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Abstract:
In the present manuscript, a common fixed point theorem is proved for a pair
of weakly compatible “self-maps g and Q on a metric space (H,d")

satisfying the following contractive inequality of integral type:
a*(Qu,Qu) J(pu.v)
| ewdrsp@@nen) [ e
0 0

where (9, f) € 01 X 03 and for all y,vin H,
where

] (o1, ov)

= max{d” (¢, pv),

d*(Qu, o). d*(Qu, pv) d*(Qu, ow).d*(Qu, sov)}

N B YT B R R oy

In addition to this, common fixed point theorems for the above mentioned
weakly compatible self-maps along with E.A. and (CLR) properties are also
proved.

Keywords: fixed point, weakly compatible maps, E.A. property, (CLR)
property.
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1. Introduction

All around this paper we presume that R* = [0, ), Ny= N U {0}, where N stands for

the set of positive integers and

» 0, ={0|o: R" > R satisfies that ¢ is Lebesgue integrable, summable on

each compact subset of R* and f06 o(t)dt > 0 foreach § > 0 },
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» o,={p|o: R* - [0,1) satisfies that lslirg sup o(s) < 1 foreach t € R*},

" 03={0|¢€ g;and lim supe(s) <1}.

In 2002, Branciari [2] introduced the new concept of integral type contraction

and proved the following fixed point result:

“Let (H,d") be a complete metric space and T be a self map on H satisfying

fod*(m'n) o(®)dt <p fod*(ﬂ'v) o(t)dt  forall y,vinH,

where 8 € (0,1) is a constant and ¢ € g;. Then T has a unique fixed point b € H
such that lim T"u = b foreachyu € H.”

n—oo

Definition 1.1. A coincidence point of a pair of self — maps P,Q : H — H is a point

p € H for which Pu = Qu.

Definition 1.2. A common fixed point of a pair of self - mappings P,Q : H - His a

point u € H for which Pu = Qu = p.

The concept of weakly compatible mappings was introduced by Jungck [5] to
study common fixed point theorems:
Definition 1.3. Let (H,d*) be a metric space. A pair of self — maps P,Q : H — H is
weakly compatible if they commute at their coincidence points, that is, if there exists

u € H such that PQu = QPu, where  is coincidence point of P and Q.

In 2002, Aamri and Moutawakil [1] introduced the notion of E.A. property as
follows:
Definition 1.4. Let (H,d") be a metric space. Two self-maps P and Q on H are said to
satisfy the E.A. property, if there exists a sequence {u,} in H such that,

lim Pu,, = lim Qu,, =t, forsomet € H.
n—->oo

n—-oo
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In 2011, Sintunavarat ef al. [9] introduced the notion of (CLR) property as follows:
Definition 1.5. Let (H, d*) be a metric space. Two self-maps P and Q on H are said to
satisfy the (CLRp) property, if there exists a sequence {i,} in H such that,

lim Pu, = lim Qu,, =P tforsomet € H.
n—->oo n—->oo

Lemma 1.6.[9] let ¢ € o, and {u,, },,ey be a non negative sequence with lim u,, = b.
n—-oo
Then,

. Un _ b
lim [ o(t)dt = [ e(t)dt.

2. Common fixed point theorems for integral type contraction

In this section, we shall prove some common fixed point theorems for integral
type contractions for a pair of weakly compatible maps along with E.A. property and
(CLR) property.
Theorem 2.1. Let (H,d") be a metric space and let § and Q be two self— maps on H
satisfying the followings:
(2.1) QH < pH.
(2.2) There exists a continuous mapping @:[0,00) — [0, ) with ¢(0) =0 and
o(a) > a for all @ > 0 such that:

d*(Qu.Qv) J(pu.v)

[ ewasp@wnen) [ owa,
0

0

where (o, ) € 04 X 3 and for all y,v in H,

where
J($u, $v) = max{d” (pu, Hv),

(o, ooy, LI (Q0, ) & (@t p1).d" (@, o)
POV T Qe o) Lt dpnpv) )

If ¢ and Q are weakly compatible and goH or QH is complete, then % and Q have a

unique common fixed point.

Proof: Let pybe arbitrary point in H. From (2.1), Since QH < gH, we can define a

sequence {4, }such that:

Q/vln = Solvln+1-
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Define a sequence {v,,} in H by,
Un = QUp = Plnis. (2.3)
If v,, = v, 44 for some n in N, then there is nothing to prove.
Now, we assume that v,, # v, forall n in N.
We prove that
lim d*(vn, Vp4q) = 0. 2.4)
On substituting 4 = Y, v = Up4+1 in (2.2) and using (2.3), we get
J(otin, Pt +1) = max{d" (Puy, Ptin+1), A" (Qps1, Obnir),
A" (Qutn, Ppn)- 4" (Qhtns1, Pins1)

1+ d*(Qﬂn: Q.un+1) '
d*((@.un; KJ,MTL). d*(Q.un+1' So.un+1)
1+ d*(9ttn, Ptins1) )

= max{d"(Vp—1, V), A" (Wn41, Vn),

d*(Vn, Vp—1). d* (W41, V)
1+ d*(Un, vn+1)

d*(vnl vn—l)- d*(vn+1' Un)}

)

1+ d*(vyp_1,vn)
= max{d*(vn, vn+1): d*(vn—li Un)}'
since

d*(vn,vn-1)-d" Wn+1,Vn)
1+d*(Vn,Vn+1)

< d*(vn' vn—l)

and

d*(vn,vn-1)-d" Wn+1,Vn)
1+d* (”n—l;vn)

< d*(vn+1' vn)-

Ifd* (v, vpoq) < d*(Vpgq, V), We have
](Sollnr go.un+1) = d*(vn+1: Un),
and

dar (Un'vn+1,)

0< f o(t)dt
0
d* (Qun,Qun+1)
= J o(t)dt

0

< lg(d*((@.unfso,un+1)) fof(goﬂnjﬁoﬂn+1)g(t)dt,
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d*(vp+1,vn)

= B(d (@t PtinsD) f o(t)dt

0
< ;) o6y,

which is a contradiction.

Hence

d*(Vnt1, V) < d*(Vn, V1) (2.5)

Hence the sequence {d* (v, V,41)} is strictly decreasing and bounded below.

Thus, there exists r > 0, such that

lim d*(v,, Vpye1) =17, (2.6)

n—-oo

Suppose that r > 0.
Then from (2.6) and Lemma 1.6, we get

r

0 < ]Q(t)dt

0

= limsup fod*(vn'vnﬂ) o(t)dt

n-oo

= limsup J'Od*(@#n,@ﬂnﬂ) o(t)dt

n—-oo

< limsup B(d" (@, PHns)) J] 74 o) dt

n—oo

= limsup[ (" (Pttn, Pttns1)limsup [ ) o(6)de)

n—oo n—oo

< limsup J-Od*(vn,vn+1) Q(t)dt

n-o

< J; e(®adt,
which is a contradiction.
Thus, r = 0, which implies that
lim d*(vpVns1) = 0. (2.7)
Next, we prove that {v,} is a Cauchy sequence. Suppose that {v,,} is not a cauchy
sequence. Then there exists € > 0, such that for k € N, there are m(k), n(k) € N
with m(k) > n(k) > k satisfying:

(1) m(k) and n(k) are positive integers.

(11) d*(vn(k),vm(k)) > €.
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(ii1))  m(k) is the smallest even number such that the condition (ii) holds, that is

d* (Vn(i), V@i -1) < €.

Therefore,
€ < d*(Vn@) Vm@i))
< d* (Vny Vm@o-1) + 4" (Vingo)-1 Vi)

<€+ d*(vm(k)_l,vm(k)). (2.8)

Letting k — oo, we obtain
Ill_)rg d*(vn(k), vm(k)) = €. (29)

€ < d*(Vn@-1 Ym@o-1),
< d* (Vn)-1 Vmto-2) + 4" (Vim@w)—2, Vm@-1),
< €+ d* (Vi -2 Vm@)-1)-
Letting k — oo, we obtain
%1_}1‘210 d*(vn(k)_l, Um(k)—1) = €. (2.10)
Substituting 4 = Upk), V = Umk) In (2.2), we get
J (@t ey Plmaey) = max{d* (@ tnciey, Ptme ) A" (Qhtmicy, Ptme))»

d* (Qungy, #bngiey)- 4" (Qtm iy Plimcicy)
1+ d*(Qung) Qtmie))

d*(Qun i) @ n(i))-d* (HCm(k),Soum(k))}
1+d* (Pln)Plhm(k)) '

)

— max{d*(vn(k)—l’ vm(k)—l)'
d* (Vi) Vm(oy-1)»
d* (Vny Vn-1)- 4" (Vo Vm@i-1)
1+ d*(Vnwy Vi)
d* (Vg Vngy-1)- 4" (Vm@y Vmao-1) |
1+d" (Vn@y-1, Vmo-1)
Taking limit as k — oo and using (2.7), (2.8), (2.9) and (2.10), we have

}=¢€.

)

€€ €€
1+e ' 14€

111_{{)10] (#ngicy, Plim(ry) = max{e, ,
And

0 < | o(t)dt
|
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ad* (WUnk),Vm(k))
= limsup f o(t)dt
a—00 0
a*(Qen() Qmk))
= limsup f o(t)dt
a— 00 0
] (Pﬂn(k)ufoﬂm(k))
< limsuplpd’ (hnger OHmao) | (D
a—00 0
] (@ﬂn(k).sﬂﬂm(k))
— limsup(d (toncey tomee-)limsup [ o(0)de]
a— 0o a—oo

0
< [y e(®adt,
a contradiction.
Hence {v,,} is a Cauchy sequence.
Since g H is complete, so there exists a point p in H such that
lim v, = lim pu,,, =p = lim Qu, (2.11)
n—oo n—oo n—oo
Since p € H, so we can find q in H such that goq = p.
Now, we claim that foq = Qq.
Let, if possible, g # Qq.
On putting, 4 = p,4+q, V = q in (2.2), we have
J(otin+1,2q) = max{d” (@un+1,£9),  d"(Qq,£q),

d*(Q.“n+1: g@#n+1). d*((@q' SOQ)

1 + d*(QHn+1, QQ)
A" (Qun+1, Ptin+1)-d*(Qq, #q) [

1+ d* (9Uns1,£9)
Taking limit as n — oo, we have
lim J(@pn11,09) = max{d*(pq, £ q),d"(Qq, £4),

d*(q.0q).d"(Qq.£q) d*(soq,@q)-d*(Qq,ﬁoq)}
1+d*(9q.Qq) ' 1+d*(pq.0q9)

=d"(Qq, #q).

)

Now,
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a*(Qq.9q)

0 < f o(t)dt
0
d*(Qq,Qun+1)

= limsup f o(t)dt

n—-oco
0

](Soq’@/in+1)
< limsup[Bd" (94, Ptins1) f o(t)dt]

n—-0o
0
d* (9q.ouns1)

= limsup[Bd* (4, Pfins 1) ]limsup f o(t)dt]

n-oo a—co
0

< fod*(Qq.soq) o(t)dt,
which is not possible.
Hence, d*(Qq, q) = 0,which implies that
94 = Qq. (2.12)
Therefore, g is a coincidence point of g and Q.
Now, we show that there exists a common fixed point of o and Q.
Since & and Q are weakly compatible, by (2.12), we have
Qpq = $Qq and Qp = Qpq = $Qq = Pp.

Now, consider

] ($0q, p) = max{d”($q, pp),d"(Qp, $p),
d*(Qq.eq).d"(Qp.op) d*(Qq,@q).d*(Qp,@p)}

1+d*(QqQp) ' 1+d*(pq.op)
=max{d*(p,Qp), 0, 0,0}
= d’(p, Qp).
Now,
a*(p,Qp)
0 < J o(t)dt
0
d*(Qq,Qp)
= f e(t)dt
0
J(#q.0p)

< [Bd" (24, p) f o(D)dt]
0
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< J; " ovyat,
which is again a contradiction.
Hence op = Qp = p.
This implies p is common fixed point of g and Q.
For the uniqueness, let r and s be two common fixed points of % and Q, such that r #
s, then from (2.2), we have

J(gor, $os) = max{d” (gor, os),d"(Qr, for),
d" (Qs.5).d" (Qr.e7) d*(@s,sos).d%@r,m)}

1+a*(@Qp,Qs) ' 1+d*(pspr)
= d*(r,s).
And
a*(r.s)
0 < j o(t)dt
0
a*(Qr,Qs)
- | e
0
J(gor.805)

< Bd* (o, 25) f o(t)dt
0

a*(r,s)

=ﬁwws)f o(t)dt
0

d*(r,s)
<J, Tedt,
which is a contradiction, hence r = s.
This proves the uniqueness of the common fixed point.

Hence completes the proof of the theorem.

Corollary 2.2. Let Tbe self - map on a metric space (H, d") satisfying the followings:
There exists a continuous mapping @: [0,00) — [0, ) with ¢(0) = 0 and o(a) > «
for all « > 0 such that:
d*(Twu,Tv) « J(u)
Jy " e@de < p(d(ww) [y e(®)dt,

where (g, 8) € 01 X 03 and for all y,v in H.
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where

J(uv) = max {d"(wv), d*(Tv,v),

d*(Tu,u).d*(Tv,w) d*(Tu,w).d* (Tv,v)}
1+d*(Tw,Tv) °  1+d*(uv)

If TH is complete, then T has a unique fixed point.

Theorem 2.3. Let o and Q be self-maps of a metric space (H, d")satisfying (2.2)
and the followings:

(2.13) 0 and Q are weakly compatible,

(2.14) g and Q satisfy the E.A. property.

If either ¢oH or QH is a complete subspace of H, then % and Q have a unique

common fixed point in H.

Proof. Since @ and Q satisfy the E.A. property, there exists a sequence {u,} in H
such that
lim o p, = lim Qu, = p, (2.15)
for some p in H.
Now, suppose that goH is complete subspace of H. Then, there exists z in H such that
U= Pz
Subsequently, we have
lim pu, = lim Quy, = = pz. (2.16)
Now, we show that oz = Qz.
lim J (@, 2) = lim max{d” (pun, £2), d"(Qz, $2),
d" (Qpn, Pun)- 4" (Qz, z) d*(Qun, Ppn)-d°(Qz, 502)}
1+d*(QuaQz) 1+ d*(puy $2)
= max{d"(pz, $z),d"(Qz, p2),
d"(9z,$z).d"(Qz,02) d’(pz £2).d"(Qz, soz)}
1+d*(pz,Qz) ' 14 d*(pz pz)
= max {0,d"($z,Qz),0,0 }.

=d*(Qz, p2z).

Now,

https://internationalpubls.com 4004
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d*(Qz,pz)

0 < f o(t)dt
0
d*(Qz,Qun)

= limsup f o(t)dt

n—-oco
0

J(pz.p1n)
<limsuplpd’ (7o) | e(Ddd

n—0o
0
d*(Qz.»z)

< f o(t)dt,

0

which is impossible.
Hence, d*(Qz, oz) = 0.
Which implies that
9z = Qz
Since gand Q are weakly compatible. Therefore, Qz = $Qz, implies that,
Pz = pQz = QpZ = QQz.
Now, we claim that Qz is the common fixed point of & andQ.

lim ] (7, pQz) = max{d’ (z, £Qz), d"(QQz, £Q2),
d*(Qz, z).d"(QQz, pQz) d*(Qz, #z).d"(QQz @Qz)}

1+ d*(Qz, QQ2) ’ 1+ d*(z, $Qz)
= max{d*(Qz, QQz),0,0,0}.
= d"(Qz,QQ2z).

Now,

d*(Qz,QQz)
0 < o(t)dt
J
J($z,£Qz)

< [Bd* (92, 9Q2) j o(t)dt]
0
d*(Qz,QQz)

< f o(t)dt,

0

which is not possible.
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Which implies that
Qz = QQz = pQz.
Hence Qz is common fixed point of g and Q.
For the uniqueness, let r and s be two common fixed points of g and Q, such that r #
s, then from (2.2), we have

J(or, os5) = max{d”(gr, $s),d"(Qr, fr),

d*(Qs,ps).d"(Qr.pr) d*(QS,JOS)-d*(QT,KOT)}
1+d*(Qp,Qs) ’ 1+d*(gos, 1)

= d*(r,s).

And

da*(r,s)

0 < f o(t)dt
0
da*(Qr,Qs)

= j o(t)dt
0
J($or,05)

< Bd* (pr, 5) j o(t)dt
0

da*(r,s)

= Bd*(r,s) j o(D)dt
0

da*(r,s)

< j o(t)dt,

0

which is a contradiction, hence r = s.

This proves the uniqueness of the common fixed point.

Theorem 2.4. Let (H,d")be metric space, let  and Q be self maps on H satisfying
(2.2), (2.13) and if  and Q satisfy (CLR,,) property.

Then g and Q have a unique common fixed point in H.

Proof: Since o and Q satisfy the (CLR,,) property, there exits a sequence {u,} in
H such that
lim pou, = lim Quy, =pp, (2.17)

https://internationalpubls.com 4006
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for some pin H.

First we prove that oy = Qu.

Let, if possible, gou # Qpu.

On putting 4 = yu, and v = p in (2.2), we have
] (@tin, 1) = max{d” (@un, ou), d*(Qc, c),

d*(Qcp, 2¢,).d*(Qc, oc) d*(Qcyp, $o¢,).d" (Qc, fo¢)
14+d*(Qc,, Q) 1+ d (P, por) '

Taking limit as n — oo, we have

lim J (o, pop) = max{d* (pu, pop), d*(Qu, o),
d*($ou, o). d*(Qu, pou) d*(pu, pu).d*(Qu, 50#)}

1+d*(pp,Qu) 1+ d*(pu fu)
=max {0, d"(pu Qu),0,0}
=d"(Qu, o).
Now,
d*(Qu.eu)
0 < f o(t)dt
0
d*(Qu,Quzn)
= limsup f o(t)dt
n—-o0o 0
J(pueun)
<limsupld" (P o) | e(@d
n—oo

0
a*(Qu.pw)
< fo Qu.epp Q(t)dt,
this is possible only when d*(gou, Qu) = 0.

Hence gou = Qu.
Now, let d = pou = Qu.

Since pQu = Qgou,implies that,

pd = pQu = Qpu = Qd.

Now, we claim that Qd = d.

J(op, od) = max{d" (pu, pd), d*(Qd, d),

d*(Qu.pu).d*(Qd,.ed) d*(@u,@#)-d*(Qd.sﬂd)}
1+d*(Qu,Qd) ’ 1+d*(puepd)

= max{d*(d,Qd),0,0,0}
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= d*(d, Qd).
and
d*(d,Qd)
0 < f o(t)dt
0
d*(Qu,Qd)

= f o(t)dt
0
J(pu.pd)

< [Bd" (o1, o) f o(®)dt]
0

d*(d,Qd)
< j o(t)dt.
0

This is possible only when Qd = d.
Hence od = Qd = d.

So, d is the common fixed point of % and Q.

For the uniqueness, let r and s be two common fixed points of g and Q, such that r #

s, then from (2.2), we have

J(gor, os) = max{d”(gr, $s),d" (Qr, o),
" (Qs,05).d° (Qr.or) d*(Qs,0s).d" (Qror)

)

1+d*(Qp,Qs)
= d*(r,s).
And

da*(r,s)

0< ] o(t)dt
0
da*(Qr,Qs)

- f o(t)dt
0
J(gor.$05)

< Bd* (gor, 5) f o(D)dt
0

d*(r,s)

=ﬁf&s)f o(t)dt
0

https://internationalpubls.com
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< [£ oy,
which is a contradiction.
Hencer = s.
This proves the uniqueness of the common fixed point.
Example 2.5. Let H = R* be equipped with the metric space and
d*(u,v) = |lu—v| forall u,v € H.
Define o,Q : H — H by

wle e
+
FTEN)

Clearly, QH c gH.
Let {u,, }be a sequence in H such that {u, } = nTH for each n.
Also, let : [0,0) — [0, o0) be defined by:
o(t) =2t
Clearly, (1) = Q(1) =1 and »Q(1) = Qg(1) = 1, this shows that & and Q are
weakly compatible and let u,v € H.

Now, we shall prove the inequality (2.2) of the Theorem 2.1.

1
d*(Qu, QU) = § |u - Ul

Clearly,

Now,
J($u, pv) = d*(pu, pv)
And
d*(u, pov) = |u —v|
This implies
fod*(sou'gov) Q(t)dt — (u _ U)Z (219)
From (2.16) and (2.17), we can conclude that

JE@® o yar < pa (pu, pv) [1O Y o(0)dt,
since é(t) < 1 forall t.

Now, lim u, = lim 2 = lim Qu, = lim l(n—ﬂ) +2= 1, where 1 € H.
n—oo n—oco N n—oo n-oo3\ n 3
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This implies g and Q satisfies E.A. property.

n+1

. . n+1 . . 1 2
Also, lim o, = lim " = lim Qu, = lim 2(*2) +2 =1 = p(D).

1
n-oo 3

where 1 € H.

This implies g and Qsatisfies (C LR@) property.

Hence all the properties of Theorems 2.1, 2.3 and 2.4 are satisfied.

Here 1 is the common fixed point of % and Q.

References

1. Aamri M., Moutawakil D.EIL., some common fixed point theorems under strict
constructive conditions, J. Math. Anal. Appl. 27(1)(2002), 181-188.

2. Branciari A., A fixed point theorem for mappings satisfying a general contractive
condition of integral type, Int. J. Math. Math. Sci., 29(2002), 531-536.

3. Dahiya A., Rani A., Jyoti K., Common fixed point for Generalized —(y, a, f3)-
weakly contractive mappings in dislocated metric spaces, Global journal of pure
and applied mathematics. 13(7) (2017), 3067-3081.

4. Feng C., Liu N., Shim S. H., Jung C. Y., on common fixed point theorems of
weakly compatible mappings satisfying contractive inequalities of integral type,
Nonlinear functional analysis and Applications 26(2)(2011), 393-409.

5. Jungck G., common fixed points for non - continuous non - self - maps on non -
metric spaces. Far East J. Math.Sci.4(2) (1996), 199-212.

6. Kumar M., Kumar P. and Kumar S., Some common fixed point theorems using
(CLRg)-property in cone metric spaces, Advances in Fixed Point Theory,
2(3)(2012), 340-356.

7. Kumar M., Kumar P. and Kumar S., Common fixed point for weakly contractive
maps, Journal of Analysis and Number theory, 3(1)(2015), 47-54.

8. Lw Z., Li X., Kang S.M. and Cho S.Y., fixed point theorems for mappings
satisfying contractive conditions of integral type and applications, Fixed point
theory Appl., 2011(2011), paper no.64, 18 pages.

9. Sintunavarat W. and Kumam P, Common Fixed Point Theorems for a pair of

https://internationalpubls.com

weakly compatible mappings in Fuzzy metric spaces, Hindawi Publishing

corporation, journal of applied mathematics, vol. 2011, article ID-637958.

4010



