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D of V(G) is said to be a dominating set if all the elements of V-D are
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If D' is a dominating set in V-D is called the inverse dominating set of
G with respect to D. The minimum cardinality taken over all inverse
dominating sets of G is called the inverse domination number denoted
by v'. In this paper we find the inverse domination number of the
resultant graphs obtained by the Kronecker product of some standard
graphs with path.
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Introduction:

The theory of domination began around 1960. In 1958, Berge formalized this concept. In 1962
O. Ore has used the term dominating set and domination number for the same concept in Graph
Theory. This theory has been used in document summarization and designing secure for
electrical grids. In 1991, the research paper of Kulli and Sigarkanti help to study the concept
of inverse domination.

The Kronecker product G1(K)G2 of two graphs G and G is defined as
V(G1 (K) G2)=V(G1)xV(G2) and E (G1 (K) G2) = {(us,vi) (u2,v2) : uu> €EE(G1) and v/v-€E(G2) }
It is also named as the direct product and Tensor product.

Definition: 1.1

A walk in G is a finite non-null sequence W=vpe;viezvs ....,exvi whose terms are alternately
vertics and edges. A walk is called a path if the vertices are distinct. A closed path is called a
cycle. Number of edges in a cycle is called its length. Path and cycle of n vertices
respectively denoted by P, and C,
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Definition: 1: 2

The open neighborhood of vEV(G) is the set of all vertices which are adjacent to v. That is
N(v) ={u/uv € E(G) and u€V(G)}, closed neighborhood of v€V(G) is defined as
NVIEN)u{vy

Definition: 1:3

The upper and lower sealing of x is defined as

[x]—{ xif x €N ) lxJ_{xifxEN
~ [x + 1] otherwise ’ ~ [x] otherwise
Preliminaries

Result 1:
n
If G = Py then y/(G) = [ 2] foralln >3
Result 2:
If G=C, then y'(G) =y(G) =k ifn=0 (mod 3) & n=3k
Theorem 1.1

Let G and G be any two paths of length m and n respectively. G = G; (K) G2 then the
domination and inverse domination number of G is

n[Z]  ifm=0(mod3)
v (6)={n [% + 1] ifm=1 (mod 3)
n [%] if m =2 (mod 3)

n [g+ 1] if m = 0 (mod 3)

"(G) =
v n[ﬂ] ifm=1, 2 (mod 3) for all m, n and m > n.
3

Proof:
Let G1 and G be the path of length m and n respectively such that m > n.

Let V(G1) = { wi/1<i<m} ; V(G2) = { v;/ 1 <j<n} and d(u;) = d(um) = d(vi) =d(va) = 1
G is the Kronecker product of Gi and Go.

Now V(G) = {uiv/1 <1<m;1 <j< n} with

d(uvi) = d(uiva) = d(umvi) = d(umvn) = 1

d(uivj) = d(uvr) = d(uive) = d(unv)) =2 for all 1<i<m;1<j<n
d(uvj))=4forall2<i<m;2<j<n

Case (1):
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If m =0 (mod 3)

Choose D and D' are the subsets of V(G) such that
D={u3i_1vj/1 <j<;1<i< [?]}and
D'Z{ugi_z Vi; UpVj /1 < j < ml<is [%]}

Clearly N[D] = N[D'] = V(G) is the required minimum dominating and inverse dominating
sets of V(G).

=p|=n[Zl&D=+n|Z L ()
If m =1 (mod 3)
Choose D and D' such that

. . m
Dz{u3i_1vj ULV /1 <j<n;1<i< [;]}

= [50)

where D and D' are the required dominating and inverse dominating sets with

IA

D':{u3l‘_2 Uj/l < ] <n;1

pi=n [Z]|&D(=nl2 (i)
Ifm =2 (mod 3)

Choose the subsets D and D' of V(G) such that

D={u3i_1vj/1 <jsn1<ics [?]}

D':{u3i_2 Uj/l < ] <n;1<ic< [%]}

Now D and D’ are the minimum sets of V(G) such that

N[D] =N[D'] = V(G) and

pEn|2|and DEAZ L (iif)

From the above equations we get

n|%] ifm =0 (mod 3)
y(@=1n[3+1  itm=1(mod3)
n|%] if m =2 (mod 3)
n[§+1] if m =0 (mod 3)
V' (G) = m .
n [?] ifm=1,2 (mod 3)
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Hence the proof
Result 1.2

If Gi =Pn ,G2 =P, , G=Gi(K) G2 then the domination and inverse domination numbers of G
is Y(G) < n[%] and y'(G) = n[% + 1] for all m>n
Theorem 1.3

Let G be the Kronecker product of cycle of order m and a path of order n then the
domination and inverse domination numbers is given as

n [ if m= 0 (mod 3)
Y(G) =7(G) = i
n [?] otherwise
Proof:
Let G be the Kronecker product of C,, and P,. The vertex sets of Cy, and P, are taken as
V(ICn)={w/1<i<m }and V(P,)={v;/1<j<n } with
d(u) =2 for all i, u; adjacent with ;s and u;+s ;1<i<n-1
d(vi) =d(vs)=1 and N(vi= {vi1, vi+1}/ 1 <1 <n; i modulus n
Let V(G)={uv;/1<i<m,1<j<n } with
d(w; vi)=d(u; vi) =2 forall 1 <i<m and
d(uiv)=4 for all1<i<mand1<j<n
Case (1) If n =0 (mod 3)

m

ChOOSCD:{u:gi_zv]‘/l <j<n;1<ic< [;} ......
(1)
D'={u3i_1v,-/1 <j<n1<ic [%]}

Case (i1) If n=1, 2 (mod 3)

ChooseDZ{u3i_2 Vi; Up1 Vj/1 <j<m1<ic< [%]} ...... (i1)
D’Z{ugi_lv,-; UpVj /1 <j<m1<ic< [%]}

In both cases the minimum disjoint sets D and D’ satisfy
N[D] = N[D'] = V(G).

=> D and D' are the required minimum dominating and inverse dominating set of V(G) with
DI =D =n%]| ifm=0(mod3)and
DI =D =n[Z|if m=1,2 (mod 3).
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=>y@)=v (@)= |n[3] m=0(mod3)

n [%] otherwise
Theorem 1.4

Let G1 and Gy are the cycles of order m and n respectively. G be the Kronecker product of Gi
and G then v(G) =v/(G) = % where m,n = 0 (mod 4)
Proof :

Let V(Gi)={ui/1<i<m } and V(G2) = { v/ 1 <j<n }are the vertex sets of Gi1 and G2
respectively. G = Gi(K)Go..

Now,V(G)={w;vi/1<i<mand 1 <j<n }.
Clearly, d(u;v;) = 4 and N(uv;) = {ui-1V-1 ;ui-1V1 ;U1 ;ueavya b for all i,
Choose D and D’ are the subset of V(G) such that

i n . i m
D:{U4i_2v4j_3; u4i_2v4j_2; Uyj— v4j_3;U4i_1v4,j_2/1 <1ic< Z for each ,1 <i < Z}

D' = {u4i_2 Vgj—1; Uai—2 Vaj; Ugi—1 Vaj—1; Usi—1Vaj /1 < j < % foreachi,1 <i < %}
Clearly, D and D’ are disjoint minimum subsets of V(G) satisfies
N[D] = N[D'] = V(G).
Hence D and D' are the required dominating and inverse dominating sets of V(G) with
DI =D ==

2 Y(G)=y'(G) ="~
Theorem 1.5

G is a path graph of order m and G2 be a complete graph of order n, then G is the Kronecker
product of G and G then y(G) =7'(G) = m.

Proof':

Let V(G1)={u;/1<i<m }and V(G2) = { v;/ 1 <j<n } be the vertex sets of P, and K,
respectively.

V(G)={uivi/1<i<m;1<j<n }be the vertex set of G; where G = Pn, (K)K, with
d(uiv))=2 (n —1i)foralli; 1 <i<mand d(u; vj)=n— 1 foreachi=1, m.

Clearly, N(u;i vj) = { wi-1 Vi, ui+1 Vi /j#k }.

Let Dik={wv/1<i<m}:1<k<n . (1)
Dyj={wvi/1<j<n},1<k<m. L (i1)
727
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From eqn (i)-for any fixed k, no two elements of Dix are adjacent in G. In similar, from eqn
(i1) for any fixed k, no two elements of Dy are adjacent in G.

Choose Dix < V(G) such that

Di={wuivi/1<i<m}

Diz={uivz2/i<i<m}

Din={ uiva/ 1 <i<m } satisfies

N[Dii] = N[Di2] = ....=N[Din] = V(G).

Hence, each Dik, 1 <k <n, is the minimum set which satisfies the condition
N[Di] =V(G) foralli=1,2,...;mfor fixedk=1,2, ..., n.

Also Dix N Dit =@ if k#t

Hence, every Dik € V(Q) for any fixed k =1, 2, ..., n is the required dominating set and
another Dit € V(G) such that 1 <t<n and t # k are the dominating and inverse dominating
sets of V(G).

Therefore, each dominating set Dk for any fixed k of V(G) we have (n —1) inverse
dominating sets with same cardinality.

That is, Dj;,1 <i<m, is a dominating set of V(G),

then Djx, 1 <i<m, 1 <k <n, are the inverse dominating sets of G.
Hence, y(G) =vy’(G) =m.

Hence, the result.

Theorem 1.6

Graph G is the Kronecker product of Ci and K » then the domination and inverse domination
numbers is given by

m, if m is even and m =0 (mod 4)
2 {[%] + [%]} ’ if m is even and% is ood
= 33 ifm= 1 (mod 4)
3]+ [, if m =3 (mod 4)
m, if m is even and m = 0 (mod4)
4 [%] +2(m—=1),  ifmiseven and% is ood
VOV [E+n-1 ifm=1(mod 4)

m +3[%] +n  ifm=3(mod4)
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Proof:

Let Cy and K 5 are the cycle of order m and complete bipartite graph of order n+1
respectively. with

V(Cm) = {ui/ 1<i<m},V(Kin) = {vj/ 1 <j<n} Such that deg(vo) = n.
Let G be the Kronecker product of Cr, and K ,» then

V(G) = {uvj /1 <i<m, 0<j<n} such that

d(uivo) =2n and d(u;vj)) =2 forall 1 <i<m,1<j<n.

Case (i): m is even and m = 0 (mod 4)

then G is two disjoint components G: and G2 with

V(G) = {uzivo;uzir v /1 <i<Z;1<j<n} and

V(Gz2) = {uzi.1 voyuzi vi/ 1<i<

m
2

; 1 <j<n} with
d(uz2ivo) = d (u2i-1 vo) = 2n and d (u2i; vj) = d(u2ivj)) =2 forall 1 <i< %; 1<j<n.
Since Gi and Gz are the disjoint components of G.

Hence, dominating and inverse dominating sets of Gi1 and G: respectively are the dominating
and inverse dominating sets of G.

Choose D: and D' are the disjoint minimum subsets of V(G1) such that

D ={u4i_2v0;u4i_3v1/1 <ic< Z} } ...... (1)
}

D1'={u4i_2v0; u4i_3v1/1 <i< Z

are the minimum subsets of G: which satisty N[D:] = N[D:'] = V(Gi)

In similar choose D2 and D>’ such that

D.= {U4i_3 Vo, Uai-2V1 /1 <1 Z —} & (ll)

m
D2,:{u4i_1 Vo ; Uai Ul/l <ic<g :}

are the minimum disjoint subsets of G satisfies

N[D:] = N[D:'] = V(G2).

Therefore, D = D: U D2

D= {u4i_2v0; Uyi—3V0; Ugi—3V1; Ugi—2V1 /1 < i < %} and
D'=D:\"u D,

DV_ . . . 1 < 1 < 2
= 1U4i-Vg; Usai-V1; Usi-1 Vo; UaiV1/ 1 < 0 < B

are the required minimum dominating and inverse dominating sets of G with
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Dl =D =4(%)
=D|=|D'|=m @
Case (i1): If m is even and ? is odd.

In this case, we get the graph G as the two disjoint components of Gi and G2, each
components having odd number of vertices with degree 2n.

Let V(G1) = {uz vo; uz-1 v/ 1<i<751<j<n} and

V(G2) = {uzi-1 vouz vi/ 1<i S%

;1<j<n}

Since G is the union of G and G2, clearly dominating and inverse dominating sets of
G is the union of the dominating and inverse dominating sets of G1 and G respectively.
Choose D1 and Dy’ are the disjoint subsets of V(G1) such that
Di={uszvo;uaervi/1<is[Zrsks[Zi & 7 L (ii)

Di'= { usvo,; war1vi; upvi/1<i< [%], 1<k< [%]—1; 1<j<n}

Clearly, Dy and D" are minimum sets satisfies

N[D1] =N[Di"] = V(G)).

Hence, D1 and Dy’ are the minimum dominating sets of Gi.

In similar, choose D> and D;" are the minimum disjoint subsets of Go.

Do = { usi-3vo; uavi 1<i[2] 51 <k<[2] }& } ...... (iv)

Do = { ugi-1 vo uak+2 vi ; unvi/ 1<i< [%]; 1<k [%]— l;1<j<n}
Clearly the sets D> and D' satisfies

N[D2] =N[D:']1 = V(G2)

Hence, D7 and D' are the minimum dominating and inverse dominating sets of Ga.
Hence, D =D; U D>

D = { ugi-2vo, Uak+1V1: Usi-3V0; Ugkvi [ 1<i [%]; 1<k < [%]} and } (V)

. m m .
D2' = { waivo; Uak-1Vi:U1 Vi JUgi- V0 Ugk+2VI; UnVj 31 <i< [Z] ISkS[Z]_l;I <j<n}
are the required dominating and inverse dominating sets of G.

D] =2{[%| +Z]} and

D =2[F+2¢[F-13+20 ¢ ®
=42+ 2(n-1)

Case (iii) If m is odd, and m =1(mod)4

for all odd m, we get G is a connected simple graph with

V(G)={uwj/1<i<m;0<j<n} with
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d(uivo) =2n;1<i<m;d(uv)=2forall 1<i<m;1<j<n
also, N(u2ivo) = { uzi1vj; uzi+1vi/ 1<i< [%] ; 1<j<n } and
N(uz2i-1v0) = {uzi-2vj; uzivi / 1<i< [%], 1<j<n}

Also, N(uvo) = { umvj; u2vj/ 1<j<n }

In this case we choose D and D’ as

D = { u4i-3v0,; ugpvo; uak2vi; ua-3vi/ 1<i< [%] ;1< k1< [%]—} } ....... (vi)

D' = { u4i-1vo; gi-2vo; ugvi; Usk—1v1; Unv i1 Si;ji[%];l <k< [%]—1;15 1<n}
Clearly D and D’ are the disjoint subsets of V(G) satisfies N[D] = N[D’] = V(G) with

D= 3] + 33} &

ID'|= 3[%]4_ [%]_ l1+n;, ¢~ (©)
ID'|=4[%] +n— 1.

(Case (iv) If m is odd and m = 3 (mod 4))

In this case G is a connected graph similar to in Case (iii) but the dominating and inverse
dominating sets are different from Case (iii).

Let V(G) = { uvj/1<i<m;0<j<n} with

Choose D = {u4i-3vo; ugi-2vo; usi-2v1; ugj—1,v1/1 <i< [%], 1<j< [%]} ...... (vii)
and D' = {uyi-1vo; g vo; ugi-3 Vi; Ugi-3Vi; Umve [ 151 < [%];lsjk,l S[%];lstgn}

Where D and D' are the minimum disjoint subsets of V(G) with such that

N[D] =N[D'] = V(G) with

=3~ L (d)
o s
From (a), (b), (c) and (d) we get

Y

( m, if m is even and m = 0 (mod 4)
B 2 {E] + [%} if m is even and % ood

V@ = _ﬂ #3015 itm=1 moda)

CE+35] ifm=3 (mod 4)

(oom

4 %] 2(n — 1)

VO [ﬂ 3 E] ifm=1 (mod 4)

SHEEIR ifm =3 (mod 4)

if m is even & m =0 (mod 4)

if m is even and s odd
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Corollary 1.7
By Theorem 1.6, GS = Ci, (K) K1 then y(G) = m for all m > 4.
Proof :
By theorem 1.6
m, if m is even and m = 0 (mod 4)
(2 {E] + [%]}, if m is even and % is ood

1(G) = i %+ 3], ifm =1 (mod 4)

3[%] 4 [%] if m =3 (mod 4)
Case (i): If m = 0 (mod 4), no need to prove.

Case (i1): If m is even and % is odd

Let m =4k + 2.

1@ =2{[3]+ 3]}
25+ 5 G e R = S

L 4 4 4 4 4 4

[ )
)
- e

=4k +2

=m. (i1)
Case (iii):

Ifm=1 (mod4); letm=4k + 1.

7@ =[] +3[7]

:[4k+1]+ 3[4k+4] { [m =1 (mod 4)

4 4

_ 4k+41+3+ 3[% 3[4k4+4] _ [4k+41+3] =[4k4+1] _ %}

_ 16k+4
4

[‘”‘“] —m (iii)

4

Case (iv):
If m =3 (mod 4); let m = 4k + 3.
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¥(G) =3 2]+ [%] [*m=3 (mod 4)

=]+ [ [l s 5] =

4 4

- ofe

_ 3(4k+4) +ﬁ

4 4

_ 16k+12
4

_ 4(4k+3)
4

m (iv)

From equations (i), (i), (iii) and (iv), we get
Y(G) =m.

Hence the proof.
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