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Abstract

The present paper gives a detailed mathematical discussion of the exact
solutions to the Einstein Field Equations (EFE) in the context of the
contemporary theoretical cosmology. The extremely non-linear, coupled
system of the EFE has known that it is impossible to obtain an exact analytical
solution without first imposing extreme geometric symmetries on the
spacetime manifold. The paper will delve into these mathematical symmetries
in a systematic fashion starting with the derivation of the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric assuming the Cosmological
Principle of space homogeneity and isotropy. To derive the standard
Friedmann equations, we will strictly build up the corresponding metric
tensors, Christoffel symbols and Ricci curvature tensors. Moreover, the article
explores cosmologically constant solutions of vacuums and the exponential
growth of de Sitter spacetimes and the mechanism of Anti-de Sitter theories.
In order to solve the complicated dynamical problems in the early universe
and the local structural anomalies, our assumptions about the Cosmological
Principle are loosened to mathematically model anisotropic expansion with
the Kasner metric and radial inhomogeneity through the Lemaitre-Tolman-
Bondi (LTB) model. Lastly, the paper generalizes these classical solutions to
Extended Theories of Gravity, i.e. the modified field equations in f(R) gravity
models of late-time acceleration of the Universe. Finally, this study shows the
importance of these very mathematical models as the indispensable tool to the
study of the dynamical evolution and the geometry of the universe.

Keywords General Relativity; Einstein Field Equations; Cosmology; Exact
Solutions; FLRW Metric; de Sitter Spacetime; Kasner Metric; Lemaitre-
Tolman-Bondi (LTB) Model; f(R) Gravity; Spacetime Curvature.

In 1915, Albert Einstein came up with General Relativity, which radically changed the concept
of gravitation. In the place of understanding gravity as a force at a distance, General Relativity
assumes that the effect of gravity is the expression of the curvature of the spacetime itself,
which is determined by the distribution of the mass and energy (Carroll, 1997; Blau, 2020).
The Einstein Field Equations (EFE) embody this dynamic interplay in a graceful way since
these equations are the mathematical basis of the current gravitational physics and cosmology.

In their standard form of tensors the Einstein Field Equations can be written as:

1
R,uv - ERguv + Aguv =

8nG
i I
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In this expression, the geometry of the spacetime is contained in the left hand side of the
equation, with R, being the Ricci curvature, R the Ricci scalar, g, being the metric, and A is
the cosmological constant. The right hand symbolizes the content of matter and energy in the
form of the stress-energy term, T,,,, where G is the gravitational constant and c is the speed of
light.

Although the EFE have elegant concepts, they are infamously hard to solve. Mathematically,
they are a set of ten coupled highly non-linear partial differential equations. Therefore, to obtain
the so-called exact solutions, i.e. solutions that have not been obtained using a linear
approximation and the perturbation theory, it is necessary to impose high physical symmetries
on the corresponding spacetime (MacCallum, 2013).

The Cosmological Principle leads the way to the search of precise answers in the field of
cosmology, according to which the universe is both spatially homogeneous and isotropic on
large enough scales (Ellis and van Elst, 1999). The fact that the EFE is subject to these deep
symmetries make these symmetries the simplest in a mathematical sense and simplify the
mathematical problem by transforming the ten independent differential equations into a simpler
form represented by ordinary differential equations. The most glaring exact solution of these
symmetries is the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric that is the backbone
of the standard cosmological model.

These classic solutions however have required a re-examination and enlargement by the
modern cosmological observations. The cosmological constant A has once again come into the
limelight due to the discovery of the accelerating expansion of the universe, and dynamic scalar
field models of the dark energy (Peebles and Ratra, 2003; Copeland et al., 2006). Moreover,
theoretical models that seek to solve the primordial singularity or provide solutions to cosmic
inflation usually need to explore alternative theories that seek to determine exact solutions in
the vacuum state, including de Sitter spacetimes, and alternative approaches, which do not
assume isotropy, including the Kasner space (Martin, 2012).

Table 1: Classification of Exact Cosmological Solutions

]SE;‘::I cttion Symmetries Stress-Energy Cosmological Primary Physical
Assumed Tensor (T,, ) Constant (A) Application
Model " pp
Standard model of]
FMI;I;.‘Z I}ig?rlspgiineous’ Perfect Fluid ( p,p ) |Arbitrary the expanding
universe
. Cosmic inflation;
?;S) Sitter Egi?ggiecneou& Vacuum (T, =0) A>0 Far-future dark
P energy domination
Anti-de Homogeneous Theoretical physics;
. ’ T,, = . : ’
Sitter (AdS) Isotropic Vacuum (Tyy = 0) 14 <0 Attractive universes
Kasn.er Homogeneous, Vacuum (T, =0) [A =0 Chaotic  dynamics
Metric Anisotropic near the initial Big
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Bang singularity

Spherically Pressureless  Dust Modeling large-scale
LTB Model Symmetric, (p=0) A = 0 (typically) |cosmic  structures
Inhomogeneous p= and voids

2. Mathematical Preliminaries: The Geometry of Spacetime

Before finding the precise answers in cosmology, one needs to determine the mathematical
framework of the General Relativity. This theory is dependent on the use of differential
geometry or more precisely on the mechanics of pseudo-Riemannian manifolds. The spacetime
in this type of paradigm is a four-dimensional manifold in which the notions of distance,

straight lines, and derivatives have to be generalized in order to consider intrinsic curvature
(Carroll, 1997; Blau, 2020).

2.1 The Metric Tensor and the Line Element

The main element of the General Relativity is the metric-tensor which can be denoted as g, .
It is a second rank, symmetric, and zero-dimensional valued, (self-contravening) tensor which
describes the geometry of spacetime by defining the nearest distance, or interval of spacetime,
between two events which are infinitely nearby. The squares of the terms of an invariant line
element in a coordinate system with x* are:

ds? = g,,dxtdx”

Here we are using the Einstein summation convention, which means that repeated indices (one
upper, one lower) are summed over the four space dimensions (¢, v = 0, 1, 2, 3), the 0-th
component is time, the 1, 2, and 3 components are the spatial coordinates. The metric tensor
does not only define the distances, but also determines the causal structure of the spacetime
(light-like, time-like or space-like interval), and is also involved in the raising and lowering of
the indexes of tensors. To find an "exact solution" to the FEinstein Field Equations
fundamentally is to find the exact mathematical expression of g,, in response to a given
distribution of mass and energy (MacCallum, 2013).
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Figure 1: The Geometry of Spacetime
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2.2 The Affine Connection (Christoffel Symbols)

Partial derivative of variants of vector fields in flat spacetime (Minkowski space) give valid
tensors. Nevertheless, in curved spacetime, the standard partial derivative is not covariant in
transformation. Calculus on a curved manifold cannot be done without the covariant derivative,
which needs an affine connection to ensure that the basis vectors of the coordinate frame are
twisted and turned so as to change their value at one point of the manifold relative to the value
at another point (Blau, 2020).

The connection adopted in General Relativity is the Levi-Civilla connection which is the
connection that is uniquely determined by the metric tensor. This connection is known as the
Christoftfel symbols of the second kind, and they are defined as:

1 5, <6gav N 09ou c')g,w)

ruv =~
i Zg OxH axv 0x°

The Christoffel symbols are not tensors, but they are essential to the calculation of the path of
particles falling freely (geodesics), and the quanta of their calculation to measure the curvature
of spacetime.

2.3 Measuring Curvature: Riemann and Ricci Tensors

Riemann curvature is used to give the complete description of intrinsic curvature of spacetime.
It measures the amount of change that a vector undergoes as it is parallel transported through
a small closed circuit. Riemann tensor is directly built out of the Christoffel symbols and first
derivatives of the latter:

drfov 0rfou
dxH dxY

As the entire Riemann has 256 components (in four dimensions), it is frequently contractioned
to form a second-rank contraction, or second-rank, called the Ricci tensor. The Ricci of

RPouv = + I'PAul*ov — FPAVFU’L

Riemann tensor, R,,,,, is a change in volume of a family of geodesics defined by the contraction

Uv»>
of first and third indices of Riemann:

_ pi
Ry = R

Additional contraction of the Ricci-Tensor with the inverse metric will give the Ricci scalar, R,
which is a single number that can measure the curvature of a given point in space time:

R = g""Ryy

The Ricci scalar and the Ricci Tensor are the definite geometric terms which occur on the left-
hand side of the Einstein Field Equations.

2.4 Matter and Energy: The Stress-Energy Tensor

The right hand side of the Einstein Field Equations is what controls the source of this curvature,
the matter and energy, and is known as the stress-energy-tensor, Ty,,.
described on large scales in a perfect fluid (a fluid that is perfectly defined by their rest-frame
energy density percentagerho and isotropic pressure p) with no shear stresses or heat

conduction (Copeland et al., 2006).

The universe is generally
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In the ideal fluid the stress-energy is expressed as:
p
T = (P + C_Z) u,uy + PGy

U where u percent u,, is the four velocity of the fluid. The four velocity of the fluid is (-¢, 0, 0,
0) in the rest frame of the fluid (also the comoving frame in cosmology) and the stress-energy
is simple diagonal. It is this fluid description of the universe and the geometric tensors obtained

above that enable the cosmologists to trace the dynamical history of the universe (Ellis and van
Elst, 1999).

3. The Standard Model: The FLRW Metric

The presence of many non-zero contributions of symmetries in the Einstein Field Equations
(EFE) requires that exact, analytical solutions to the equations are sought. The Cosmological
Principle is strongly supported by observational evidence in the universe as a whole, in the
form of the Cosmological microwave background radiations. In this principle, it is assumed
that at sufficiently large scales, the universe is spatially homogeneous (appears identical at all
points) and isotropic (appears identical in all directions). Such geometric restrictions on the
spacetime manifold reduce the metric by a great deal (Ellis and van Elst, 1999).

3.1 Defining the FLRW Line Element

The Friedmann-Lemaitre-Robertson-Walker (FLRW) metric is the most general spacetime
metric which is spatially homogeneous and isotropic. The symmetries also eliminate ten
independent metric components and reduce the problem to one unknown time dependent
function called the scale factor and a constant that symbolizes spatial curvature (Baumann,
2009).

In comoving spherical coordinates where time is defined as a parameter, t, and the spatial
coordinates defined as r, theta and phi, the invariant line element of the FLRW metric is written
as:

2

2 23,2 2
ds® = —c*dt” + a“(t) e

+ 1r2(d0? + sin?0dp?)

In this case, a(t) is the non-dimensional scale parameter which characterizes the expansion (or
contraction) of the universe with time. k is a parameter that shows the geometric curvature of
the spatial slices. Traditionally, k is scaled so as to assume three discrete values:

k =+1: A closed universe with positive spatial curvature (spherical geometry).

k = 0: A flat universe with zero spatial curvature (Euclidean geometry).

k =-1: An open universe with negative spatial curvature (hyperbolic geometry).

From the line element, we can read off the non-zero covariant components of the metric tensor,
Juv- Setting the coordinates as x° = ct,x' = r,x*> = 6,A x> = ¢, the components are:

Goo = —1

a®(t)
Ji1 = —1 k2
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922 = a*(t)r?
g3z = a?(t)r?sin?6

The inverse metric, g, is simply the inverse of the diagonal elements:

gOO = -1
1-— kr
gt = ()
g% = 1
a?(t)r?
g% = 1
a?(t)r?sin?0

Table 2: Geometric Properties of the FLRW Universe

Curvature Spatial Total Density vs.2D Surface Ultimate Fate
Parameter (k) |Geometry Critical Density |Analogue (Classical A =0)
Spherical "Big Crunch" (Re-
k=+1 f: fa sph
(Closed) P> Pe Surface of a sphere collapse)
Euclidean Asymptotic expansion
k= = Flat pl
0 (Flat) P =Pe at plane halting at infinity
Hyperbolic Surface of a saddle|Eternal, continuous
k=-1 p < pc . . .
(Open) (Pringles chip) expansion

Friedmann-Lemaitre-Robertson-Walker (FLRW)

(R
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(k=+1) (k=0) (k=-1)
Figure 2: The Three Geometries of the FLRW Universe
3.2 Calculating the Christoffel Symbols

To calculate the left-hand-side of the Einstein Field Equations, we should first calculate the
affine connections, or Christoffel symbols of the FLRW metric. The metric is diagonal, and
thus a lot of the 64 components become zero. The non-vanishing Christoffel symbols I;[}, are
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calculated using the metric derivatives. Let dots denote derivatives with respect to cosmic time
t(e.g.,a = da/dt).

The time-like components, which are non-zero (where the upper index is 0) are the dynamic
expansion of the spatial grid with respect to the cosmic time coordinate:
aa
M =——
B (1 = kr?)

a2
0_(1(11"
22 —

These non-zero space-like components (where the upper index is 1, 2 or 3) determine the
geometry of space and the interconnection of the coordinates of space through a scaling factor
that varies:

a
1 _prl _pr2 _ 2 _ 713 —_ 13 _
1—2)1_110_1—;)2_['20_[‘03_[‘30__

1 kr
fi1 = 1— kr2
I = —r(1 - kr?)

L = —r(1 — kr?)sin?0

1
RE=rA=r3=ri=;
I3 = —sinfcosb
I = I = cotd
3.3 The Ricci Tensor and Ricci Scalar

Since we have obtained the Christoffel symbols, it is now possible to build the Ricci curvature
R, . It is a measure of the change of the volume of a localized cloud of geodesics as it traverses
the FLRW spacetime (Harvey, 1990).

The purely temporal element, Ry, is obtained by the contractions of the Christoffel symbols,
and gives a term which is simply proportional to the acceleration of the scale factor:

R 3 ¢

00 — acz
The spatial components are symmetric. For instance, the radial component R4 is:
° ad + 2a? + 2kc?

7 21— kr?)

By contracting the Ricci tensor with the inverse metric, one obtains the Ricci scalar, R, which
is the sum of all the invariants curvature of the FLRW universe at a single point in time, cosmic
time:
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v 6 (@ a? kc?
R=0"Ru=ag e
3.4 Deriving the Friedmann Equations

We possess now all the geometric elements necessary to the left side of the EFE. On the right
side, we characterize the matter and energy content of the universe as an ideal fluid with energy
density, and pressure per cent, p. The fluid in the comoving frame is resting with respect to the
spatial coordinates, that is, u* = (c,0,0,0). The components of the stress-energy-tensor are

just:
Too = pc®
Tii = pgii

Now we can insert our calculated tensors into the 00-derived Einstein Field Equations and
obtain our first of several exact constraints of solutions (Brandenberger, 2004).

1 8nG
Roo — EQOOR + Agoo = 7T00

Substituting our expressions for R R,and Ty:3 - — = (-1) [i (E + a + k—cz)] —A=
g p 00> oo, K, 00- ac? 2 2 \a a2 a2 -
8nG 2

c* ¢ )

It can be simplified to get the acceleration terms (g) cancelled between the terms (a). Upon

dividing the equation left with 3 and multiplying by c?, one will obtain the First Friedmann
Equation (also commonly referred to as the Freddie):

(d)z _ 8nG kc? N Ac?

B P gz 3
This solution is an in depth precise response. The Hubble parameter, H (t) is indicated by the
Hubble parameter on the left, (ddot{a)/a). As this equation shows, the rate of expansion of the
universe is determined by the energy density p, the spatial curvature k, and the cosmological

constant A.

In order to determine the dynamical behavior of the acceleration, we consider the spatial
components (ii-components) or trace the EFE. Together with the First Friedmann Equation,
this leaves the Second Friedmann Equation (the Acceleration Equation):

3

This very solution shows one important aspect of the General Relativity: the energy density (p)

i —47TG< 3p) Ac?
a 3 p

c?

and pressure (p) are both sources of gravity. The matter and radiation, as ordinary matter, have
positive pressure, resulting in the gravitational attraction, and the slowing down of the
expansion of the universe (d < 0). On the other hand the cosmological constant A offers a
repulsive effect whereby accelerated expansion is provided by it in case it overpowers the
matter and radiation terms (Baumann, 2009).
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4. Vacuum Solutions: de Sitter and Anti-de Sitter Spacetimes

Although the FLRW metric is ideal to describe a universe that is filled by a perfect fluid of
matter and radiation, to investigate the extreme cases of the Einstein Field Equations (EFE) it
is necessary to consider solutions of the vacuum. Even a vacuum in General Relativity does
not imply that spacetime can be considered to be flat or trivial, when cosmological constant A

is non-zero, the vacuum contains intrinsic energy that curvatures spacetime (Padmanabhan,
2003).

These very solutions are arrived at by taking the stress-energy tensor to zero (T, = 0) and
keeping A.

4.1 The Vacuum Einstein Field Equations

We start with the usual EFE and assume that the right-hand-side is equal to zero:

1
Ry — ERguv + A9y =0

To see the geometric meaning of this equation we may determine the dependence of the Ricci
scalar R on the cosmological constant A. We accomplish this by contracting the field equations
with the inverse metric tensor of the field and this is referred to as the trace of the field
equations. g*V:

1
gﬂVle - Egung;w + guv/lg/w =0

Using the definitions established in Section 2, we know that g*YR,,, = R. Furthermore, in four
spacetime dimensions, the trace of the metric tensor is exactly 4 (ie., gt'g,, =4).
Substituting these trace identities into the equation yields:

1
R_ER(4)+4A =0
The direct relation of the scalar curvature of the vacuum to the cosmological constant is
simplified as this algebraic expression:
R =14A

We are able to replace this basic finding back in our initial vacuum field equation. Replacing
R with 4 A gives:

1
Ry — 5(4/1)9#1/ + A9y =0
Which dramatically simplifies to:

R,uv = Aguv

Space times with this proportionality between the Ricci and the metric tensors are referred to
as Einstein manifolds. In cosmology, two most significant maximally symmetric precise
solutions that arise out of this state are the de Sitter (dS) and Anti-de Sitter (AdS) spacetimes,
contingent on the algebraic sign of A (Martin, 2012).
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4.2 The de Sitter Spacetime (A > 0)

In case the cosmological constant is positive (A >0), the de Sitter spacetime is a solution to the
vacuum equations. This is a positively constant scalar curvature universe. The de Sitter metric
has an exact line element in Static spherical coordinates which is written as:

Ar? dr?
ds? = — (1 - T) c?dt?® + —2 + r2(d0? + sin?0d ¢p?)
1 —_——
3

This is a mathematically beautiful, though physically less illuminating, form of the geometry,
and can be most readily treated using dynamic, comoving coordinates of the FLRW metric
(calculated in Section 3). When we take our universe to be spatially flat (k = 0), empty (p =
0,p = 0), then the First Friedmann Equation becomes:

(d)z _Ac?
al 3

Because A is a positive constant, the term on the right is a constant. We can define the Hubble
parameter H as the square root of this term:

. Ac?
43

That provides an easy differential equation of the scale factor a(t): (a)/a = H. The solution

of this first-order differential equation is a precise solution of the history of expansion of a de

Sitter universe:

a(t) = apeft

This finding is of significant significance. It is mathematically demonstrated that a universe
where the cosmological constant is positive will experiment exponential expansion. This very
de Sitter solution is the theoretical foundation of cosmic inflation, a phase of accelerating,
exponential expansion in our very young universe, and precisely describe the future of our
current universe at large when the dark energy takes full control over matter (Liddle, 1999;
Baumann, 2009).

4.3 The Anti-de Sitter Spacetime (A <0)

On the other hand, when the cosmological constant is negative, strictly negative (A <0), the
only exact spacetime is the Anti-de Sitter (AdS) spacetime. This manifold will have negative
scalar curvature which is constant. The de Sitter metric is referred to as the staticaline element
with an inverted sign of the -LAMBDA term:
2 2
ds? = — (1 + %) c?dt? + % + r2(d6? + sin?0d¢p?)
T+

The Anti-de Sitter universe is attractive as opposed to the de Sitter universe which expands
exponentially. A negative cosmological constant, when dynamically modeled on the Friedmann
equations, would then constitute a final restoring force and ultimately put a stop to any

https://internationalpubls.com 120



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 28 No. 3 (2021)

expansion, pushing the universe into a Big Crunch contraction (MacCallum, 2013). Although
observational data point to a positive value of the A of our real universe, AdS spacetimes are
still of great theoretical interest: especially in high-energy physics and string theory, through
the AdS/CFT correspondence.

5. Anisotropic Exact Solutions: The Kasner Metric

The FriedmannLemaitreRobertson Walker (FLRW) model is based on the Cosmological
Principle, which claims that space is homogeneous and isotropic. But no physical law,
fundamental or not, requires the early universe to be perfectly isotropic. Actually, investigations
into the first singularity indicate that chaotic and anisotropic processes might have been
important during the first periods of the cosmic evolution (Krasinski, 2001). To have a
mathematically modeled universe that is homogeneous but anisotropic, i.e. expanding at
various rates in various orthogonal directions, we must seek non-standard FLRW type
solutions.

The Kasner metric is the simplest and most educative exact solution of an anisotropic
cosmology. It is a precise solution of the vacuum Einstein Field Equations found by Edward
Kasner in 1921. (T, = 0) with a zero cosmological constant (A = 0).

5.1 The Kasner Line Element

In order to obtain the Kasner spacetime we define a line element such that the geometry of
space is again Euclidean, although the scale factor is now no longer simple function a(t). We
instead introduce scale factors that are independent of the other two dimensions (which are
spatial).

The specific line element associated with the speed of light ¢ =1 in natural units is the invariant
element of the Kasner metric in Cartesian coordinates (t, X, y, z) as:
ds? = —dt? + t?Prdx? + t?P2dy? + t?P3dz?

Here, p;, p,, and p3 are constant, dimensionless numbers known as the Kasner exponents.
These exponents dictate the rate of expansion or contraction along the x, y, and z axes,
respectively.

5.2 Deriving the Kasner Conditions via the Ricci Tensor

Since Kasner is a vacuum solution without a cosmological constant, Einstein Field Equations
imply that Ricci must be everywhere identically zero:

Ry =0

In order to execute this, we need to calculate the Christoffel symbols of Kasner line element.
The oblique nature of the metric confirms that only a couple of components can be retained.
The non-zero connection coefficients are simply functions of the time derivatives of the spatial
metric elements. For a given spatial index i in {1, 2, 3}, the temporal-spatial components are:

i Di
Fl. = —
0i t

The spatial-spatial components which are fed back into the time evolution are:
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0 _ . 12pi-1
I = pit°Pt

It is then these Christoffel symbols that we use to build the components of the Ricci tensor.
Assessing the temporal component, R,,, provides a bound on the squares of the Kasner
exponents:

—Pi P +pS Pitpatps

t2 t2 0

Roo =

Assessment of the spatial elements, R;;, provides a second constraint which is conditional on
the linear sum of the exponents:

_Pi o, _
R _t_zt i(pr+p2+pzs—1 =0
To have these Ricci equations become equal to zero at all time t, one should have the
expressions of the exponents to be zero. This mathematical requirement gives the two basic
constraints of algebraic equations of this precise solution, which are universally called the

Kasner conditions (MacCallum, 2013):

p1tp2+ps=1
pi+p;+pi=1
5.3 Physical Implications: The Anisotropic Singularity

Interesting, non intuitive physical implications of this spacetime are shown in the Kasner
conditions. The exponents must add up to one and this is the first condition. The expansion is
proportional to the product of the spatial scale factors of the metric, thus the volume growth is
as V o tP1tP2tPs = tP1*P2*Ps in the Kasner universe. The first Kasner condition applied and
we see that the spatial volume V increases linearly with time:

Vot

The second Kasner condition (sum of the squares=1) however, places a severe restriction on
the individual axes. Algebraically this means that the three exponents cannot be all positive at
the same time (otherwise, we are in the trivial, non-cosmological case with two exponents equal
to 0 and one equal to 1). Thus in order to fulfill both of the Kasner conditions, one of the
exponents needs to be negative.

Suppose p; < 0, while p, > 0 and p; > 0, the physical interpretation is stark. As the Big Bang
singularity (t=0) is getting larger in time (t), the spatial distances covering the y and the z axes
are increasing, whereas the spatial distance covering the x axis is baseband narrowing rigidly.

The very same solution illustrates an underlying aspect of General Relativity, namely that an
expanding universe may stretch in two directions and at the same time squash or condense in
a third. This can be used in the context of the early universe to provide the mathematical basis
of the Belinski-Khalatnikov-Lifshitz (BKL) conjecture, which theorizes that the behaviour
towards the initial singularity is not a smooth, isotropic collapse, and is instead an infinite series
of chaotic, oscillatory Kasner epochs, in which the axes of contraction and expansion attach
and detach wildly.
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6. Inhomogeneous Exact Solutions: The Lemaitre-Tolman-Bondi (LTB) Model

The Friedmann-Lemaijt-Robertson-Walker (FLRW) and the Kasner models are based on the
spatial homogeneity assumption. We however have immense structures in the observable
universe in the form of galaxies, clusters, and supervoids that obviously do not respect
homogeneity locally. In order to model these structures precisely in General Relativity we need
to find solutions that permit the variation of density. The Lemaitre-Tolman-Bondi (LTB) metric
is the most noticeable specific solution to an inhomogeneous universe (Krasinski, 2001;
MacCallum, 2013).

The LTB model is a model where a spherically symmetric, radially inhomogenous universe is
filled with pressureless dust(p = 0). This is why it is especially helpful in simulating the
development of big cosmic voids or the gravitational collapse of dust clouds in the form of
spheres.

6.1 The LTB Line Element

Since the spacetime is radially inhomogeneous but is spherically symmetric, the scale factor
can no longer be a mere time-dependent single-valued function. Rather we define an "areal
radius" function, R(t,r), which is a function of the comoving radial coordinate r as well as
cosmic time t. The line element of the LTB space time is:

R'(t,1)?

2 _ 2.2
ds cedt +1+2E(r)

dr? + R%(t,r)(d8? + sin?6d¢?)

This equation uses the prime notation which refers to a partial derivative with respect to the
radial coordinate r. The E(r) is simply an arbitrary function of the radial coordinate which is
the local spatial curvature or physically, the local energy density per unit mass of the dust
particles.

6.2 The Generalized Friedmann Equation

Similarly to the FLRW metric, we need to calculate the Christoffel symbols, build the Ricci
tensor and solve the Einstein Field Equations (EFE) with a pressureless dust stress-energy
binding (Ty, = p(t,7)c?, all other components equal to zero ).

Since the density of the percent ratio p(t,r) is a function of distance r with the origin, the
ensuing evolution equation is a generalization of the normal Friedmann equation. Solving the
00-component of the EFE in the LTB measure we can have the dynamical equation of the very
expanding (or collapsing) spherical shells exactly:

<6R) = w(t, r) + 2E(r)c?

ot R

In this case M(r) is another arbitrary functional of r, the equivalent active gravitational mass of
the comoving spherical shell of radius r. This equation works in the same way as the FLRW
Friedmann equation, however, it is applied separately to each concentric shell of the universe.
When we take E(r) to be constant, and M(r) to be proportional to 73, the LTB metric smoothly
diverges to a standard, homogeneous FLRW metric (Ellis and van Elst, 1999).
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7. Exact Solutions in Modified Gravity Frameworks

Although the success of General Relativity has been phenomenal, the finding of late-time
cosmic acceleration has led to the consideration of Extended Theories of Gravity by physicists.
In case dark energy is not a mere cosmological constant A, it may be an indication that gravity
is acting differently at the biggest cosmological scales. Of these structures, f(R) gravity theories
have been the most strictly examined (Capozziello and De Laurentis, 2011).

7.1 The f(R) Field Equations

In the ordinary form of General Relativity the Einstein-Hilbert action is proportional to the
Ricci scalar R. The action in f(R) gravity is generalized to be an arbitrary function of the Ricci
scalar which is written as f(R). When the principle of least action is applied to this modified
Lagrangian a new, far more complicated set of field equations is obtained:

1 ) 8nG
F(R)Ruv - Ef(R)g/w - V/LVVF(R) + 9wV F(R) = o4 Ty

In these modified field equations, F(R) is the derivative of the function f with respect to the
Ricci scalar (F(R) = df/dR), V, represents the covariant derivative, and square is the
d'Alembertian operator (V2 = g*'V,V,). With the covariant derivative terms added, fourth

order differential equations are obtained, and it is very rare and almost impossible to obtain
exact solutions (Nojiri and Odintsov, 2006).

7.2 Modified Friedmann Equations for Exact Solutions

In order to solve the modified field equations to the exact cosmological solutions in the context
of f(R) gravity we re-use the homogeneous and isotropic FLRW metric (calculated in Section
3) to the modified field equations. Under the condition of a spatially flat universe (k=0), the
00-component gives the Modified First Friedmann Equation:

3F(R)H? = SZT—ZGp + % (F(R)R — f(R)) — 3HF(R)

Where H is the Hubble parameter (a/a). Right hand side of this equation illustrates that
modified gravity simulates dark energy. The terms with f (R) and F (R) are an effective,
dynamic energy density (so called, geometric dark energy).

To obtain precise solutions a(t) one needs to specify a functional form of f(R). As an illustration,
with f(R) = R — u*/R (a model suggested to explain acceleration in absence of dark matter
or dark energy), solutions to modified Friedmann equations provide power-law solutions that
are exact, differing dramatically with conventional FLRW behavior at late times (Bamba et al.,
2012). It is these mathematical derivations that are needed to test other theories of gravity in
relation to the empirical evidence of the cosmic microwave background and the supernovae.

Table 3: Comparison of Standard General Relativity and f(R) Gravity

Theoretical Feature Standard General Relativity Modified f(R) Gravity
Action Integral Linearly proportional to the Ricci|Proportional to an arbitrary function
Dependency scalar (R) (f(R))
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. . |Yields 2nd-order differential Yields 4th-order differential
Mathematical Complexity

equations equations
Source of Cosmic Requires a distinct Dark Energy|Arises naturally from the modified
Acceleration fluid or A geometry ( F(R) )
Friedmann Equation Includes dynamic geometric terms

Dictated strictly by p, k, and A .
yove (R, F(R)

Expansion

8. Conclusion & Future Directions

The Einstein Field Equations are one of the most significant advances in the theoretical physics
literature that offers a geometric model of gravity that has resisted more than a century of
rigorous observational tests (Ishak, 2019). Nevertheless, due to the extremely non-linear
character of these ten coupled differential equations, analytical solutions, namely, those that
can be expressed as exact ones, cannot be found unless some severe symmetry of the spacetime
manifold is imposed (MacCallum, 2013).

The Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, which has been discussed in this
paper, is the foundation of the standard cosmological model. The EFE can be reduced to the
Friedmann equations by the Cosmological Principal of spatial homogeneity and isotropy,
which is useful in explaining the expanding universe consisting of a perfect fluid of matter and
radiation (Ellis and van Elst, 1999). Moreover, the precise vacuum solutions, including the de
Sitter spacetime, offer indispensable mathematical templates to the epochs of exponential
expansion as fuelled by a positive cosmological constant, the epoch of inflationary universe as
well as the epoch of the dark energy-dominated universe of our universe (Liddle, 1999; Peebles
and Ratra, 2003). On the other hand, an isotropic relaxation results in the Kasner metric, a
perfect vacuum which is a solution of any anisotropic early universe, which illuminates the
chaotic evolution around the first singularity (Krasinski, 2001).

Although they are ideally useful, precise answers are ideal models. Although the real universe
is homogeneous, isotropic on the biggest scales that can be studied, it is full of local
inhomogeneities, such as galaxies, clusters, and giant cosmic voids. In order to simulate the
real universe, cosmologists need to go beyond exact solutions and use Cosmological
Perturbation Theory (Brandenberger, 2004).

In this method, a known (usually the FLRW metric) solution is considered to be a uniform
background spacetime, guv, and the lumpy universe is represented by small linear
perturbations of that background metric, hy,,:

Guv = guv + huv

The analysis of the evolution of these perturbations is crucial to the future directions in
cosmology in order to learn the formation of structures. In addition, modified exact solutions
are still being sought in Extended Theories of Gravity, including f(R) gravity, where an attempt
is made to explain dark energy and cosmic acceleration without a cosmological constant (Nojiri
and Odintsov, 2006; Capozziello and De Laurentis, 2011; Clifton et al., 2012). Other
frameworks, such as quintessence and other scalar field models, demand the attainment of fresh
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dynamical resolutions of the altered field equations, as well (Faraoni, 2000; Steinhardt, 2003;
Bamba et al., 2012). At the end of the day, until a full theory of quantum gravity is constructed
to eliminate the singularities of Classical General Relativity, we will be left with exact solutions
as the most useful mathematical tools with which to trace the great cosmic history.
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