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Abstract: This study investigates the periodic and chaotic dynamics of an amplitude-modulated
(AM) memristive circuit using numerical simulations based on the fourth-order Runge-Kutta
method. The system’s response is analyzed under varying modulation parameters, revealing a rich
spectrum of nonlinear phenomena, including period-doubling and reverse period-doubling
bifurcations, period-bubbling, quasiperiodic oscillations, and chaotic behavior. Bifurcation
diagrams, phase portraits, and Poincar’e sections confirm the presence of chaotic attractors and
complex dynamical regimes. The frequency and amplitude of the modulating signal play a pivotal
role in shaping the system’s behavior, influencing both the onset of chaos and the structure of the
resulting attractors. Furthermore, the memristive nature of the circuit is verified through the
presence of pinched hysteresis loops in the voltage-current (v - i) characteristics-an essential
signature of memristive systems. These loops exhibit distinct frequency- and amplitude-dependent
variations, underscoring the nonlinear, memory-dependent behavior inherent to the memristor.

Keywords: Memristive circuit, Amplitude modulated signal, Reverse period-doubling, Chaos,
Pinched hysteresis loop.

Introduction

The memristor, a fourth fundamental circuit element proposed by Prof. Leon Chua
in 1971 [1] and first electronically implemented by HP laboratories in 2008 [2],
has emerged as a pivotal component with applications in memory and
neuromorphic systems. Its defining characteristic, the pinched hysteresis loop in
the current-voltage plane under sinusoidal excitation, highlights its unique memory
and switching properties. The inherent nonlinearity, memory, and switching
mechanisms of memristors make them highly suitable for advanced applications,
including artificial neural networks [3-6], flash memory [7,8], electronic circuits
[8-10], and secure communication systems [11-13]. Physical manifestations of
memristors encompass diverse materials, from thermistors [14] to complex oxides
[15-17] and spintronic systems [18-20]. The integration of memristors has infused
new vitality into the study of chaotic circuits and systems, concurrently presenting
complex research avenues.The nonlinear dynamic behavior intrinsic to memristors
is particularly exploited in the design of oscillatory [21,22] and chaotic circuits
[23,24]. A comprehensive understanding of the intricate nonlinear phenomena
arising in memristor circuits is therefore paramount. Previous research has
extensively explored a variety of nonlinear behaviors in circuits incorporating
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generalized memristors. For instance, Chen et al. [25] were pioneers in
demonstrating complex nonlinear phenomena, including coexisting bifurcation
modes and attractors, by replacing a nonlinear element with a first-order
memristive diode bridge. Similarly, a memristive chaotic circuit derived from the
classical Chua’s circuit [26] revealed the presence of hidden attractors. Further
investigations by Kengene et al. [27] and Volos et al. [28] have elucidated diverse
dynamical phenomena such as chaos, multiple attractors, antimonotonicity, and
crisis in memristor- based oscillators and simple circuits, respectively.

Inspired by these findings, this paper investigates a class of non-autonomous
memristor oscillatory circuits driven by an external amplitude-modulated (AM)
signal. Prior studies have already demonstrated the rich scenario of oscillatory and
more complex behaviors in forced memristor circuits as the amplitude and
frequency of the external signal are varied [29-33]. Specifically, this paper will first
review the fundamental simple memristive circuit dynamical model developed by
Muthuswamy and Chua [23]. We then present a detailed bifurcation and dynamical
analysis of the system under AM excitation, focusing on the onset of chaos through
period-doubling bifurcations and the influence of modulation parameters on the
system’s complex behavior.

2. Circuit Description and Dynamic E quations

A non-autonomous memristor circuit is a circuit that incorporates a memristor and
is driven by an external, time-varying input signal. Unlike autonomous circuits,
which generate their own oscillations or dynamics, non-autonomous circuits are
directly influenced by this external input, which dictates the circuit’s state and
evolution. Figure 1 illustrates the schematic diagram of the circuit under
consideration, which consists of a linear passive inductor (L), a linear passive
capacitor (C), a nonlinear active memristor (M ) and AM signal source.
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Fig. 1: Diagram of a non-autonomous memristor circuit.

The dynamics of the autonomous version of this memristor oscillator were
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originally described by Muthuswamy and Chua [23] through a system of three
differential equations governed by four parameters.

=7 (1a)
y = —<lx+ B2 1) (1b)
z=-—-y—az+yz (1c)

As detailed by Muthuswamy and Chua [23], x and y are proportional to the
capacitor voltage (V¢) and inductor current (i.) respectively, while z represents the
internal state of the memristive device. The parameters a and f are associated with
the memristive device itself. In their work [23], the authors fixed the values of C =
1, L = 3, and a = 0.6. By varying f, they observed chaotic attractors for f = 1.5
and /.7, alongside period-1 and period-2 oscillations for f = 1.2 and 1.3,
respectively. Sim

ilarly, larosz et al. [34] observed both chaotic and periodic attractors in the
autonomous system (Eq.1) for two values of a = 0.85, 1.15. In their work, the
authors were fixed the parameters values as C = 1.2, L = 1.33 and f = 1.34. In the
above system (Eq.1), Gallas [35] reported a high-resolution stability diagram
revealing abundant tunable ranges of periodic and self-oscillations and Wang et al.
[36] provided rigorous computer-assisted chaotic verification using topological
horseshoe theory. For the purpose of this study, we consider the non-autonomous
version of this simple memristive circuit (Figure 1). Its state equations are given

by:
X = %+(f+gsith)sincot (2a)
y = —<lx+ B2 1) (2b)
z=-—-y—az+yz (2¢)

Here, f and g represent the amplitudes of the driving signals, while @ and Q
denote their respective frequencies. The non-autonomous memristive circuit has
been the subject of recent investigations due to the applications in several areas of
integrated circuit design and computing. In this study, we perform a comprehensive
numerical investigation of the bifurcation structures and chaotic dynamics
exhibited by the system described in Eq. (2).

3. Bifurcation Analysis of the Circuit
In this section, we numerically investigate the bifurcation and dynamic transitions
between periodic and chaotic behaviors in the proposed memristor circuit, as

defined by Eq. (2). The simulations are performed using initial conditions (xo, yo,
zg) = (0.1, 0.1, 0.1) and the system 1is integrated using the classical fourth-order
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Runge-Kutta method with a fixed time step Az = 0.001. All computations are
conducted in extended precision mode to ensure numerical accuracy. For each
parameter configuration, the system is simulated over a sufficiently long time to
eliminate transient dynamics. To explore the effects of the external forcing, which
involves two frequencies w and €, we analyze two distinct scenarios: when the
frequencies are equal (2 = w) and when they differ (2 # w). The results for each
case are discussed in the following subsections. We employ standard nonlinear
analysis tools-including bifurcation diagrams, phase portraits, Poincar’e sections,
and trajectory plots-to characterize the systems behavior under varying parameters.

3.1 Effect of AM Signal with g =0

We begin our analysis by examining the system’s behavior under variation of the
forcing amplitude /* with the amplitude modulation parameter g set to zero. The
fixed parameters for this analysis are C= 1.2, L =3.3 and f = /.34, consistent with
those used by larosz et al. [34]. We explore two values of the memristor parameter
o = 0.85 and 1.15, reflecting the autonomous cases studied in [35], where o = 0.85
led to chaos and a = /.15 yielded periodic behavior. Figure 2 presents bifurcation
diagrams that plot the local maxima of x(?) versus the forcing amplitude / for a =
0.85 and four different values of w.
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Fig. 2: Bifurcation diagrams of the simple memristive circuit driven by an AM
signal with g = 0. The diagrams show the circuit behavior for four different
values of @ with o = 0.85. Parameter values are fixed as C = 1.2, L = 3.3,and
p=134.

The results reveal diverse bifurcation behaviors, including chaotic windows,
periodic bubbling, and reverse period-doubling bifurcations. Specifically:

(1) For w = 0.5 (Fig. 2a), the system initially exhibits a period-1 bubble orbit.
As o increases, this orbit vanishes, giving rise to increasingly complex
bifurcations.

(i1)  For w = 1.0 (Fig. 2b), chaotic behavior appears for small values of f
(approximately 0 < f < 0.25), followed by a reverse period-doubling route to
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periodicity as f increases.
(iii)  Further increases in w to /.2 and 1.5 (Figs. 2c and 2d) result in broader
chaotic regions and more intricate bifurcation structures over a wider range of /.

Fig. 3: Bifurcation diagrams of the simple memristive circuit driven by an AM
signal with g = 0. The diagrams show the circuit behavior for four different values
of w with o = 1.15. Parameter values are fixedas C = 1.2, L = 3.3 and S = 1.34.

w=12F15 (b)
]

Fig. 4: Phase portraits and corresponding Poincar’e maps of the system (Eq. 2)
driven by an AM signal with g = 0. The plots display periodic and chaotic orbits
in the x-y plane. Parameters are fixed according to Figure 2.

These results highlight the sensitivity of the circuit’s dynamics to the frequency
and amplitude of the external forcing and illustrate the system’s transition through
a variety of nonlinear regimes. Figure 3 presents the bifurcation diagrams for o =
1.15 across the same four values of w = 0.5, 1.0, 1.2, and 1.5. Compared to the
case with a = 0.85, an enhancement in the presence of periodic bubbles, reverse
period-doubling, and chaotic orbits is observed for a = 1.135, as clearly illustrated
in Figures 3(a-d). To further verify the nature of these attractors, we analyze
representative cases using phase portraits, Poincar’e maps, and trajectory plots.
Figures 4(a-b) show the phase portrait and corresponding Poincar’e map for a
periodic attractor at @ = 1.2 and f = 1.5, selected from Figure 2c. In contrast,
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Figures 4(c-d) display a chaotic orbit at @w = 1.5 and /= 5.0, corresponding to
a parameter point from Figure 2d. Additionally, time series plots are shown in
Figure 5 to distinguish between chaotic and periodic dynamics. Figure 5a depicts
the time evolution of a chaotic attractor for /= 0.8 and w = 1.2, while Figure 5b
shows a periodic attractor for f = /.5 and the same frequency. Both cases are
consistent with the observations from the bifurcation diagrams in Figure 2c.

1 0

o F080=12 (@) f=150=12 (b}
-

x-1 y
.2 '2
3 3
0 500 1000 0 100 200 300
t X

FIG. 5: Time evolution of the memristor circuit (Eq. 2) driven by an AM signal
with g = 0. The left plot illustrates chaotic behavior, while the right plot shows
periodic behavior. Parameters are fixed according to Figure 2.

3.2 Effect of AM Signal with g # 0 and Q= w

In this section, we examine the influence of amplitude modulation on the
bifurcation structure of the memristive system defined by Eq.(2), under the
condition Q = w. Both fand g serve as control parameters in our analysis. We
begin by analyzing the system’s response as the amplitude f varies, while the
modulation amplitude g is fixed. Figure 6 presents bifurcation diagrams for four
different values of @ = Q, with g = 1.0. The other parameters are fixed as C = 1.2,
L =33 =134, and a = 0.85. For o = 0.5 (Fig. 6a), the introduction of the AM
signal results in an enlarged period-1 bubble orbit, compared to the unmodulated
case shown in Fig. 2a. At w = 1.0 (Fig. 6b), chaotic behavior is notably absent.
Instead, the system displays a sequence of reverse period-4, period-2, and period-
1 orbits. As w increases further to /.2 and /.5 (Figs. 6(c - d)), the system exhibits
a mix of periodic windows and chaotic orbits. However, in comparison with the
unmodulated case (g = 0, Fig. 2), the chaotic regions are significantly reduced due
to the presence of amplitude modulation. Overall, Figure 6 shows that chaotic
dynamics are largely suppressed when w < 7.0, while multiple period-doubling
bifurcations, periodic windows, and chaotic attractors emerge more prominently
for w > 1.0. Next, we investigate the effect of varying the modulation amplitude g,
with f* held fixed. Figure 7 illustrates bifurcation diagrams for four values of o,
with /= 0.1 and a = 0.85. In Fig. 7a (w = 0.5), the system maintains a stable period-
1 orbit as g increases, without any bifurcations or chaotic behavior. For @ = 1.0
(Fig. 7b), the system initially exhibits a period-4 orbit, which undergoes period-
doubling bifurcations leading to chaos. In Fig. 7c (w = 1.2), the system
immediately enters a chaotic regime for small values of g, followed by a period-5
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orbit, multiple period-doubling bifurcations, periodic windows, and a return to
chaos at higher g. At o = 1.5 (Fig. 7d), the system begins with a broad chaotic
region, transitions to a period-6 orbit, and then returns to chaos as g increases.
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Fig. 6: Bifurcation diagrams of the amplitude-modulated (AM) memristive circuit
with f as the varying parameter and g fixed. The diagrams are presented for four
different values of w (= Q). The parameter values are setas C = 1.2, L = 3.3, f =
1.34, g =1.0,and o = 0.85.
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Fig. 7: Bifurcation diagrams of the amplitude-modulated (AM) memristive circuit
with g as the varying parameter and f fixed. The diagrams are presented for four
different values of @ (= Q). The parameter values are setas C = 1.2, L = 3.3, f =
1.34, f=0.1,and o = 0.85.

To explore the impact of the memristive parameter a, Figure 8 presents bifurcation
diagrams for a = /.15 at @ = 1.0 and 1.5, with other parameters fixed. Compared
to Figures 7b and 7d, increasing a enhances periodic behavior at w = 7.0 while
increasing the prevalence of chaos at w = 1.5. Finally, Figure 9 shows bifurcation
diagrams for a higher forcing amplitude /' = 7.0, with g varied. Across all four
values of w, chaotic behavior is substantially suppressed, indicating that strong
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carrier signals stabilize the systems dynamics in the presence of amplitude
modulation.
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Fig. 8: Bifurcation diagrams of the amplitude-modulated (AM) memristive circuit,
showing the behavior as g is varied while f'is fixed. The diagrams are presented for
two different values of w(= Q). The parameter values are setas C = 1.2, L = 3.3,
p=134,f=0.1,and o = 1.15.
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Fig. 9: Bifurcation diagrams of the amplitude-modulated (AM) memristive circuit,
showing the behavior as g is varied while f'is fixed. The diagrams are presented for
four different values of @ (= Q). The parameter values are setas C = /.2, L = 3.3,
p =134, f=10,and a = 0.85.

3.3 Effect of AM Signal with Q # ®

We now turn our attention to the bifurcation behavior of the amplitude-modulated
system (Eq. 2) when the two frequencies of the external signal are unequal, i.e., Q2
# . In this scenario, we explore how the system transitions between periodic,
quasiperiodic, and chaotic states under varying amplitude conditions. We begin by
varying the amplitude /' while keeping the modulation amplitude g fixed at values
of 1.0 and 1.5. Figure 10 illustrates the resulting bifurcation diagrams. In Figure
10a, with g = 1.0, the driving frequencies are set to Q= (\5.0-1.0)/2 (the reciprocal
of the Golden Ratio) and @ = /.0. Under this configuration, the system initially
exhibits quasiperiodic behavior, followed by the emergence of a period- 27 orbit,
then a return to quasiperiodicity, and eventually settles into a period-7 orbit.
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Specifically, for g = 1.0, quasiperiodic behavior is observed in the intervals 0 < f
< 2.5 and 4.9065 < f < 5.3022. In the intermediate range, the system undergoes
reverse period- 27 and period-7 bifurcations. As the modulation amplitude
increases to g = 1.5 (Figure 10b), the quasiperiodic regime significantly expands,
spanning a wide range of amplitudes from 0 < /< 5.10367, indicating a suppression
of bifurcation-induced transitions and an enhancement of stable quasiperiodic
behavior. Next, we examine the influence of the control parameter g by fixing the
amplitude f at several values (0.01, 0.1, 0.5, and 1.0), with the frequencies set to
Q= (N5.0-1.0)/2 and.

Fig. 10: Bifurcation diagrams of the amplitude-modulated (AM) memristive
circuit. The plots show the system’s behavior as f is varied, presented for two
distinct values of g (g = 1.0 and g = 1.5). Frequencies are fixed at , Q= (V5.0-
1.0)/2.0 and w = 1.0. The remaining parameter values are setas C = 1.2, L = 3.3,
p =134, and a = 0.85.

As g is varied from small values, System (2) exhibits a wide range of bifurcation
behaviors, including reverse period-doubling, period bubbling, periodic windows,
and quasiperiodic orbits, as shown in Figure 11. For f'= 0.0/ (Fig. 11a), the system
initially displays chaotic behavior, which is followed by a period-4 orbit,
transitions through periodic windows, and then exhibits reverse period-doubling
bifurcations. When f = 0.1 (Fig. 11b), the system begins with a period-4 orbit,
transitions into chaos, and subsequently shows periodic windows and reverse
periodic orbits. At /= 0.5 (Fig. 11c), the system displays periodic bubbles and
reverse periodic behavior. Interestingly, for /= 7.0 (Fig. 11d), only a reverse
period- doubling orbit is observed, indicating a fully periodic regime. These results
suggest that the system tends to exhibit periodic behavior when f > 0.5, as
confirmed in Figures 11c and 11d.

An example of quasiperiodic behavior is illustrated in Figure 12, which shows
phase portraits projected onto the x-y, x-z, and y-z planes for the parameters = 5.0,
g =10 Q= (N5.0-1.0)/2.0 and @ = 1.0. Furthermore, Figure 13 presents phase
portraits in the x-y plane for three representative values of g, selected from Figure
11a with fixed £ = 0.01, o = 0.85, Q= (N5.0-1.0)/2.0 and w = 1.0. Specifically,
the system exhibits a chaotic attractor for g = 0.05 (Fig. 13a), a quasiperiodic
attractor for g = 0.25 (Fig. 13b), and a period-4 attractor for g = 0.15 (Fig. 13c).
These findings indicate that amplitude modulation with non-identical frequencies
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can significantly suppress chaotic dynamics and enhance periodic or quasiperiodic

behavior. Hence, such modulation acts as an effective control mechanism for
managing complex dynamics within specific parameter regimes.
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Fig. 11: Bifurcation diagrams of the amplitude-modulated (AM) memristive
circuit. The plots show the system’s behavior as g is varied, presented for four
distinct values of f (f = 0.01, 0.1, 0.5, 1.0). Frequencies are fixed at Q =
(N5.0—1.0)/2.0 and w = 1.0. The remaining parameter values are set as C = 1.2, L
=33 =134, and a = 0.85
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Fig. 12: Phase portraits of the amplitude -modulated memristive system (Eq. 2),
showing a quasiperiodic orbit. Projections are displayed in (a) the x -y plane, (b)
the x - z plane, and (c) the y - z plane. Parameters are setas C = 1.2, L = 3.3, f =
1.34, f=5.0,g=1.0,and a = 0.85.
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Fig. 13: Phase portraits of the amplitude-modulated memristive system (Eq. 2).
The plots are shown in the x - y plane and display different orbit types: (a) chaotic
orbit for f = 0.01, g = 0.05, (b) quasiperiodic orbit for /= 0.01, g = 0.25, and (c)
period-4 orbit for = 0.01, g = 0.15. Fixed parameters are C = 1.2, L = 3.3, f =
1.34and a = 0.85

3.4 Pinched Hysteresis Loop
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The pinched hysteresis loop is a hallmark characteristic of memristive systems,
reflecting the complex interplay between the input (voltage) and output (current)
in systems that exhibit memory and nonlinear dynamics. Unlike conventional
elliptical or rectangular hysteresis loops, a pinched hysteresis loop is characterized
by its constriction at the origin-meaning the loop passes through or very close to
the zero-voltage, zero-current point. This distinctive behavior has significant
implications, both for advancing memory device technologies and for
understanding nonlinear dynamical systems. A key property of pinched hysteresis
loops is their dependence on the frequency of the excitation signal. In memristive
systems, the loop area typically decreases as the frequency increases, a feature
directly linked to their memory-retention capabilities. To investigate this
phenomenon in our proposed system (Eq. 2), we analyze the voltage-current (v - 7)
characteristics under both periodic signal excitation (f # 0, g = 0) and amplitude-
modulated (AM) signal excitation (f# 0, g # 0). We begin with the periodic signal
case (g = 0). The corresponding pinched hysteresis loops, plotted in the x-y plane,
are presented in Figure 14. Two scenarios are considered:

e Figure 14a shows the hysteresis loops for a fixed amplitude /= 0.6 while
varying the signal frequency w = 0.3, 0.5, 0.7.

e Figure 14b illustrates the loops for a fixed frequency w = 0.5, with
amplitude values f= 0.23, 0.53, 0.65.

In both cases, it is evident that the area enclosed by the loops decreases as either f
or o increases. This frequency- and amplitude-dependent contraction of the
hysteresis area is consistent with typical memristive behavior. The system is further
examined under amplitude-modulated (AM) signal excitation. Figure 15 illustrates
the resulting pinched hysteresis loops for three carrier frequencies, (v = 0.7, 1.0,)
and (1.2), with fixed parameters (2 = 2.0, f = 0.6, ) and (g = 2.0). Similar to the
purely periodic case, the loop area decreases systematically with increasing
frequency, reflecting the fading memory effect and confirming the systems
memristive behavior. A slight asymmetry is observed in the loops, which can be
attributed to the influence of the modulation envelope and the nonlinear internal
dynamics of the memristor model. Such deviations from ideal symmetry are
common under non- sinusoidal or parameter-sensitive excitations and highlight
the role of complex state evolution in shaping the device response. Overall, both
periodic and AM excitations yield frequency- and amplitude-dependent pinched
hysteresis loops, which remain the hallmark of memristive systems and provide a
useful framework for analyzing nonlinear, memory-driven dynamics.
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Fig. 14: Pinched hysteresis curves of the memristor circuit driven by an AM signal
with g = 0.0. (a) Hysteresis curves at three different frequencies (w) with /= 0.6.
(b) Hysteresis curves at three different amplitudes (f') with @ = 0.5. Parameters are
setasC=12,L =33 p=134,and a = 0.85.
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Fig. 15: Pinched hysteresis curves of the memristor circuit driven by an AM signal.
(a-c) Hysteresis curves at three different frequencies w(= 0.7, 1.0, 1.2) with fixed
parameters f = 0.6, g = 2.0, Q = 2.0. Parameters are setas C = 1.2, L = 3.3, f =
1.34,and o = 0.85.

4. Conclusion

This study numerically investigates the bifurcation of periodic and chaotic
behaviours of an amplitude-modulated memristive circuit. The system exhibits a
rich variety of complex behaviors, including period-doubling and reverse period-
doubling bifurcations, quasiperiodic oscillations, and chaotic states, as confirmed
through bifurcation analysis, phase portraits, and Poincar’e sections. These
dynamics are highly sensitive to the modulation parameters, underscoring the
system’s tunability and adaptability. As compared with the amplitude- modulated
memristive system with g = 0, enlarged periodic behaviours occur in the system
with g # 0. The memristive nature of the circuit is unequivocally demonstrated by
the pinched hysteresis loops in the voltage-current (v - i) characteristics, which
exhibit frequency-dependent memory effects-a hallmark of memristive systems.
The modulation depth and frequency of the input signal critically influence the
emergence of chaos, making this circuit a promising candidate for studying non-
autonomous chaotic systems. These findings offer valuable insights into the
interplay between AM signals and memristive dynamics, with potential
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applications in chaotic signal generation, neuromorphic computing, and secure
communications.

Looking ahead, future work could focus on experimental realization and hardware
implementation of the proposed system to validate the theoretical predictions.
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