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Abstract:  

In this research paper, the author discusses the basic importance of ho-

momorphisms in the study, decomposition and classification of struc-

tural architecture of finite groups. The paper in question starts with the 

axioms of a group theory and continues to consider the mechanics be-

hind normal subgroups, partitioning of cosets and quotient groups in a 

systematic way. We strictly define the four Isomorphism Theorems, that 

determine the mathematical equivalence between homomorphic images 

and quotient structures, that kernels quantify structural compression. In 

addition, the paper explores general structure theorems, such as the de-

composition of direct products, the Fundamental Theorem of Finitely 

Generated Abelian Groups and the formidable arithmetic limitations of 

the Sylow Theorems. Using these theoretical interpretations, we illus-

trate the practical classification of group of small order (order 15 in par-

ticular) and generate the normal generation in symmetric and alternating 

groups. After all, this study emphasizes the fact that homomorphic map-

pings and structural theorems deliver a holistic, synergistic decoding ap-

paratus of finite group algebra. 
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1. Introduction 

The group theory is the mathematical terminology used to study symmetry, and its theoretical basis 

offers a systematic structural approach, which can be used not only in pure mathematics but also in 

other science fields (Antoine, 2021). The history of finite groups classification and structural analysis 

has a special place in this broad area. A finite group is a set of elements, which has a finite number of 

elements, and is provided with a binary operation satisfying axioms of closure, associativity, identity 

and invertibility. 

To refer to a group we normally define it in terms of its set and operation: 

𝐺 = ⟨𝑆,*⟩ 

The study of the overall structure of a complex finite group inevitably involves partitioning it into 

smaller groups that are easier to manage and studying the generating sets that build them (Lucchini, 

2023). But only isolating these subgroups is not all and mathematicians should also determine the 

relationship between various groups. It is here that the idea of a homomorphism will serve as a very 

useful tool of analysis. 
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A homomorphism is a mathematical map between two groups that is a perfect reflection of the 

underlying algebraic structure. When we map things in one group to another, the homomorphism 

guarantees that when a group operation is done before the mapping it would have the same outcome 

as when the same operation is done after the mapping. In the standard algebraic notation, the property 

of a homomorphism between group G and group H is the following: 

𝜙(𝑎 ∗ 𝑏) = 𝜙(𝑎) ⋅ 𝜙(𝑏) 

Through homomorphisms we are able to project the complex and high-order groups onto the simpler 

and well-known groups. The kernel of such maps gives us the opportunity to quantify exactly what 

structural information is being lost or compressed, which gives us quotient groups. In addition to the 

classification in theory, homomorphisms and structural properties have extensive modern 

applications such as homomorphisms as error-correcting code mechanisms in computer science (Guo, 

2014) and in the study of approximate representations (Moore, 2010). 

In this paper we will discuss the basic processes through which the inner structure of finite groups 

can be observed in homomorphisms. We shall proceed to develop the fundamental definitions of 

kernels and images to the central Theorems of Isomorphism that define the absolute relationship that 

exists between quotient groups and homomorphic images. On this structural basis, we are going to 

discuss such more sophisticated classification tools, especially the Sylow theorems, which are still 

among the most potent means of classifying finite groups according to their prime-power subgroups 

(Imtiaz, 2024). This development will be used in this paper to show how the role homomorphisms 

play is the key to connecting abstract axioms with the concrete structural classification of finite 

groups. 

2. Preliminaries and Basic Group Theory 

In order to strictly examine the process of map of homomorphisms in the structural properties of finite 

groups, we need to first develop the axioms and preliminary definitions of group theory. A group is 

an algebraic structure, in other words, a set which has a binary operation such that any pair of elements 

can be combined to create a third element in the same set and that this operation satisfies four 

fundamental conditions. 

Formally, a group is defined as a pair: 

𝐺 = (𝑆,*) 

To be called a group, the operation has to fulfill the following axioms on elements a, b and c in the 

set S: 

Closure: 

𝑎 ∗ 𝑏 ∈ 𝑆 

Associativity: 

𝑎 ∗ (𝑏 ∗ 𝑐) = (𝑎 ∗ 𝑏) ∗ 𝑐 

Identity Element: There exists an element e such that: 

𝑎 ∗ 𝑒 = 𝑒 ∗ 𝑎 = 𝑎 

Inverse Element: For every element a, there exists an inverse such that: 



Communications on Applied Nonlinear Analysis 

ISSN: 1074-133X 

Vol 30 No. 3 (2023) 

 

77 

 
https://internationalpubls.com 

𝑎 ∗ 𝑎−1 = 𝑎−1 ∗ 𝑎 = 𝑒 

In a case where the underlying set S has a finite number of elements, the group is known as finite 

group. The elements of the group are called their order which is denoted by: 

|𝐺| 

The knowledge of the order of individual elements - the smallest positive integer n, by which a given 

element can be raised to power n and give an identity element - is very important in mapping the 

inner workings of finite groups. These relationships and power structures are commonly visualized 

in modern analytical techniques by power graphs and enhanced power graphs which give a graphical 

representation of the generating elements of the group (Kumar, 2021; Lewis, 2024). 

2.1 Subgroups and the Center of a Group 

A group G has a subset, H, which is called a subgroup when the subgroup forms a group with the 

same binary operation that is defined on G. We refer to the fact that H is a subgroup of G as follows: 

𝐻 ≤ 𝐺 

To determine whether a subset is a subgroup, one is only required to demonstrate the fact that the 

subset is not empty and closed with regard to products and inverses. In any group, the Center of the 

group is a structurally significant subgroup. The Center is a union of the elements that commute with 

each other in the group. 

Algebraically, the Center is defined as: 

𝑍(𝐺) = {𝑧 ∈ 𝐺|𝑧 ∗ 𝑔 = 𝑔 ∗ 𝑧 for all 𝑔 ∈ 𝐺} 

The Center is a group at all times and has a central role in the knowledge of the commutativity of the 

group structure in general. 

2.2 Cosets and Lagrange's Theorem 

Mathematicians use the concept of cosets in order to analyze the partitioning of a group by its 

subgroups. Suppose that H is a subgroup of G, and that a is an element of G and left coset of H in G 

with respect to a is the set of elements obtained by multiplying all elements of H by a on the left: 

𝑎𝐻 = {𝑎 ∗ ℎ|ℎ ∈ 𝐻} 

Likewise the right multiplication defines the right coset. The cosets are not necessarily subgroups 

themselves ( other than in the case of a being the identity element ), but they have a crucial property 

of the right cosets of a subgroup H constituting a disjointed partition of the whole group G (Bubboloni, 

2024). This division has the implication that there is one left coset of H containing each element of 

G, and that all the left cosets of H contain the same number of elements as does H itself. 

This is the key to one of the most unavoidable theorems of finite group theory, Lagrange Thesis. 

According to Lagrange Theorem, in any finite group G and in any subgroup H, order of H is a 

mathematical division of order of G. In case we should allow the index of the H in G--the number of 

distinct left cosets--to be expressed by: 

[𝐺: 𝐻] 

Then Lagrange's Theorem can be formulated as: 
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|𝐺| = [𝐺:𝐻] ⋅ |𝐻| 

This theorem imposes strict limitations on the possible sizes of subgroups within a finite group, 

serving as a primary constraint when mapping structures. 

2.3 Normal Subgroups and Quotient Groups 

Though every subgroup divides a group into cosets, not every subgroup coacts with the action of the 

group. A subgroup N is termed as a normal subgroup of G when its left and right cosets are equal 

coincidences of each group element. A very important detail of defining these symmetrical boundaries 

in complex groups is normal generation (Thom, 2014). 

This condition is written algebraically as: 

𝑎𝑁 = 𝑁𝑎 for all 𝑎 ∈ 𝐺 

Equivalently, it can be defined through conjugation: 

𝑎𝑁𝑎−1 = 𝑁 for all 𝑎 ∈ 𝐺 

Normal subgroups have an extraordinary significance as they enable one to build a new group, called 

the quotient group (or factor group). In case N is a normal subgroup of G, then there is a group of all 

left cosets of N: 

(𝑎𝑁) ∗ (𝑏𝑁) = (𝑎 ∗ 𝑏)𝑁 

The resulting quotient group is denoted as: 

𝐺 𝑁⁄  

This quotient group has the same order as the index of the normal subgroup of the parent group: 

|𝐺 𝑁⁄ | = [𝐺:𝑁] =
|𝐺|

|𝑁|
 

The study of homomorphisms requires the understanding of normal subgroups and quotient groups 

as the latter are a compressed form of the original group that is a perfect reflection of the image of a 

homomorphic mapping. 

3. Group homomorphisms 

The most studied objects in the comparison of the algebraic structures of various groups are called 

group homomorphisms. Whereas isolated group theory concerns the internal mechanics of a group, 

with homomorphisms mathematicians can come to learn the relationships, transformations and 

structural translations between more than one group. 

It follows that Let G and H be two groups with binary operations denoted by * normal multiplication 

and G bitwise. A phi G to H mapping is defined a group homomorphism provided it is a group 

homomorphism. 

𝜙: 𝐺 → 𝐻 

Particularly, given every a and a within the domain G, the function should have the multiplicative 

property: 

𝜙(𝑎 ∗ 𝑏) = 𝜙(𝑎) ⋅ 𝜙(𝑏) 
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This basic equation shows that the algebraic structure is not destroyed; computation of two elements 

in G and map of the product results to the same element in H is identical to the computation of the 

two elements in the H and the map of the elements in the H. It is due to this structural preservation 

that homomorphisms will automatically induce the identity element of G to the identity element of 

H, and the inverse of an element of G to the inverse of its own image in H. Their structural property 

preservation is a universal property that is applied even to more complicated mathematical structures, 

like lattice-valued subgroup theories (Kousar, 2022). 

3.1 Classifications of homomorphisms  

There are various types of homomorphisms depending on the properties set-theoretically of the 

mapping function. All the classification has certain structural implications on the groups involved. 

A morphism that is an injective (one-to-one) the correspondence is referred to as a monomorphism. 

In a monomorphism, the different elements of the domain G are always considered to be the different 

elements of the codomain H, that is, no structural information is compressed. 

An epimorphism is a homomorphism which is a surjective (onto) function. Here each element of H 

is a picture of some element of G. The theoretical analysis of counting these surjective mappings onto 

finite groups is an in-depth study of solvability, restrictions and overall structure of the groups in 

question (Matei, 2004). 

An injective and surjective homomorphism is referred to as an isomorphism. In case, there exists an 

isomorphism between G and H, then the two groups are essentially the same in the algebraic 

perspective. They have been reported to be isomorphic and mathematically represented as: 

𝐺 ≃ 𝐻 

Isomorphic groups are conceptually the same, they share the same structural property, same subgroup 

lattices and same functional characteristics, with the only difference being the high-level 

nomenclature or symbols used to represent the individual elements. 

Moreover, the mapping of a group onto itself is a homomorphism, which is termed as an 

endomorphism and a bijective endomorphism is termed as an automorphism. 

3.2 The Kernel and the Image 

In order to quantify mathematically the translation and possibly compression of the structure of G 

into H by a homomorphism, mathematicians introduce two important structural sets; the image and 

the kernel. 

The image of a homomorphism phi is the collection of all elements in H which are actively mapped 

on G. It is defined as: 

ℑ(𝜙) = {𝜙(𝑔) ∈ 𝐻𝑚𝑖𝑑𝑔 ∈ 𝐺} 

This is a basic feature of the image, which is that it always is a valid subgroup of the codomain H. 

The core of a homomorphism is the collection of all the elements of the domain G that are all mapped 

to the identity element of H denoted as 𝑒𝐻. Algebraically it is defined as: 

ker(𝜙) = {𝑔 ∈ 𝐺 ∨ 𝜙(𝑔) = 𝑒𝐻} 
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Just so critical is the kernel of group theory, since it is not only a usual subgroup of G; it is a normal 

subgroup of G everywhere. This property defines the absolute connection between homomorphisms 

and quotient groups. 

The degree of collapse of the structure of G is directly proportional to the size of the kernel. In the 

case that the kernel only contains the identity element of G, there is not any structural compression 

that can take place, which proves that the homomorphism is a monomorphism. On the other hand, 

the presence of multiple elements in the kernel implies that there are multiple elements of G that map 

to the same element of H, and as a result a part of the structure of the group would be factored out. 

Figure 1: The Anatomy of a Group Homomorphism 

Table 1: Classification of Group homomorphisms 

Classification Mapping Property Structural Implication 

monomorphism Injective (One-to-One) 
No structural information is compressed; the kernel 

contains only the identity element. 

Epimorphism Surjective (Onto) 
Every element in the codomain is mapped to; the 

image is the entire codomain. 

Isomorphism 
Bijective (One-to-One & 

Onto) 

The domain and codomain are structurally and 

algebraically identical. 

Endomorphism 

Maps to itself  

 

𝜙: 𝐺 → 𝐺 

Translates the group's structure into a subgroup of 

itself. 

Automorphism Bijective Endomorphism 
Represents the internal symmetries of the group 

itself. 
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4. The Isomorphism Theorems 

The formalism of the structural relationship between homomorphisms and kernels as to quotient 

groups is a set of far-reaching mathematical statements called the Isomorphism Theorems. These 

theorems were initially put in the modern abstract form, as with the work of Emmy Noether, who 

proved that the notion of a homomorphic image and the notion of a quotient group are essentially the 

same. They supply the main algebraic technology of decomposing complex finite groups into 

recognisable and constituent parts. 

These theorems have to be understood rigorously to obtain more sophisticated group classifications, 

especially to study the way that normal subgroups delimit the internal divisions and modular structure 

of the larger group (Klopsch, 2025). 

4.1 The First Isomorphism Theorem 

The first of the three theorems is known as the Fundamental Theorem of homomorphisms and forms 

the foundation of the remaining three theorems. It provides that any group homomorphism of group 

G to group H, the quotient group of G and the kernel of the homomorphism is perfectly isomorphic 

to the image of the homomorphism in H. 

Let 𝜙 be a homomorphism, where: 

𝜙: 𝐺 → 𝐻 

Using the properties of Section 3, we get to know that the kernel of phi is a normal subgroup of G. 

Thus, we will be able to build the quotient group G over the kernel. The mathematic version of the 

First Isomorphism Theorem is that: 

𝐺 𝑘𝑒𝑟⁄ (𝜙) ≃ ℑ(𝜙) 

This has been a very useful conceptual tool in which any homomorphism is decomposed into a natural 

projection onto a quotient group, then an isomorphism, which is in fact an exact one. It shows that 

the homomorphic mapping of a group can only be done by modding out a normal subgroup and the 

resulting map will be a structural mirror image of a quotient group. 

 

 

 

 

 

 

 

 

 

 

Figure 2: Commutative Diagram of the First Isomorphism Theorem 
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4.2 The Second (Diamond) Isomorphism Theorem  

The First Theorem corresponds a group to its homomorphic image whereas the Second Isomorphism 

Theorem, often referred to as the Diamond Isomorphism Theorem as it looks like a diamond, 

describes the structural interaction between a subgroup and a normal subgroup of a common parent 

group. 

Assume that G is a group, H is a subgroup of G and N is a normal subgroup of G. The two sets, HN, 

being normal then make a valid subgroup of G. Moreover, N is a normal subgroup of HN and H N is 

the intersection of H and N. 

The Second Isomorphism Theorem holds that the quotient group of the product HN over N is 

isomorphic to the group H over HN: 

𝐻𝑁 𝑁⁄ ≃ 𝐻 (𝐻 ∩ 𝑁)⁄  

The application of this theorem in practice (when we know the structures of H and N, and must know 

the structure of the subgroup they give together) simply involves a combination of the structure of H 

and that of N. 

 

Figure 3: Subgroup Lattice of the Diamond Isomorphism Theorem 

4.3 The Third Isomorphism Theorem  

The Third Isomorphism Theorem is a technique of simplifying the group of quotient groups, often 

known as canceling in group theory fractions. It is an account of what occurs in case we form a 

quotient group of a quotient group. 

Suppose that G is a group, and that K and N are normal subgroups of G, only that, furthermore, N is 

completely contained in K. Since N is a normal subgroup of both G and K we can create the quotient 

groups G over N and K over N. Moreover, K N becomes a normal subgroup of G N. 
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The theorem is that, when G/N is divided by K/N the quotient is a group that is isomorphic to merely 

the quotient of G by K: 

(𝐺 𝑁⁄ ) (𝐾 𝑁⁄ )⁄ ≃ 𝐺 𝐾⁄  

This shows that multiple homomorphic compressions of the structure of a group can be assessed as 

one, direct homomorphic compression. 

4.4 The Fourth (Lattice) Isomorphism Theorem 

The fourth isomorphism theory or Lattice Isomorphism Theory is the one that provides a deep 

geometric and structural isomorphism between the subgroups of a quotient group and the subgroups 

of the parent group. Lattice-valued-mappings is an active field of mathematical study, making 

discoveries of strict hierarchical symmetries in algebraic structures (Kousar, 2022). 

Let N be a normal subgroup of G. That theorem is that there exists an inclusion-preserving, perfect, 

one to one mapping between the subgroups of G which contain N and subgroups of the quotient group 

G/N. 

Suppose we allow A to be an element of G, where A -N: 

𝑁 ≤ 𝐴 ≤ 𝐺 

And denote A* the subgroup in the quotient group correspondingly: 

𝐴 = 𝐴 𝑁⁄ ≤ 𝐺 𝑁⁄  

Indices, intersections and normality are maintained in this correspondence. Assuming that A is a 

normal subgroup of G, then A/N is a normal subgroup of G/N and the lattice structure of the quotient 

group is an exact duplicate of the upper lattice structure of the original group G. 

Table 2: Summary of the Isomorphism Theorems 

Theorem Core Concept Algebraic Statement 

First (Fundamental) 

Theorem 

Establishes the equivalence between a 

homomorphic image and a quotient group over a 

kernel. 

 

G / ker ( phi ) simeq 

func Im ( phi )  

Second (Diamond) 

Theorem 

Defines the structural relationship and intersection 

between a subgroup and a normal subgroup. 

 

𝐻𝑁 𝑁⁄ ≃

𝐻 (𝐻 ∩ 𝑁)⁄   

Third Theorem 
Provides the method for simplifying or "canceling" 

nested quotient groups. 

 

(𝐺 𝑁⁄ ) (𝐾 𝑁⁄ )⁄

≃ 𝐺 𝐾⁄  

Fourth (Lattice) 

Theorem 

Proves a strict bijective correspondence between the 

subgroup lattices of parent and quotient groups. 

 

𝐴* = 𝐴 𝑁⁄ ≤ 𝐺 𝑁⁄  
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5. Structure Theorems for Finite Groups 

Having defined the properties of homomorphisms and the Isomorphism Theorems, what finite group 

theory needs to do is to classify. homomorphisms enable us to break down a group into quotient 

groups and normal subgroups, but to get to know the universe of finite groups completely, 

mathematicians need universal theorems which explain the way these basic building blocks combine. 

The structure theorems give the blueprint of all finite groups in terms of architecture, that is, it 

determines how complicated groups can be broken down into indivisible, smaller components. 

5.1 Direct Products 

External direct product is the most intuitive way of building a larger and more complex group out of 

smaller and familiar groups. When we possess a set of finite groups then we can construct a new 

group by the Cartesian product of their underlying sets and stipulate the group operation element-

wise. 

In the case of two groups, G and H, the direct product of the two groups is algebraically expressed 

as: 

𝐺 × 𝐻 

The aspects of this new group are ordered pairs(g, h) with 𝑔 ∈ 𝐺 and ℎ ∈ 𝐻. The binary operation is 

conditioned so as by: 

(𝑔1, ℎ1) ∗ (𝑔2, ℎ2) = (𝑔1 ∗ 𝑔2, ℎ1 ∗ ℎ2) 

The direct product of finite groups has the following order which is merely the normal arithmetic 

product of the respective orders: 

|𝐺 × 𝐻| = |𝐺| ⋅ |𝐻| 

Direct products are necessary since they will offer a standardized way to undo the process of 

homomorphic decomposition. In the event that two normal subgroups of a group G have their 

intersection being the identity element and generate the full group, then G is internally isomorphic to 

the direct product of these two subgroups. 

5.2 The Fundamental Theorem of Finitely Generated Abelian Groups 

Finite groups that have the condition of commutativity, that is, the sequence of the operation 

performed does not alter the outcome, are known as abelian groups. The classification of the structure 

of finite abelian groups is entirely and absolutely categorized by one of the most beautiful theorems 

of abstract algebra. 

The Fundamental Theorem of Finitely Generated Abelian Groups (Fundamental Theorem): Each 

finite abelian group is an isomorphic direct product of cyclic groups, the order of each of which is a 

power of a prime number. 

If G is a finite abelian group, then there exist prime numbers𝑝1, 𝑝2, . . . , 𝑝𝑘 (which are not necessarily 

distinct) and positive integers 𝑎1, 𝑎2, . . . , 𝑎𝑘 such that: 

𝐺 ≃ 𝑍𝑝1
𝑎1 × 𝑍𝑝2

𝑎2 × 𝑑𝑜𝑡𝑠 × 𝑍
𝑝𝑘
𝑎𝑘  
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Z in this decomposition is a group of order given of a cyclic nature. The given theorem ensures that 

the structural study of any finite abelian group can be optimally relegated to the study of prime-power 

cyclic groups. It is an entire classification, so that no finite abelian group can fall outside of this 

paradigm. 

5.3 The Sylow Theorems  

Although the Fundamental Theorem is an ideal classification to the abelian groups, non-abelian finite 

groups are much more complicated and demand a new collection of analytical tools. The Sylow 

Theorems are the most potent of these tools that determine the existence, structural characteristics 

and numbers of certain prime-power subgroups in any given finite group (Imtiaz, 2024). 

It is necessary to define a p-group before defining the theorems. A finite group is termed as p-group 

when the order of the group is strictly a power of a prime number p. The overall structure of the p-

groups tends to define the behavior of the bigger group that they belong to (Muller, 2012). 

Suppose that G is a finite group of order n. Through the Fundamental Theorem of Arithmetic, we are 

able to partition the order of G into a power of a prime and a second number, which cannot be divided 

by that prime: 

|𝐺| = 𝑝𝑘𝑚 

The p is a prime number, k a positive integer and m an integer in this equation with p not dividing m. 

A Sylow p-subgroup is a sub group of G of order 𝑝𝑘. These particular subgroups have their structure 

and character tables, which have a significant impact on the parent group properties (Moreto, 2022). 

Three theorems about these subgroups, in which Peter Ludwig Mejdell Sylow, a Norwegian 

mathematician, formalized them, are: 

The First Sylow Theorem (Existence): Assuming that 𝑝𝑘, the order of a finite group G, is divided 

by p 0, then G must have at least one subgroup of order 𝑝𝑘. It is a far reaching partial inverse to the 

Theorem of Lagrange; when Lagrange says the order of a subgroup must divide the group order, the 

First Sylow Theorem says that when the prime-power is huge, a subgroup of the specified size 

definitely exists. 

The Second Sylow Theorem (Conjugation): Every Sylow p-subgroup of a particular prime p in a 

group G is conjugated to another. Suppose that P and Q are both Sylow p-subgroups of G: then there 

is a 𝑔 ∈ 𝐺 such that: 

𝑄 = 𝑔𝑃𝑔−1 

This is a theorem that demonstrates that any two or more Sylow p-subgroups of a prime are 

structurally isomorphic to one another; are identical in their interior algebraic structure and are 

distinguished by their placement in the larger group. 

The Third Sylow Theorem (Counting): With this theorem, there are arithmetic limitations on the 

existence of Sylow p- subgroups in G which are strict. Where n p is the number of different Sylow p-

subgroups of G. The theorem states two simeqruences that 𝑛𝑝 must simultaneously satisfy: 
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𝑛𝑝 ≡ 1(mod𝑝) 

And moreover, the Sylow p-subgroups should have a clean division of the leftover factor of the group 

order: 

𝑛𝑝 ∨ 𝑚 

Probably the most practical structural tool of finite group theory is The Third Sylow Theorem. Using 

such conditions of arithmetic to force 𝑛𝑝 to meet the following criteria allows mathematicians to very 

frequently prove that 𝑛𝑝 must be equal to 1. When a group contains a single Sylow p-subgroup, the 

subgroup is mathematically specified to be a normal subgroup and therefore, permits the creation of 

a quotient group and additional homomorphic mapping. 

Table 3: The Sylow Theorems for Finite Groups 

Theorem Primary Function Mathematical Constraint 

First Sylow 

Theorem 

Existence: Guarantees that maximal prime-

power subgroups exist within the finite group. 

A subgroup of order exactly 

𝑝𝑘definitively exists. 

Second Sylow 

Theorem 

Conjugation: Proves that all Sylow p-

subgroups for a given prime are structurally 

identical. 

For Sylow p-subgroups P and Q:  

 

𝑄 = 𝑔𝑃𝑔−1 

Third Sylow 

Theorem 

Counting: Restricts the exact number of Sylow 

p-subgroups (𝑛𝑝), enabling classification. 

The number 𝑛𝑝 must satisfy 

both:  

 

𝑛𝑝 ≡ 1(mod𝑝)  

 

𝑛𝑝 ∨ 𝑚  

6. Applications and Classifications 

The conceptual apparatus of the previous sections, including the seminal Isomorphism Theorems and 

the mighty Sylow Theorems, has an ultimate result in the practical classification of finite groups. 

homomorphisms and structural theorems enables mathematicians to start with an unknown group of 

a particular finite order and to come up with a definitive statement on its internal structure. Through 

a unified effort to understand the sets of normal subgroups with possible combinations, it becomes 

possible to list all possible groups of a particular size to isomorphism (Lucchini, 2023). 

6.1 Classifying Groups of Small Order: Order 15 

As an example of the use of these theorems, we may fully classify any finite group of order 15. 

Assume that G is an arbitrary group where: 

|𝐺| = 15 = 3 ⋅ 5 

One of the Sylow 3-subgroups of G and one of the Sylow 5-subgroups of G must be of order 3 and 

of order 5 Tomlinson's expertise enables us to know that G contains at least one Sylow 3-subgroup 
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(which we might call P), and at least one Sylow 5-subgroup (which we might call Q). To ascertain 

the exact amount of these subgroups we use the Third Sylow Theorem. 

Let 𝑛3 be the number of Sylow 3-subgroups. The theorem dictates that 𝑛3 must divide 5 and must be 

simeqruent to 1 modulo 3: 

𝑛3 ∨ 5 

𝑛3 ≡ 1(mod3) 

The only positive integer which satisfies these two restrictive arithmetic conditions is 1. Therefore: 

𝑛3 = 1 

Since Sylow 3-subgroup is the only one, P as a subgroup of G is mathematically guaranteed to be 

normal. 

We repeat this analysis for the Sylow 5-subgroups, denoted by 𝑛5: 

𝑛5 ∨ 3 

𝑛5 ≡ 1(mod5) 

Again, the only valid solution is 1: 

𝑛5 = 1 

Q is thus also normal subgroup of G. As both P and Q are normal subgroups of prime order, the only 

thing that their intersections can contain is an identity element. Moreover, their orders product is the 

sum of the order of G. Since this was previously established in Section 5.1 on the case with direct 

products, these conditions demonstrate: 

𝐺 ≃ 𝑃 × 𝑄 

Since P is a group of prime order 3, it must be cyclic and isomorphic to 𝑍3. Similarly, Q is isomorphic 

to 𝑍5. Such generated subgroups structural analysis is a classical method of constructing tables of 

characters and group behavior mapping (Moreto, 2022). Therefore, we conclude: 

𝐺 ≃ 𝑍3 × 𝑍5 ≃ 𝑍15  

This is a dramatic classification outcome: the number of groups of order 15 is being equal to 1, and 

it is the cyclic group 𝑍15. Any homomorphic function of a group of order 15 can be predicted 

therefore. 

6.2 Symmetric and Alternating Groups 

Beyond abelian classifications, homomorphic structures are vital for analyzing the symmetric group, 

denoted as 𝑆𝑛. The symmetric group is a group of all possible permutations of a finite set of elements 

of n elements. It is a universal embedding space of finite groups (Cayley) wrote that a finite group is 

isomorphic to a subgroup of some symmetric group. 

An important homomorphism is the sign homomorphism that is identified with the symmetric group. 

It is possible to represent each permutation by a product of transpositions (swapa of two elements). 

The number of transpositions is not unique, however, the parity of the number of transpositions (even 

or odd number) is rigidly determined. 
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We can define a homomorphism, often called the sign or signature function, mapping from 𝑆𝑛 to the 

multiplicative group containing just 1 and -1: 

𝑠𝑔𝑛: 𝑆𝑛 → {1,−1} 

An even permutation is associated with 1 and odd permutation is associated with -1. Since this 

mapping is the ideal group homomorphism in the sense that the product of two even permutations is 

even, an even and an odd is odd etc., it is a valid group homomorphism. 

The nucleus of this homomorphism is of gigantic structural significance. The kernel by definition 

consists of all elements that map to the identity of the codomain (1 in this case). Therefore, the kernel 

consists of all even permutations in 𝑆𝑛. 

This kernel is defined as the Alternating Group, denoted 𝐴𝑛: 

𝐴𝑛 = ker(sgn) 

Because the kernel of any homomorphism is strictly a normal subgroup, 𝐴𝑛 is mathematically 

guaranteed to be a normal subgroup of 𝑆𝑛. Furthermore, using the First Isomorphism Theorem, we 

know that the quotient group 𝑆𝑛 𝐴𝑛⁄  is isomorphic to the image of the sign homomorphism, which 

has an order of 2. This has the result that the alternating group has the same order as the symmetric 

group: 

|𝐴𝑛| =
|𝑆𝑛|

2
=

(𝑛!)

2
  

A more interesting phenomenon is the following, in any n bigger than or equal to 5: the alternating 

group 𝐴𝑛 is a simple group. The concept of a simple group is that the group has no non-trivial normal 

subgroups whatsoever (Klopsch, 2025). When applied to our research, this implies that no 

homomorphism could further compress or factor out cannot, and reduced the whole group to the 

identity element. The indivisible units of group theory are simple groups, and their normal generation 

is also a staple of current finite algebra (Thom, 2014). 

7. Conclusion 

One of the most beautiful and most fundamental efforts made in abstract algebra is the structural 

analysis of finite groups. As has been shown in this paper, trying to know the architecture of a complex 

finite group on its own is frequently an unsolvable problem. Rather it is the relations, transformations, 

and mappings of such algebraic structures that help to establish the true nature of the structure. 

The key to this process is group homomorphisms which act as the analysis link. Homomorphisms can 

be used by mathematicians to project, compress and translate structural information in a domain group 

onto a codomain group by preserving the underlying binary operation. The amount of this information 

that is collapsed is completely determined by the kernel of a homomorphism which is always a normal 

subgroup. 

We proved by the Isomorphism Theorems that a homomorphic image is absolutely equivalent to a 

quotient group. This great relationship algebraically intersections the First Isomorphism Theorem: 

 𝐺 ker⁄ (𝜙) ≃ Im(𝜙) 

These theorems give a standardized set of rigorous tools to break down any finite-size group into their 

constituent quotient groups and normal subgroups. Decomposition is however not the whole picture. 
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Structural theorems, the most famous of which is the Fundamental Theorem of Finitely Generated 

Abelian Groups, and the Sylow Theorems, are needed to rebuild and classify groups. 

The Sylow Theorems go further and surpass the case of the Lagrange Theorem by ensuring that there 

are and by precisely dictating the number of maximal prime-power subgroups in any finite group 

(Imtiaz, 2024). Through a combination of the arithmetic properties of the Sylow Theorems and the 

geometric mapping of subgroups and direct products, mathematicians are able to categorically 

classify groups of a particular order, such as in our example of the classification of groups of order 

15. Also, the examination of the kernels of particular homomorphisms, e.g., the sign homomorphism 

of symmetric groups, explicitly results in the classification of simple alternating groups which serve 

as the indivisible building blocks to finite algebra (Klopsch, 2025; Thom, 2014). 

Finally, it is the interaction of homomorphic mappings and structural theorems which gives a full 

framework of finite group theory. The rigorous use of homomorphisms is the most important 

technique used to discover the latent architecture of finite groups whether in the context of the 

fundamental symmetries of theoretical physics (Antoine, 2021) or the definition of the error-

correcting codes of modern computer science (Guo, 2014). 
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