1,2..}, {ts,i = 1,2...} are eigenvectors of Ag, A; and A, respectively.

We set Uy, = span{ (w1, B1,%1), (W, Bms ¥m) }-

We define the operator 2, : U, — U,, by:

(Zmua,ug) = (1 Agur, v2) + (VA1b1, ba) + €(A3P1, eAa®2) + (BN (v1,v1), v2) — (BN (b1, b1),v2)
+(BN (v1,b1),b2) — (BN (b1,v1),b2) + (B1(v1, 1), eAa®a) — (Ro(€Aa®1, @1),v2) + (Ao f(P1), eAa®a)  (35)
—(hg 4 hi(v, ®1),v2) — (hg + hi(v1, ®1), €A Ps),

for Uy = (U17b17¢)1)7u2 = (’UQ,bQ,‘I’Q) S Z/[m.
Since the right hand side is a continuous linear map from U,,, to R, by the Riesz theorem, each Z,,u; € U,,

is well defined. we will check that Z,,, is continuous.

Let uy = (v1,b1, ®1), us = (v2, b2, P2) € Up,. We set u = (w, 8,¢) = (v1,b1, P1) — (v2, b2, P2).
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For ug = (vs, b3, ®3) € Uy, we have
(Zmur — Zmug, uz) = (V1 Aow, v3) + (VA1 8,b3) + (BN (by, by) — BN (b1, by),v3) + (BN (v1,b1) — BN (vg,b3), b3)
+(BN (bg,v3) — BN (by,v1),b3) + (A3, e Aa®3) + (BN (v1,v1) — BN (vg,v2),v3)
+(B1(v1,®1) — B1(v2, P2),eA2P3) — (Ro(eAa®Py, P1) — Ro(eAa®Pq, Do), v3)
Hads f(®1) — ada f(D2), eA2®3) — (R (vi, 1) — hi(v2, ®2), v3) — (hf(v1, 1) — hi(v2, 2), A2 Ps).

(36)
Note that
(BN (v1,v1) — BN (v2,v2), v3) = Fn(|[os]])bo(w, v1,v3)
+En ([|v2][)bo(v2, w, v3) + (Fn([[v1]]) — Fn([|v2]]))bo(va, v1,v3) = I + Iz + I3,
(BN (bg,b2) — BN (b1, b1),vs) = (Fn(|[b2l]) — Fx(|[b1]]))bo (b2, b1, vs) — Fn(|[b2]])bo (b2, B, v3)
_FN(||b1||)b0(/B7b17U3) = I4 + 15 + IG)
(BN (v1,b1) — BN (03, b2), b3) = Fn(||b1]])bo(w, by, bs)
+EN(|[b21)bo(v2, B, b3) + (Fn(|[b1][) — Fn(|[b2][))bo(v2, b1, b3) = I7 + Is + Io,
(B (ba,v2) — BN (b1, v1),b3) = (Fi(||val|) = Fn(|[v1]]))bo (b2, v1, bs) — Fn(|[v2]])bo(ba, w, bs)
—Fn(l|v1]])bo(B,v1,b3) = Iio + I11 + I1a.
We have
|11 = Fn([[v1l])bo(w,v1,v3)| < eNlwl|[|va]|, [I2| = Fn([[val])|bo(v2, w,v3)| < eN||w|||vs]],
T3] = (Fn(|[v1]]) = Fn([Jv2]]))]bo(va, v1,v3)| < eNl|wl|[|vs]]|v1]],
|14l = (En(I[b2]]) — Fn(|[b1]]))[bo(b2, b1, v3)| < eN||B]|[|vs]|[|b1]],
5] = Fn(||b2]])bo(ba, B,v3)| < eNllball[|va]l, L] = Fn(|[b1]])|bo(B; b1, vs)| < eN||B]l[|va]], (37)
17| = Fn([[b1]])[bo(w, b1, b3)| < eN||wl[|[bs]|, [Is| = Fn(|[b2]])|bo(v2, 8,b3)| < eN|[val|[|b3]],
[To| = (Fn(|[b1]]) = Fn(|]b2]]))]bo(v2, b1, b3)| < eNJ|B|[|[b3][|[b1]],
[T10| = (Fn([|v2]]) = Fn(l[v1l])[bo(b2, v1,b3)| < eN||w|||[bs]||[v1],
[111| = En([[va]])[bo(ba, w, b3)| < eN||b2|[[[bs]],  [I12] = Fn(||v1l])]bo(8,v1,b3)| < eN||B]]|bs]],
(11 Agw, v3) + €(A31, €A1 ®3) < c||luy — uallu||us||u, (38)
(vA:18,b3) < c||lur — uallul|uslu,
|(B1(v1, ®1) — Bi(ve, ®2), €A2®3)| = |by(w, P1,eA2P3) + b1 (v2, 1, eAa®3)| (39)
< C€||w|||A2(I)1‘L2|A2¢3|L2 + C€||’U2|HA2’(/J|L2‘A2(I)3|L2,
[(Ro(€Aa®y, ®1) — Ro(eAa®Ps, P2), v3)| = |b1(v3, 1, €A29)) + b1 (v3, ¥, €A2P9)| (40)
< celvs|[A2®1|12|A2tp| 2 + Cellvs|||A2tp| 2| A2 Pa| L2,
(@Asf(B1) = a2 (), eAa®s)| = al(A;*(f(B1) = [(22)), €43 *®5)| @)

3/2 3/2
< eMa(|Ao®1] 12, | Aa®s|12) + A3 Paie| A5 %) 1o,
where hereafter My denotes some monotone non-decreasing function depending only on the function f.

It follows from (37)-(41) that

(Zmur — Zmug, uz)| < e[l + [Jva]| + [|ba]| 4+ [A1b1] 2 + [A2®1|L2 + Ma(|A2Pa|L2, [A2Po|r2)][|ur — walul|ws|u,
(42)
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which gives

1 Zmur — Zmuallus < e[l + [[va| + [[b2]| + [A1b1]rz + [A2®P1|p2 + Ma([A2Pa|p2, [A2®a|r2)]|[ur — uallu,

which proves that Z,, : U, — U™ is continuous.

For u = (v,b,®) € U,,, we have
(Zpu,u) = v |J] 2 + v[]b]2 + 2|43 202, + (@ As f(®), eAs®D) — (ho + hi(v, D), (v, €AsD))

> (a1 — La)l[(v, b, @)l — [[hol

Uu* (’U, b, ‘I))Hu

Thus, if we take K; = (a3 — L1)~Y|hol

u+, we obtain (Z,u,u) > 0,Yu = (v,b,®) € U, with ||ully
K;. Consequently by a Corollary of the Brouwer’s fixed point theorem, for each m > 1, there exist u,, =
(Vs b, @) € U, such that Z,,u,, = 0 with ||u, ||y < K.

From (28), we have

I/1|A0Um|%2 + V\Albm|%2 + €2|A3®,, |2, = — (BN (Ui, vm), Aovm) + (BN (b, by ), Agv,)
+(Ro(eA2Pm, P ), Aovm) + (B (Ui, bim), bin) = (BY (b, Vi), bin) — (B1(vim, Pm), €AZ®ra) (43)
—a(Aaf(®,,), €A3®,,) + (ho + h1(Vm, i), (AgUm, €A3D,,)).

From [18, 32], we have

v
[ = (B (0. Agvin)] < 2| g3 + el
[{B™ (b bm), Aovim)| + [(BY (bm, vim), bin)| < CON b * (| Aovim] 1 + [[vm][*)-
Using (12)-(17) and interpolation, we can check that (see[24,25])

[{Ro(Aa®um, ® 1), Aogvm)| = [b1(Agvim, By €As®in)| < cel Agvpn 12 || @i ||/ Ao | 15| AY > @, 12
< celAqvm| 12 (|4 432 By 157 < cel Agupn] 2] @ /4] APy 7| A3 D1 [ 747

mL2 mL2

(44)
< el Aqum| 2| @ [¥/4]| @ [P0 A3 > @ 50| A3, 5
< | Agof2s + S1AZD[2 + | ][4,
Similarly, we have (see [65, 67])
b1 (U, P €AZP)| < v |22 |vm]|1/2] A2® | 2| A3 e
< celo] 12 [vm V2| @ 2132 A3 2@, | 1272 A3, 216 (45)

2
< | Agum |22 + 51430, |22 + cl o157 || @0 |15

As in [24], we also have

(A2 f (@), A3D) | = Al (" (@) (A3 *®1n)? + f/(@1n) Ao By, €AZD,,)| < J1 + o

We have
T = al{ @) (A 20,0, eA30) < ce [ 1850, P43, do
M
< ce| Ay 2D, |2, AZD,, | 12
< el @, |1/2[ An®,, |37 A2D,, | 2 (46)
< el @, /4] 432, 141 A3, | 2

2
< GlAZPm T, + cl| @[T
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Similarly, we have

Jo = al{f'(®,,) A ®,,, eA2D)| < ce/ (1 + |®yn|)|A2®||A2D,, |dx
M

< ce|A2<I>m\%2|A§<I>m|L2 + ce|\<I>m|||A2@m\L3|A§<I>|L3
< el @y [V A3 Dy 37 + ]| @[] @1 ]|/ AZ D, | 1"
< N AZD 20 + ]| @n |2+ ]| D12

It follows that

2
€
a|<A2f(q)m)76A§q)m>| < §|A§(I)m|%2 + CH(DmHlO + CH(I)mHQ + CH(I)mHm'
We also have

[(h1 (Vi P )5 (AU, €A5P )| = [(A (Vs @i ), AoUm) + (B (U, Brn), €A5 Dy, )|
< % Agvm 2. + 514302 + clin 3, (48)
|<hO(A0'Uma€A%(I)m)>‘ = ‘<héaonm> + <h%)v€A%(I)m>| < %‘onm@? + %lA%q)m %2 + c|h0|%2'

It follows from (43)-(48) that
[Aovm 72 + €[ A2® |72 < C, (49)

where C' > 0 is independent of m > 1.

From (49), we deduce that the sequence u,, = (Um,bm,®m) is bounded in D(Ay) x D(A;) x D(A2%) and
consequently, we can extract a subsequence (still) denoted w,, = (Up,, b, @) that converges weakly in D(Ap) x
D(A;) x D(A3) and strongly in U to an element u* = (v*,b*,®*) € D(Ag) x D(A;) x D(A3%). As in [18], by
passing to the limit in (42), we can check that u* = (v*,b*, ®*) is a stationary solution to (28).

For the uniqueness, let (vy,bi, ®7), (vi, b5, @5) be two solutions and (w, 8,v¢) = (vf, b5, ®7) — (v3, b5, P3). Then
(w, B,1) satisfies

vidgw + BN (w,vy) + B (v3,w) — BN (8,b7) — BY (b3, B) — Ro(eA2®5,¥) — Ro(eA2th, @) = hy (v, @)
—hi(v3, ®3),

vAi B+ BN (w, b)) + BN (v3, B) — BN (B,v7) — BN (b5, w) =0,

€AZY + a2 f(P7) — adr f(®F) + Bi(v3, ¥) + Bi(w, 1) = hi(vi, @) — ki (v3, ®3).

Note that
<BN(U>2'<3 w)>w> = Oa

<BN(7)§75)75>:07 (51)
—(BN (b5, B), w) — (BN (b5, w), B) = 0.
As in (37) -(41), we can check that

| Ew (05 ])bo(w, 5, w)| < ellvi[[[[w][2, | Fw(|1b511)bo (B, b5, w)| < el|Bl]][w]|?,

| En (1165100 (w, b5, B)] < ellwlllIBI%, [Ex(llvi])bo(8. 05, B)] < clloilllII1%,

(Ro(eAay), @7, w) = (B (w, ®7),eAav), [(Ro(eA2®3,%), w) < ce|Aztp|p2|Aa®3| 2wl

(B1(v5,9), eAsth)| = cel Aappl2alvs|l, (A2 f(®F) — adaf(®5), eAxth)| > —hol A3 *9[2.,

(b} (v5, %) — hi (05, %), w) + (A3 (vi, ®%) — h3(v3, ®5), eAoth)| = |(ha (v5, ®%) — ha(v3, ®3), (w, eAsth))]

< Ly||(w, B, 0|2
(52)
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Mulptiplying (50)1, (50)2 and (50)3 by w, 8 and € A2t respectively and using (3.38) — (3.39) yields
3 2 3 2 * * * * *
villwl[?+v]|8I7 + € A3 222 — koel A5 26 32 < cll[vill+I[v3l|+ 153 1|+ 110311+ /% Ao®3| 2 + L)l [ (w, B, )12,
which gives
(o1 = (L1 + 3eK))l| (w, B, )|l <0,
and ||(w, 8,%)|lu = 0, assuming (31) and the theorem is proved. O

Remark 3.1. We note that condition (29) is satisfies if L1 > 0,ko are enough and a1 > 0 is large enough.

Condition (31) is satisfies if a1 > 0 is large enough, L1 and |ho|y are small enough.

3.2 Stability of the steady state solutions

In this section, we study the stability of the steady state solutions. We suppose that v1, v and e are large

enough so that (28) has a unique solution (v*,b*, ®*). Firstly, we recall some preliminary definitions.

Definition 3.1.  We say that a weak solution (v,b, ®)(t) to (22) converges to (v*,b*, ®*) € H exponentially
in the mean square if there exists n > 0 and My = My((v, b, ®)(0)) > 0 such that

E|(v, b, ®)(t) — (v*,b*, ®*)|3, < Moe™ ™, > 0. (53)

If (v*,b*,®*) is a solution to (28), then we say that (v*,b*, ®*) is exponentially stable in the mean square
provided that every weak solution to (22) converges to (v*,b*, ®*) exponentially in the mean square with the

same exponential order n > 0.

Definition 3.2.  We say that a weak solution (v,b, ®)(t) to (22) converges to (v*,b*, ®*) € H almost surely
exponentially if there exists n > 0 such that

1
tli}m 7 log |(v, b, ®)(t) — (v*,b*, P™) |3 < —n. (54)

If (v*,b*, ®*) is a solution to (28), then we say that (v*,b*, ®*) is almost surely exponentially stable provided
that every weak solution to (22) converges to (v*,b*,®*) almost surely exponentially with the same constant

n > 0.

Theorem 3.2. Let (v*,b*, ®*) € U be the unique solution to (28). We assume that hy satisfies (26)-(27) and
ho verifies
[[h2(t, v, ®)[[7230) < @(t) + (C+ 8(8)[(v, b, D)(t) — (07,67, @[3, (55)

where ¢ > 0 is a constant and ¢(t),d(t) are nonnegative integrable functions such that there exist real numbers
p>0,Ms>1,M, > 1 with

o(t) < Mye ", §(t) < Mse ™", t>0. (56)
We also assume that

AHC 4 ]| (v, b, @) ||y + 201 — 204 < 0, (57)

where ¢y is defined by (66) below.
Then any weak solution (v,b, ®)(t) to (22) converges to (v*,b*, ®*) exponentially in the mean square. More

exactly, there exist real numbers n € (0, p), My = Mo((v,b, ®)(0)) > 0 such that

E|(v, b, ®)(t) — (v*,b*, ®*)|3, < Moe™ ™", Vit > 0. (58)
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Proof. Firstly, we choose 1 € (0, p) such that
ATHC+ ) + al|(vF, 05, @) |y + 2Lt — 204 < 0. (59)

Let us set

(w,B,v¢) = (v*,b",®*) — (v,b, D). (60)

Applying It6 formula to " |(w, 8,v)(t)|3, gives

e |(w, B,9)(t)3, = l(w, B,1)(0) 3, +/0 ne™|(w, B,)(s)|3,ds — 2”1/0 e”*(Aou(s), w(s))ds
—o /9 " (AL b(s), B(s))ds — 262 /0 e (A20(s), Ayip(s))ds
e (BN (v(s),v(s)) — BN (b(s),b(s)) — Ro(eAx®(s), ®(s)), w(s))ds

h
—2/0 e (B (v(s), b(s)) —BN(b(S)vv(S))vﬁ(SWS—2/ e (Bi(v(s), (s)) + ada f((s)), eA2tp(s))ds

, o
e (hg + h1(v(s), ®(s)), (w, eAztb(s))ds + 2/0 e (ha(v(s), ®(s)), (w, eAst)(s))dWy

+/0 | ha(s,v(s), ®(s))]|72 (30 ds-

We also know that (v*,b*, ®*) satisfies

t
/ " (v Agv* 4+ BN (v*,v*) — BN (b*,b*) — Ro(eAgp*, &%), w(s))ds
0 t t
+ [ e+ B )~ BY 0 Bl + [ e (eA3B) + B0, 07) 4 ada (@), eda(9)ds
Ot ¢ 0
= [t mn @ we)ds + [ €S + b 8°),eAav(s))ds
0 0

B /O en8<h0 + (U*v (I)*)’ (wa €A2¢)(3)>ds-

Using (61)-(62), we derive that

t t
VB (w, B,)(1)B, = El(w, 8, %) (0)5, + / ne"E (w, 8, 6)(s) Byds — 20, / eV E|Ju(s)|*ds
t t t
—21// e”5E|\5(s)\|2ds—262/ 6”5E|A§/2’l/)(8)|%2d8—2/ eEFN(||v*|])bo(w, v, w)ds
p 0 o

—2 G"SE(FN(IIU*II)—FN(II@ID)bo(%v*,w)dS+2/ e EFN(][0]1)bo (b, 5, w)ds

0
t
eEEN (([0%])b0 (8, 6", w)ds — 2/ eE(EN(|[l]) — Fn(1[67[1))bo (b, b7, w)ds
0

t
E(EN(I[o]l) = En(llo*]))bo(b, ", B)ds + 2 / e EEy ([v]])bo(b, w, B)ds
0
t ensEbl (’U), ¢7 6A2(I)*)d8 -2 /t eVISEbl <U*7 ¢7 €A2T/})ds —2a /t ensE<A2f(q))(S) - AQf(q)*)’ 61421/)(8)>ds
P 0 ¢ 0
+ / €T E|[ha(s, v(s), @(5)) |22y ds + 2 / €T B (0(s), B(5)) — ha (07, @), (w, eAz))(s))ds,
0 0

J,
/Ot t
—2/0 e"SEFN(Ilb*Il)bo(w,b*ﬁ)ds+2/0 eE(En([[0*]]) = Fn([[b]1))bo(v, b7, B)ds
J,
/

(63)
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since

2(BN (v, v*), w) — 2(BY (v,v), w) = 2Fn (|[v*][)bo(w, v*, w) + 2(Fn ([[v*[]) — Fn(I[v]]))bo (v, v*, w),
=2(BN (b*,b"),w) + 2(BY (b,b), w) = —2Fn (|[b|)bo (b, B, w) — 2Fw (|[b*[])bo (B, 0%, w)

+2(En([[bl]) = Fn([167]]))bo (b, 0%, w),

2(BN (v*,0%), B) — 2(BN (v, b), B) = 2Fn (|[b*]|)bo(w, b*, B) + 2(En ([6*]]) — Fa (I[b]]))bo (v, 0%, B),
=2(BN (b*,v%), B) + 2(BN (b,v), B) = —2Fn(||v|[)bo (b, w, B) — 2Fn (|[v*][)bo (B, v*, B)

+2(En([lvll) = Fn([[o*]1))bo (b, v*, B).

Note that

2F (|[v*|[)]bo (w, v*, w)] < e N||(w, B,9)]13,

2(Fw ([lv*11) = Fw (Ilo]])) bo(v, v*,w)] < exllo*[[|(w, 8,113,

2F (|[b]))bol (b, B,w)| < exN||(w, B,9)|[Z,

2F (6% [1)[bo (8, 0%, w)| < ex N[ (w, B,)[[2,

2(Fx ([bll) — Fx (116 [1)1bo (b, b, w)| < exl[b*|[ll(w, B, 9)]12,

2F v (|[6%[1)[bo (w, b*, B)] < exN||(w, B,)[2,

2(Fx (1[6°]]) — Ew (1) [bo(v, 5%, 8)] < exl[o*[ll|(w, B,9)11Z,

2F (|[0l])[bo (b, w, B)| < e1N||(w, B, %)[2,

2F (|[o*|)]bo(8, v*, B)| < e1N||(w, B, %)|13,

2(Fw(|[vl]) — Fn([o* ) bo(v, v*, B)] < callo*[[]|(w, B, %)I13,

2[b1 (v, 1, eAat)| < crel[v* ||| Azt [2e < exel|(v*, b, ©%)[ufl | (w, B, )2,
2[by (w, 1, e Ap®*)| < celw]|| Agth| 12| A2 |2 < cel|(v*,b%, %) [ul | (w, B, )] 12,
—a{Aaf(®) — Aaf (B7), eAath(s)) < enol AY*P[2. < erol|(w, B, )12,
(1 (u(s), @(5)) — ha (v*, %), (w, eAst)))| < Li||(w, 5,03,

It follows that

2N ([l [D1bo(w, 0™, w)| + (Fn ([[o*[) = Fn ([[v]])[]bo (v, 0%, w)| + 2Fn ([[b][)bo] (b, B, w)]
+2EN([[671D1bo (8, 0%, w)| + 2(Fn ([[b]]) — Fn ([16%[1))[bo (b, b, w) | + 2Fn (1[67[[)[bo (w, b7, 5)]
F2(En([[071) = Fn ([[011))[bo (v, b*, B)| + 2F N ([[v][)[bo (b, w, B)[ + 2Fn ([[v*[[)[bo (8, 0", B)]
F2(En([lvll) = Fn([[o*[))[bo (b, v™, B)[ + 2[b1 (v, ¥, €Agp)| + 2[br (w, 1, e Ao @)

—2a (Ao f(®) = A2 f (D7), eAat)(s)) + 2(h1(v(s), B(5)) — hu(v™, D7), (w, eA29)))|

< [al[(*, 0%, ®)[lu + 2Ly + 2ero] | (w, B, @[,

for some ¢; > 0.

We derive from (65)-(66) that

e"E|(w, 8,9)(1)[ :E‘(w767¢)(0)|%{+/0 e E|(w, B, ¥)(s)[3,ds
—201/0 ensﬁl(w,ﬁﬂb)(S)If{dH[C1|I(v*,b*,¢>*)\lu+2L1]/0 e"E|(w, B,¥)(s)|ds
+/0 e (p(s) + (C + 6(5))El (w, B, ®)(s) [, ds.

In (67), we use the fact that

vi|lwl][? + v|8]1% + 2| A *¢)22 — erol AY 922 > anl|(w, B, ¥)|[-
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We recall that

=201 + [e1]|(v*, 0%, @)l + 2L1] + A7 (n 4+ ¢) < 0. (68)
It follows from (66)-(68) that
eME(|(w, B,9) (1)) < E(|(w, B,4)(0)3) + /0 e (p(s) + ), B.6)(5) . (69)
Using the Gronwall lemma, we derive that there exists My > 0 such that
E(|(w, 8,¥)(t)[5) < Moe™™, ¥t >0, (70)
which proves (58). O

Theorem 3.3. The hypotheses are the same as in theorem 3.2. Then any weak solution (v,b, ®)(t) to (22)

converges to the stationary solution (v*,b*, ®*) of (28) almost surely exponentially.
Proof. Let N be a positif integer and by the Ito formula, for any ¢ > N, we have
t t t 379
(w0, B,0) (B, = (w0, ,0) (N2, — 2 / w(s)[[Pds — 20 /N 18(s)]Pds — 262 /N A3(5) 2 ds
t
=2 [ BRI oot w)ds — 2 / E(Fw (1[0°1]) = Fx(l[vl])bo (v, v, w)ds
N )
—2/ ]EFN(||U||)b0(v,w,w)ds+2/ EFy(|[b]])b (b7ﬁ,w)ds+2/ EF(||b%]1)bo(B, b*, w)ds
]\/% N
2 /N E(Fw ([bll) = Fa ([6[1))bo(b, b*, w)ds — 2 /N E(Fx ([°]]) — Fx([IB])bo(v, b, B)ds
t t t
—2/ ]EFN(||b*\|)b0(w,b*,6)ds—2/ EFN(||b||)bo(v,6,B)ds+2/ EEx ([*||)bo (8, v*, B)ds (71)
N In N
+2/ EEx (|[v]])bo (b, w 5)ds—2/N]E Fw(lloll) = Fx([v*])bo (b, v*, B)ds
t
9 / by (0", eAath))ds + 2 / by (w, 1), Ay ®*))ds — 20 / (Ao f(®) — Ay f(3*), eAy)ds
/N<h1< (), B(s)) — ha (v", ®*), (w, eAzt))(s) ds+2/ ha(s, v(s), B(5))] 22505
t
2 / ((w, e Ag) (5), hals, v(s), B(s))AW (s)).

N

By the Burkholder-Davis-Gundy lemma, we have

2E [supNgtSNH /. <<w,eA2¢><s>,h2<s7v<s>,q><s>>dws<s>>}

Nl 1/2
<m [E/ (w,ﬁﬂb)(S)lilhz(sw(S)»‘1)(8))||%2(H)d81

" (72)

Nt1 1/2
<m [E (SupN<t<N+1 |(w15a7/1)(t)|§{ /N |hZ(SvU(S)»‘I)(S))||2L2(H)ds>1
N+1
< 772/ Elha(s,v(s), 2(5))l|Z2(20)ds + E sup |(w, B,9)(s) 3,
N N<t<N+1
where 77 > 0,72 > 0 are some constant.

Therefore as in (58)-(67), we obtain that
N+1
E[SupN§t§N+1 |(wa/8a¢)(t)|§-[] S ]E|(w7/871/))(N)"2H - 20&1 \/];] EH(w:Bzw)(S)Hads
N+1
O all @ 8+ 2] [ Bl B0 s (73)

N+1
1
b [ Bllhals, o(5). @) Eagrods + 5B s (w5000
N N<t<N41
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3.2 Stability of the steady state solutions

for some ng > 0.

Tt follows from (55), (59) and (73) that

N+1
1B swp[(w B0 < B SNt [ (6s) + (OB (Fds. (78
N<t<N+1 N

Since

o(t) < Mye Pt §(t) < Mse "t ne€(0,p), Mp>1, Ms>1, 75
o]

it follows from Theorem 3.2 that there exist My = M;((v, b, ®)(0) > 1 such that

B s w8 00B) <M, (76)
N<t<N+1
and the proof of the Theorem follows from the Borel-Cantelli lemma. O

Theorem 3.4. Let (v*,b*, ®*) € U be the unique solution to (28). Furthermore, we assume that

ha(v*, &) =0, Vi >0,
[[ha(t,v1, @1) — ha(t, v2, P2)||L2n) < cnl(vi, @1) — (v2, Pa)l3,  V(vi, @1), (v2, P2) € H.

If
—1 * * *
=201 + cp AT+ || (v, 0, )|y + 2L < 0, (78)

then any weak solution to (22) converges to (v*,b*, ®*) exponentially in the mean square. That is, there exists

n > 0 such that
E|(v,b, ®)(t) — (v*,b%, @*)[3, < E|(vg, by, ®o) — (v*, 0%, ®*)[5,e™ ™, Vt > 0. (79)

Moreover, the path-wise exponential stability with probability one of (v*,b*, ®*) also holds true.
Proof. We start with the equality

v(t) —v* =v(0) —v* — /Ot[z/le(v —v*) + BN (v,v) — BN (b,b) — BN (v*,v*)]ds

+/0t[R0(eA2<I>, ®) — Ro(eAy®*, ®*) + hi(v, ®) — hi(v*,®*)]ds + /Ot(h;(s,v, ®) — hy(s,v*, ®*))dW},

b(t) — b* = b(0) — b* — /Ot[z/Al(b —b*) + BN (v,b) — BY (b, v)]ds, (80)

o(t) — ¢* = (0) — * — e/ot AZ(D — ®*)ds — /Ot[Bl(v,(I)) — By (v*,®")]ds

t

—a / Asf(®) — Ao f(®")]ds + / (B3 (0, ®) — W3(v", &*))dW?.
0 0
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3.2 Stability of the steady state solutions

Let n > 0 small enough and fixed later. By the It6 formula, we have

t t
Ee|(w, B,)(8)%; = Ee™|(w, 8,)(0) 2, + / ne"E| (1w, B,1) () Bads — 2 / £E|fu(s)] °ds
t

t t .
_2y/ e"SEHB(s)WdS—QeZ/ e"s]E\Aj/Qz/)(s)|2L2ds—2/ R Fy (|[v*||)bo (w, v*, w)ds
P 0 ¢ 70
—2/ enSE(FN(HU*H)—FN(HUH))I)()(’U,U*,’LU)CZS—2/ eEFN(||v]])bo (v, w, w)ds
Ot ¢ 0
42 [ R (Dbob. 5.)ds +2 [ R (16|Dbol5,", w)ds
Ot 0 t
—2/0 €"S]E(FN(||5||)—FN(Hb*H))bo(bab*W)dS—2/0 e E(Fn([16*[]) = Fn(I[0l]))bo (v, b*, B)ds
t t t
—2/ B"SEFN(Hb*H)bo(w,b*,ﬂ)ds—2/ B"SEFN(||5H)50(U,575)618+2/ e EFN(||[v*]])bo(B, v, B)ds
Ot tO 0
2 / P Fy (o] )bo (b, w, B)ds — 2 / PE(Fx(llel]) - P ([o*[)bo(b, v*, B)ds
0

¢ 70 ¢
+26/ e Eby (w, 1, A3®™)ds — 26/ eEby (v*, 1), Agth)ds — 2/ eMPE({aAs f(P) — ads f(P"), eAat)(s))ds
0

¢ 0 ¢
+2/ e E(hy (v(s), ®(s)) fhl(v*,<1>*),(w7€A2¢)(5)>dS+/ e E||ha(v(s), ®(s)) — ha(v*, @*)[| 725 ds.
0 0
(81)
It follows from (81) and (15)-(17) that
t
B, B.6) (O, < Bl(w, . 0)O) R+ [ ne El(w. 8.) (o) s
t
+[=2a1 + ep A7t + e |(vF, 0%, )| |y + 2L4] / e E|(w, B,9)(s)|3,ds (82)
0
t
< El(w, 8,9)(0)[F + (n + H2>\1)/0 " |(w, B,9)(s)|3ds < E|(w, B,9)(s)[%
where
Ko = =201 + cp A\ 4 ¢ ||(v*, 0%, %) ||y < 0, (83)
and 7 is chosen such that
n+ koA < 0. (84)
It follows from (82) that
Ee™|(w, B,%)(t)[3 < El(w, 8,4)(0)[, (85)

and the proof of the first part of the theorem follows as that of Theorem 3.3. The rest of the theorem is proved

using a similar method to the one in the proof of theorem 3.4. O
Theorem 3.5. We assume that there exists a constant ( > 0 and hg = 0 such that
ot v, D)l 2230y < (1) + (¢ + (1] (0,5, D)2, (86)
where @(t),0(t) satisfy (56). We also suppose that hy : [0,00] x U — U* satisfies
(hi(t,v,®), (v,eA2®)) < a(t) + (c3 + B(t))|(v,b, ®)[3, (87)
where c3 > 0, a(t), 5(t) are integrable functions such that there exist real numbers p > 0, My > 1, Mg > 1, with
a(t) < Mye ", B(t) < Mge™ ", t>0. (88)

Furthermore, let

201 > (AT + 2e3A7 (89)

Then any weak solution (v,b, ®)(t) to (22) converges to zero almost surely exponentially.
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Proof. Let n € (0, p) be such that O

201 > A\ HCH 1) + 2e30 (90)

Then, we have

5| (0., 8)(0) = Bl )00 + [ e El(w, 5, 0)(5) s — 201 [ e ols)] s
t t 0 t 0

—QV/? e"‘sEH(b(s)||2ds—262/O e”SE|Ag/2<I>(sZigds—2e/o ePE(As f(®), eAsf(®))ds
42 [ B (0(5), 8(5)), (v, cda(s))ds + [ Elha(s, v(5), B s

: o (o1)
< B0, D)0 + (201 + AT+ ) +207) [ B0, 00l
+ [ ERa(s) + o(s) + (B(s)+ 3(5)) (0.0, D) ) )
+EI(05. 8O+ [ e Ea(s) + o(s) + () + 5(5))] (0. B)(3) o),

which gives

t

Ee™|(v,b, ®)(t)[5, < El(v,b, ®)(0)[7, + / e (p(s) +20(s) + (28(s) + 6(s) El(v, b, @) ()3 )ds.  (92)

0
We obtain that any weak solution to (22) converges to zero exponentially in the mean square, applying the

Gronwall lemma. Using the same method as in the proof of Theorem 3.3, we can finish the proof .

4 Stabilization of the 3D GMCHMHD model(22)

In this section, we discuss the stabilization of the 3D GMCHMHD model (22). As in [62], it is enough to
consider a one dimensional Wiener process for that purpose.

We suppose that hy € H and hs is defined by
ho(t,v,@) =o(v —v*,® —®*), V(v,P) € H, (93)
for some o € R and We also assume that
|h1(v1, @1) — hy(ve, @)y < Li|(vi, @1) — (va, P2)|ny, V(v1,P1), (v2, ®2) € H, h1(0,0) # 0. (94)
Lemma 4.1. Let (v*,b*, ®*) € U be the unique solution to (28). If hy satisfies (94) and
2a1 — c1[||(v*, 6%, @) || + 2L4] > 0, (95)

where Ly is the Lipschitz constant of hy given in (94), then the stationary solution (v*,b*,®*) to (28) is

exponentially stable.

Proof. Let (v,b,®) be a solution to the deterministic system. We will only sketch the proof as it is similar to

the proof of Theorem 10.2 of [77]. O

https://international publs.com 208



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 33 No. 1s (2026)

B0 Agw+ B (0,0) — BN (b,b) — Ro(eAs®, ®) = hd + hl(v, ),

O VA + BN (u,b) — BN (0,b) = 0,

—p T Ao+ Bi(v,®) = h2 + h3(v, ®), (96)
p=eAr® + af(®),

(0,5, )(0) = (10, bo, o).

Let
(w, B,v¢) = (v,b,®) — (v*,b*, P¥). (97)

Then (w, 8,1)) satisfies

D vidgw + B (0,0) = BY(w,0%) = BY(8,57) = BY(5,8) — RolcAs@* ) — Ro(eAz, @)

= hi(v,®) — hi(v*, ®*),

O VA B (w %)+ B (0, 6) — BY(8,0%) ~ BN (b w) = 0, (98)
v

8 AR+ Bi(w,®) + Bi(v", ) + adaf(B) — adxf(8%) = W0, @) — W(0", 8°),

(waﬁaw)(o) = (U07b07¢)0) - (U*ab*v(b*)'

Let
y = |(w, B,9)[3 (99)
Then, multiplying (98); by w, (98)2 by 8 (98)5 by €At and adding the resulting equalities, we have

d
20 l(w, 8,9)11 < el %, @) e + 2Lalll(w, ,) 1 (100)

Assuming that

o9 = 201 — [01‘|(U*,b*,¢*)||u+2[/1] >0, (101)
we derive that
W gy <0 (102)
— + K
dt 2y > U,
where
kg = A1og > 0. (103)
It is follows that
y(t) <y(0)e™=', vt >0, (104)

and the lemma is proved.
If the lipschitz constant Ly of h; is sufficiently large such that ko < 0, then we do not know that (v*, b*, ®*)
is exponentially stable or not. However, the following result related to the stabilization of the 3D GMCHMHD

systems holds true.

Theorem 4.1. Suppose that hy satisfies (94). Let (v*,b*,®*) € U be the unique solution to (28) and ky < 0,

where ko s given by (103). Assuming that o is any real number such that

Aika + 0% > 0. (105)
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Then there exists Qo C Q,P(Qo) = 0, such that for w ¢ Qq, there exists T(w) > 0 such that
(0,6, ®)(8) — (07, 0%, )3, < [(0,5,®)(0) — (v, 57, &) e, Vit > T(w), (106)
where n > 0 is given below and (v,b, ®)(t) is any weak solution to (11) with the function hy given by
ho(t,z,y) = o(x — v,y — %), V(z,y) € H. (107)

Proof. Let
(w, B,9)(t) = (v,b, @) (¢) — (07, b7, @7). (108)

Applying the Ito formula |(w, 3,4)(t)|3,, we derive as in (61)-(63) that

t t t
(w0, B.0) B3, = [(w, B, ) (O)[% — 203 / [w(s)||Pds — 20 / 18(s)]Pds — 262 / |A3/%(5) 2 ds
t

2 / EFN<|v*||>bo<w,v*,w>ds2/0 B 1) = F el o s 2 / EFx(|[o]])bo(v, w, w)ds
EFy (|[b]])bo(b, B w)ds + 2 / EFx(|[b*[)bo(8, b*, w)ds — 2 / E(Ex ([Ib]1) — Fav(|16°]1))bo(b, b*, w)ds
E(F ([16°11) — Fa(|[61))bo v, b%, B)ds — 2 / EFy (|[6%][)bo (w, b", B)ds — 2 / EFx (|[bl])bo (v, B, B)ds

t
+2
t
-2

t t t
+2 EFN(HU*||)bO(57“*7ﬂ)d5+2/0 EFN(IlvH)bo(b,w,B)ds—?/o E(EN ([[o]l) = En(l[v*]1)bo (b, v, B)ds
t t

i
by (’U*, P, EAQ’(/J)dS + 2/ by (’LU, P, Equ)*)dS — 2a/ <A2f(q?> — Agf(q)*)7 6A2’(/J>d8
0

0 t
(5, 0(5), ®(5))| 22 3 5 + 2 / ((w,cAgp), hals, v, ®)dW(s)

-2

S—

o

+

S~

|
+2 [ (h1(v,®) — by (v*, "), (w, eAat)))ds.

S~

(109)

Using (65), we also have

20 lw(s)][2 — 20]1B(s) 12 — 22| Agtb($)[2 + 2Fn ([[v* | bo(aw, v*,w)| + (i ([lo*]]) = Ew (011 1o (v, v, w)
2 ([ [bl1)bol (b, B, w) | + 2Ex (|15 [D]bo(8, 5", )| + 2(En (I[b]) — Ex (1[5*]1))]bo b, b*, w)|

2B (|6 D)o (w, b7, B)] + 2(En (16°[1) = En (1BID) o (v, b, B)] + 2Fx ([ o]0 b, w, B)

20 o D108, 0, 8)1 + 20w () = Fx (o D)oot v, )]+ 20ba (v, 1 eAa)] + 2001 (0, 40|
20 / (Aof(®) — A f(37), eAath) < [~201 + ea| (0", 5, ") le + 2La] ||, B, ) ()]

< [=2a1 + e|[(0%, 6%, %)y + 2L1 M| (w, B, ) () [
(110)

Let
20 = A\ikg + 02 >0, (111)

where k9 is given by (103).
It follows from (109)-(111) that
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log |(w, 3, w)( )%

/ (e o, (2l = 28() Pds = 243206 e +02 (0,5 0) )l ) ds

+log |(w, B,1)(0)]3,

_/ Hu%(%(w’v*’w)+b0(v’v*’w)+b0<b’ﬂ7w)+b0(6’b*’w)+b0(b»b*,w)+b0(w,b*7ﬁ)

¥)(s)13,

+2b0 v, b* ﬂ) + bO(b w 5) + bo(ﬁa 76) + bo(b,’l}*7ﬁ) + bl(v*awaeAQ,(/)) - bl(w7w76A2(I)*))d8

((h1(v, @) — hy(v*, @%), (w, eA2v))) — a{A2f(P) — A2 f(P), eA2¢)))ds
%

/|ww<s>
B,9)(5) 1 [t 40| (w, B, 9)(5)l4
”/o wdes(s)‘z/o (O
<log|(w, B,%)(0)[3, — 2nt + 20 W, ().

Since almost surely, we have

t— 00 t

(112)

(113)

we can find Q¢ C Q with P(€Qg) = 0 such that for each w ¢ g, there exists T'(w) > 0 such that for all ¢ > T'(w),

we have
t
Therefore, for T'(w) > 0, we derive from (112) that

log |(w, B,%)(t)[3, < log |(w, B,%)(0)[3, — nt,

which proves (106).
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