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1. INTRODUTION

The concept of fuzzy set was introduced by Zadeh [1], and the notion of fuzzy subgroups
was introduced by Rosenfeld [2], who showed how some basic notions of group theory could be
extended in an elementary manner to fuzzy groups. The purpose of this paper is to introduce some
basic concepts of fuzzy algebra, some examples of fuzzy set as a group using binary operation on
set of membership function values [3].

2. PRELIMINARIES

2.1 Definition 1. Let (G,*) be an algebraic system, where * is a binary operation. (G,*) is called
a group if the following conditions are satisfied:

(i) = is an associative operation.
(ii) There is an identity.
(ii) Every element in G have inverse.

2.2 Definition 2. Let X be a non empty set, called universal set ,then a fuzzy set on X is
defined as a collection of order of pairs A = {(x, p4(x))|x € X} where , is a functiony, (x): X >
[0,1],called the membership function.

https://internationalpubls.com 3839


mailto:vijay.maths1982@gmail.com

Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 10s (2025)

2.3 Definition 3. Let G be a group. A fuzzy setA of G is said to be fuzzy subgroup if it is
satisfying the following axioms:

() uaCxy) = minfu, (), pa ()}

(s (x™1) = uy(x) forallx,y €G
2.4 Definition 4. Let A fuzzy set of a set X, For t € [0, 1], the level subset of 4 is the set
Ay = {x € X |u,(x) = t} .Thisis called a fuzzy level subset of A.

2.5 Definition 5. Let A be a fuzzy subgroup of a group G . The subgroup A; of G for t € [0,1]
such thatt < u,(e) is called a level subgroup of G .

2.6 Definition 6. A fuzzy subgroup A of a group G is called fuzzy normal if u,(xy) = u,u(yx).
3. FUZZY SET AS A GROUP.

3.1 EXAMPLE 1. Let A = {(a,0),(b,0.5),(c, 1)} ,Define binary operation * on A as following
(2, 1) * (v, 1)) = (p, 1)) Where (p, u(p)) € A such that

) ={u@ +u@y) if p)+pu@) <1p)+u@ -1 if pGx)+u@y)>1

Table
* (a,0) (b,0.5) (c,1)
(a,0) (a,0) (b,0.5) (c,1)
(b,0.5) (b,0.5) (b,0.5) (b,0.5)
(c,1) (c,1) (b,0.5) (c,1)

Here (x, u(x)) * (y,u(») = (v, 1)) * (x, u(x)),
For each (x, u(x)), (v, n(»)), (z u(2)) € A

{0 1) * (r,uM)} * (2 u(2) = (x, 1)) *{(y, ) * (z u(2)},

Also we have,

(a,0) * (a,0) = (a,0)
(a,0) * (b,0.5) = (b,0.5)
(a,0) * (c,1) = (c, 1)
(a,0) is an identity element
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Thus (4, *) is monoid.

3.2 EXAMPLE 2. Let X be a non empty set, called universe of discourse then a fuzzy set B on X
is

B={x€X, ug(x):X - [0,1] be a one — one function}

Define binary operation * on B as following

(x)+up ()
(2, u5(0)) * (v, us ) = (p, us(0)) Where (p,us(p)) € B such that p,(p) = ffﬂZ(x;:zBB(yw
. B _ _ #)+up(y)
i.e.,x *y =p Where p € B such that ,LLB(P) = pp(x*y) = 1+pug()ug(y)
ug(X)+up(y) +ug(2)
ppCexy)+up(z) _ Trup@up®) FBYY  up(0)+up(0)+up(2)+up()up(»)up(z)

uplC ) 2} = e @ — 1+ LBCHB0) ) (s ) e (D) ks (s ()1
BX)UB

up () +up(¥)+up(2)+ug(X)up(y)ug(z)
up(up ) +usg(Mup(2)+upup(2)+1

Similarly pg{x * (y*2z)} =
cuplxxy) xz} = pplx* (y x 2)}
Lete € X suchthatpuy(e) =0

up(x)+uple) _ pux)+0 _
1+up(ugle) 140 (x)

Forany x €X, pug(x *e) =

x*xe=x (v ug(x):X - [0,1] is one — one function)
(e,,uB(e)) = (e, 0) is an identity element.
Thus (B, *)is monoid

3.3 EXAMPLE 3. Let X beanon-empty set, called universe of discourse then a fuzzy set Aon X
isC={x€eX, uc(x):X - [0,1) be a one — one function}

(0 ue () * (v, uc @) = (9, uc(P)) Where (p, uc(p)) € B such that

(@) = uc(x) + puc(y) — [uc(x) + pc(y)] Where [a] is the greatest integer less then or equal to
a

i.e.,x *y =p Where p € Csuchthat pu.(p) = pc(x*y) = pc(x) + pc(y) — [pc ) + uc )]
pudx*xy)*z} = pfx+(y*2)}
Lete € X suchthatpuy(e) =0

Forany x € X,
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p(x xe) = uc(x) + pcle) — [uc(x) + ucle)] = pc(x) + 0 — [uc(x) + 0] = pc(x)
x*xe=x (~u(x):X - [0,1) is one — one function)
And take y € X Such that u(y) = 1 — u.(x)
ue() + uc(y) = e + peO] = peG) + 1 — pe(x) = [ue() + 1 = pc ()] = 0 = p.(e)
uo(xxy) = pc(e)
x*y =e (v u.(x):X - [0,1) is one — one function)
Thus (C, =) isagroup

3.4 EXAMPLE 4. Let c be a positive integer, define *: (—c,c) X (—c,c) » (—c,c) as x xy =
x+y

—1+(:_%V) then ((—c, c),*) is a group and define f: (0,1) - (—c,c) as f(x) = 2cx — ¢,

D={x€eX, up(x):X - (0,1) be a one — one and onto function}

Also define binary operation - on D as
(x,1up () - (v, 10 ®)) = (P, up(p)) Where (p, up(p)) € D such that
wy @) = FH{f (up () * f(up )}

i.e.,x*y =p Where p € Dsuchthat u,(p) = up(x-y) = fFH{f(up () * f(up M)}

Now we show that (D,") is agroup.

up{Cey) -z} = f7H{f (up G- 3)) * £ (up ()}
= (7 (P @) £ (1o0)) ) £ (2))}
= FH{(F(o@) * F o)) * F (1o ()]}
= FH{F (o 00) * (Fluo ) * f(p () )}
= @) < £ (17 (Flo ) £ (o))}

= FH{f(up () * f(up (v - 2))}
upilx-y) -z} = pplx - (y - 2)}

x-y)z=x(y-2)
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Let e € X such that u,(e) = %

Forany x € X,
pp(x-e)=f=1 (f(#n () * f(up (e)))
=1 (Fl0) < £ (2))
= 7 (f (up(x)) + 0)
= (f(up()) (= 0is identity element of the group((—c,c)))
= pp(x)

xXre=Xx

Now sty [+ 17 {7 (= (o G))}] = £ [F (G0 « £ {u (7 (= (n ) )}
= 7 F (oG * £ {7 (= F o )]
= F 7 f (o) * =f(up ()] = F71(0) = 5 = up(e)
7 (f o (0))f = e

x = {7 (~f (@)

(D,") is a group.

3.5 Theorem 1 :If ([0,1],%;) is a group ,fuzzy set A ={x € X, uy(x):X - [0,1] be a one —
one and onto function} then (4,x) is a group where (x,us(x)) * (v, ua() = (p, ua(P))
Where (p, us(p)) € A such that u,(p) = pa(x) %1 pa(y)

Proof. Herex +y = p Where p € 4 suchthat u,(p) = ua(x * ) = s () 1 14(y)
letx,y,z € X

(e x ) x 2) = (e = y) 4 pa(2)

= (ua(0) %1 pa)) *1 pa(@D =11, () *1 W) *1 114 (2) )=, (%) %4 gy * 2) = pa(x = (y * 2))

(xxy)xz= x*(y*2)

Let e; be a identity element of the group([0,1],*;) and e, € X such thatu,(e;)=e;
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MA(x * e3) = pa(x) %1 pgley) = pa(x) *; e = pa(x)
x* e, =x foranyx € X

Also letx € X then pu,(x) € [0,1]

There is ay €[0,1] such that p,(x)*; y =e; and there is z € X suchthat pu,(z) =y

MA(x) 1Y =6
MA(X) ¥ ua(2) = e
MA(X xz) = uu(es)
X*Z=e,

(A,*) is a group

3.6 Theorem 2. If ([0,1],%,) is a group, fuzzy set A ={x € X, us(x):X - [0,1] be a one —

one and onto function} ,define

(%, 1a()) * (v, 1a®)) = (0. 11a()) Where (p, ua(p)) € Asuchthat pu,(P) = pa(x) %1 pa(y),

If m is an order of u,(x)in the group([0,1],%;) then m is an order of x in the group(4,*)
Proof.

m is an order of u, (x)in the group([0,1],%;)

p () %9 ua(x) 9 pa(x) #q cev s e ¥ g () = €4
mtimes
(0% X % X% s ) = pig(e3)
XHFX KX K o aesvs v ena X = €5
m times

m is an order of x in the group(4,*)

3.7 EXAMPLES5. Let A = {(a,0),(b,0.1),(c,0.2),(d, 0.3), (e,0.4)} and

1
py(x *xy) = E{remainder of (1O,uA(x) + 10uA(y)) after divison by 5}

* a b c d
a a b c d
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®uln |
®u|la |
Qo Qa0
S Q0
a s |®
QLU0 TR

Then (4,*) is a group, a is an identity element

Also A = {(b™, remainder of n after division by 5)}
(4,%) is a cyclic group.

4. CONCLUSION:

This paper discusses the fundamentals of the fuzzy set and the group it presents the theorems to
develop algebraic structure and to determine the order an element of the fuzzy group.
Consequently, this paper developed the cyclic group (4,*) from the fuzzy set A through binary
operation.
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