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1. Introduction

Since 1922, when the celebrated Banach contraction principle was introduced, fixed
point theory has fascinated many researchers as one of the most dynamic areas. Till now, it
has been the fastest growing branch of mathematics, with several applications to real-world
problems.

There is a vast literature on fixed point theory, and it is currently a very active field of
research. As a tool for proving the existence and uniqueness of solutions to different
mathematical problems, fixed point theorems are essential in many theoretical and applied
branches of mathematics, including optimisation problems, dynamical systems, nonlinear
analysis, integral equations, partial differential equations, variational inequalities, fractals,
economics, game theory, and nonlinear analysis.

In many distinct abstract spaces, diverse results about fixed points, common fixed
points, coincidence points, altering points, and so on for single-valued and set-valued
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mappings have been investigated for various contractive conditions, and this tradition
continues.

Partial metric spaces are an extension of conventional metric spaces where the value
of self-distance for each point does not have to be zero. Matthews first discussed partial
metric spaces in [5]

. Romaguera presented the concept of a 0-Cauchy sequence in a partial metric space,
followed by the concept of a 0-complete partial metric space in [8].

Sahu first proposes the idea of altering points in [9] for the single-valued case in order
to introduce a parallel S-iteration process to solve a system of operator equations. These
points are more general than the fixed points, and they are extended by Petrusel, Yao in [7]
for the set-valued case. For more information on altering points and applications to
variational problems one can refer to [9,10]. Nedelcheva [6] presented one of the altering
point results and extended the fixed point result mentioned in [3] for the objective of
composing two set-valued mappings on complete metric spaces.

The following is how this work is organized: Section 2 presents some preliminary
observations and definitions. Section 3 establishes the primary conclusion by extending both
Theorem 11 in [6] and Theorem 3.4 in [2] for a composition of two set-valued mappings
using the idea of C'-class functions. Finally, we will discuss some relevant corollaries.

2. Preliminary results

Let us begin by providing an overview of some of the key definitions and
characteristics of partial metric spaces.

A partial metric on a non-empty set X is defined as a function »: X x X — RT
that satisfies the following conditions for all £, ¥, 2 € X:

(P1) 2=y & plx,z)=ply,y) =ply);
(P2) p(:E,JT) Sp(az,y);
(P3) p(z,y) = ply, x);

(Py4) p(z,y) +p(z,2) < plz, 2) +p(z,y).
If P satisfies the above conditions, then the pair (X, p)is referred to as a partial metric space.
This definition was introduced by Matthews [5].
The closed P-ball with radius r and x as its center is denoted by By () and opened P
-ball by By, (), where
B, (z) ={y € X :p(z,y) < p(z,z) +r}, and
By, (z) ={y € X :p(z,y) <p(z,2)+r}
B+ o (%) represents X for convenience.
The function 2° : X X X — R™ provided by
p*(z.y) =2p(z,y) — p(z,2) — p(y,y)
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is a metric on X if P is a partial metric on X.
Consider (X, P) to be a partial metric space. Then:

= i . . :
If plz, ) n—1>1}rloop($’ mn), then {Z»} is said to converge to a point xz € X,

p(&n, me), a sequence {»} is called a Cauchy

. ) lim Ty, Tm) =0
sequence. {.} is referred to as a 0-Cauchy sequence if n,m—>+oop( Tm) .

. e b
e Ifthere exists (and is finite) n e oo

e In X, every Cauchy sequence {zn} that converges to a point z in such a way that

yx)= li , . .
p(z, ) n,mgn—ﬁ-oop(l.n Tm) indicates that (X, ) is complete.

e Regarding "», every 0-Cauchy sequence {zntin X converges to a point z € X where
p(z,z) =0, A 0-complete (X, P) is what this is called.

e In(X,p), any 0-Cauchy sequence is a Cauchy in (X, p").
e Complete partial metric spaces are all 0-complete. However, the reverse is not true.

In the partial metric space (X P), the CP(X) represents the family of all closed and

nonempty subsets. With z € X and 4. B € C”(X), we establish
H,(A, B) = max{6,(A, B),6,(B, A)}.

= max{sup{p(a, B) a € A}, sup{p(b,A) be B}},

such that

p(z, A) = inf{p(z,a) a € A}. (2.1)
in conformity with the convention

p(z,0) = +o00, e;(0,B) = 0. (2.2)

The following concepts will be used throughout the article.

Let £ X — C(Y) denotes a set-valued mapping defined in the partial metric space

(X, p) with closed values in the partial metric space (Y. o). We define the composition of
mappings G : Z = C7(Y)and F : X — C”(Z) as the mapping® = Go F': X — C7(Y)

suchthatforallz € X, ®(z) ={y € G(2) z¢€ F(x)},

The sets J and J' in the following text represent intervals on R that contain 0, like
[0, a), [0, a], or [0, +00), We also introduce H, a set-valued mapping defined on X for
z,y € (X,p). We denote M5 1 (2. ) as
p(z, H(y)) + ply, H(z)) }

My (o) = max { e, ). B H(a)). 0 H(0), 2

Lemma 2.1. [2] Let (X.P)pea partial metric space and let A C X . Then, the following
statements hold:

1. pla,A) =pla,a) & ac A,
2 pla,A)=0<pla,a) =0anda € A
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Given the partial metric P, the closure of A is represented here as A. It is worth mentioning
that A is closed in (X, P) if and only if A = A.

Lemma 2.2. [3] Consider z € X and 4 € C*(X)in a partial metric space (X. ). 1f > 0
and P(z, A) < 11, we can find that there is an element a € A such that (7, a) < g,

Definition 1. [4] A Bianchini-Grandolfi gauge function on J is defined as a nondecreasing
function ¢ : J — J that satisfies the following condition:

s(t):=> ¢"(t) < +oo forall t € J, (2.3)
n=0

where ¢” denotes the n-th iteration of the function ¢ and " (t) = t. In other words, ¢" (t) is
defined recursively as ¢ (t) = t, ¢' (t) = &(t), #*(t) = 6(¢(t)), and so on

The associated estimate function is known as the sum (2.3), and it was observed that ¢
fulfils the functional equation shown below

s(t) =t+s(o(t)). (2.4)
In [6], the author has defined W as the set of pairs of increasing functions ¥ and ¥ that map

from J to J, satisfying the following three conditions:
(P1) o(t) <t,VteJ

(V2) ltif(r)l p(t) = 13&)1 W(t) =0

(¥3) 1 o fis a Bianchini-Grandolfi gauge function with the property that

o0

s(t) =) (op)"(t) <oo for all te.J

n=0

Then the theorem mentioned in [6] reads as follows:
Theorem 2.1. [6] Let (X,p)and (Y. o) be complete partial metric spaces, and let z € X and
Yy €Y Letr > 0beaconstant, and let F By.r () = C7(Y) gnd G : B (y) = CP(X) pe
two set-valued mappings such that ¥ € F'2). Let ¥ and ¥ : J — J be increasing functions
such that (¥, ¢) € ¥ where ¥ is a collection of pairs of increasing functions from J to J,
subject to the following three conditions. Assume there exists o € J such that the following

assumptions hold:
(a) max{p(z,G(y)),o(y, F(z))} < a, where s(a) < min{p(z,z),0(y,y)} + r,

(b) eo (F(21) NBo,r(y), F (22)) < @ (p(x1,22)), forall 1,22 € By, (2),

(€) e (G (y1) N By (2), G (y2)) < ¥ (o (y1,92)), for all y1,y2 € By, (y).
Then there exist 2~ € Byp.» (%) and¥™ € Bo.»(¥) such thaty” € F(2")and2z™ € G(y") ie.,
(=%, ¥ ) is an altering point of " and G. If F and G are single valued mappings, and
p(x,2) +2r € J then z* is the unique fixed point of G o F in By.r (%), and ¥ iis the unique
fixed point of I o G in Bo.(y)
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Remark 1. The theorem mentioned above is satisfied without using the assumption € G(y)
. See the proof of [6, Theorem 11] for further details.

ForX =Y,p =0 F = Idx and ¢ = Idswhere Idg the identity function defined on
E, we have
Corollary 2.2. Theorem 3.2 in [3].

A notion of C'-class functions was presented by A.H. Ansari in [1].
Definition 2. (C'-class functions) [1,2] Assume that there is a continuous mapping

§:J x J" = R I satisfies these requirements, we will classify it as a C-class function.
(F1) s > F(s,t), for any (s,t) € J x J’

(F2) F(s,t) = s implies that st = 0.
§(0,0) = 0 and C denotes the set of all C'-class functions on J x J'.

Example 1. Here are some examples of C-class functions with J = 0,a) and J' =10, b),
where @, b > 0:

ift=20
F(s,t):{s;t 1
1

i otherwise

This function satisfies (31)and (32), and it is known as the harmonic mean. It is used,
for example, to calculate the average rate of speed of two objects moving at different

constant speeds.
0 ifs=t=0
F@,t):{ A
2. oy Otherwise  ppice nction satisfies (81)and (82), and it is known as

the normalized power mean of order 1. It is used, for example, in statistics to calculate
the average of a set of non-negative numbers.

In [2], the authors presented the following collections of C'-class functions:
Definition 3. [2] The set of functions of the C'-class that satisfy these criteria is called Cr:

o 3(s,1) is non-decreasing for both s and t when (s,1) € J X J',

e Forevery t € J'that are fixed, the series
(s, )=y F"(s,1)
n=0

converges for all s € J. The function ¥ is defined as follows, and §" represents the n
-th iteration of this function:

30(s.t) = s, §(s,t) = F(s.t), and F"H1(s,t) = F(F"(s,1), 1),
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Definition 4. [2] C1:1comprises a set of C'-class functions that adhere to the following
specifications:
(s, t) exhibits non-decreasing behavior in s and non-increasing behavior in t.

e Foranygivent € J', the series

(s, t) = Z 5" (s, t)

converges for every s € .J, where the n-th iteration of the function § with the
following recurrence relation is represented as §
F0(s,t) = s, §(s,t) = F(s,t), and F" (s, t) = F(F"(s,1).F"(s,1))
For more examples and properties on Cr and Cr1 one can refer to [2]. We
recall a class of functions = that were mentioned in [2]. One important need is

satisfied by these functions, denotedas 7 : X~ % (2%)* = J'_ Being more explicit,
7(z,y,A4,C) = 0 means that = = ¥ or P(=,y) = O s true for every . ¥ € X and

A, C € 2% Furthermore, we prove that 7 € = is nondecreasing in the (X, p) space, as
proved by the following inequality:

p(z,y) <pla,b) = 1(z,y, As, C,) < 7(a,b, Ay, Cy) YA, Ay, C,,Cp € 2%
So, the Theorem [2, Theorem 3.4], which extends Theorem [3,Theorem 3.2], is as
follows:

Theorem 2.3. [2] Assuming (X.p)isa partial metric space with z € X and r>0 such
that Br.» (%) is a 0-complete subspace of X. Let " : Byr(z) — CP(X)pe aset-
valued mapping. Consider § € C, 7 € Zand « € J satisfying one of the following
conditions:

o S€Crandris nondecreasing.
e S€CrandT(z,y.F(z).F(y) > afor®,y € By.(2),

We suppose the following two conditions are met: -
(@) ep(F(z) NByr(z), F(y) < F(Mp.r(z,y), 7(z,y, F(z), F(y)) ¥V z,y € By, (z),

(b) p(z, F(z)) < a where w(e, ) < p(x,x) +r

hence, in Bw(x), there is a fixed point z in F'. In the set Bw(x), the unique fixed point of
F is z* if F is a single-valued mapping and (%, ) + 21 € J,

3. Main results

We need to review certain concepts and establish some definitions before we can
present our major finding.

Definition 5. (Altering points). [7, 9] Let X and Y be two partial metric spaces and let
F:X —2Y G:Y — 2% be two set-valued mappings. The couple (z*,¥") € X x Y js
called altering point of F" and G if
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z* € G(y")
{ y* € F(z")
There are some special cases that can be deduced from this definition, which can be
summarized in the following table

Special cases

X=Y | z*=y* ? B édx or z* e G(z*) Fixed point of G
{ F 7 Idx and { voc G(x*) Common fixed point
F#G Tt € F(a?) of F and G
x* £ y* F=G { v : gg*i Couple fixed point of
’ G(z.y) = G(y)

According to Theorem 2.3 and definitions 3, 4, and 5, we will establish new theorems
with respect to set-valued mappings on O-complete partial metric spaces that extend and
generalize Theorem 2.1 for altering points of two set-valued mappings and generalized
Theorem 2.3 [2,Theorem 3.4] and [3,Theorem 3.2]{benterki2016} for the fixed points of a
two-set-valued mapping composition.

At beginning, we set I the family of pairs of an increasing function ¥ : / = J and an
increasing function in first variable §:J X J' = J satisfying the following three

assumptions:
(F1) p(t) <t,VteJ

(F2) lim () = 0

(F3) 8, € C;UCrr, where §,(s,t) = F(p(s ,
0 _ .  FL(FE (s, 1), 1) If§, €C;r
Sols:t) = 3’@(3’”‘{ So(3h s 1) Bp(s,0) TF, ccy 9

w(s,t) = Z 5., (s,t) is convergent for any s € J.
n=0
lim(s) =0

(8 :
Remark 2. If S(s,t) = ¥(s) such that 40 then the subset IF will be the subset .
As a consequence, we express and demonstrate our main finding as follows

Theorem 3.1. Let (X,P) and (Y- o) be partial metric spaces with Br.» (%) and Bo.r (%) as 0-
complete subspaces of X and Y, respectively, where z € X, ¥ € Y and 7 > 0. Consider set-

valued mappings £ : Bp.r(2) = C7(Y) and G+ B, (y) = CP(X) sych that ¥ € F(2), Let
(T,p) € F reZon (Y, U), and o € J which satisfies at least one of the conditions:

(i) §, € C; and 7 is nondecreasing,

(ii) Sp € Crr and 7(y1,y2, F o G(y1), F o G(y2)) > o where y1,y2 € By (y).
Given these conditions, we are going to suppose that the following is true:
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(a) max{p(z,G(y)),o(y, F(z))} < o, where w(a,-) < min{p(z,z),0(y,y)} +7,

(b) eo (F (1) N B, r(y), F (x2)) (Myp,cor(z1,22)), Va1, 22 € By r(2),

<y
(€) e (G (y1) N By (2),G (y2)) < F(Moroc(yr,y2), 7(y1,y2, F 0 G(y1), F 0 G(y2)))
Vy1,y2 € Bo,r (y). o .
Then there exist (2°,¥") an altering point of F and G in Bpr(2) X Bor(y),
If F and G are both single-valued mappings and P(Z,2) +2r € J then 2* is the unique
fixed point of G o F in By.» (%) and ¥" is the unique fixed point of F o G in Bo,r(¥),

Proof. The proof is complete if € G(y). So we assume that = & G(y), By assumption (a),
we have p(z,G(y)) < o

Now, using Lemma 2.2, there exists 1 € G(¥) such that

L (@ a), (g FoGy), FoG())) <a or
p(Zm) = { 30 (p(x, 1), p(,21)) < o,

< w( ) <plz,z)+r
Then ©1 € G(y) N By ( z), Now, denoting Zo = = and Yo = Y. the proof is complete if
Yo € F'(21). So we assume that Yo & F'(z1) and by using (b) we have
o (Yo, F' (21)) < e (F (20) N B, (), F (21))
< SD(Mp,GOF(:COaxl))

(3.1)

with

My Gor (20, 21) = max {p(xo,m),pw G(F (o)), plar, G(F(z)), PP EE ) ;pm G(F(x0)))
< max {p(mo, 1), p(zo, G(yo)). p(x1, G(F (1)), p(o, G(F(l'l)); + p(z1,G(yo)) }
< max {p(xo,ml),p(xo7 1), plar, G(F(x1))), (o, G(F(m;)) + p(z1,21) }
< max {p(mo,ajl),p(xh G(F(x1))), p(zo,71) +P(29€1, G(F(z1))) }

— max {p(zo,21),ple1, G(F(a1)))}

However, we also have

p(z1,G (F(z1))) < ep (G(F(20)) N By, (2), G (F(z1)))
< (¢ (Myp Gor(zo,71)),7(yo, 2, F 0 G(yo), F o G(2))); 2 € F(a1)
<Fp (Mp gor (w0, 1), T(Y0, 2, F 0 G(yo), I 0 G(2)))
< M, gor(zo,21).

If Mp.cor(z0,21) < p(x1,G (F(21))) and max{p(z, 21),p(z1. G(F(21)))} = pla1,G(F(z1)))

, then e (Mp gor(20,%1),7(y0. 2, F 0 G(yo), F 0 G(2))) = My cor (20, 1) wich implies
that p.Gor(T0,71) = 0oryo = 2 € F(x1),
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Thus, P (21, G (F(z1))) = 0 < p(x0, 1) or Yo € F (1) which is a contradiction.

So, we assume that max{p(zo,r1),p(z1,G(F(21)))} =p(xo,71) € J and
p(x1, G (F(21))) < Mp,gor (o, 71) < p(zo,21), Then, by using Lemma 2.2, relation (3.1)
and non empty of I and G, there exists ¥1 € F'(1) and 22 € G(y1) such that

p(x1,22) < My, gor(xo, 1) < p(xo, 1) € J,

and
o (yo,y1) < @ (Mp gor(zo,21))
< ¢ (p(zo, 21))
=@ (38,(10(%,331), )) :
Consequently,

o (yo,y1) < p(Fo(e, ) <wla, ) < o(y.y) +r.
This means that ¥1 € £'(z1) N By (1)
By induction we construct two sequences {zr}and {yx} satisfying:
zo =2 and zx41 € G(yr) N B, (2)
Yo =9 and yry1 € F(zpy1) N By (y)
Py, xri1) <P (p(xo, 1)) < plwo, 21) (3.2)
o (yr yrs1) < e(WF (p(z0,21)))
where

¢k(p($0,$1)) _ { g%(p(wo,m)ﬁ(yoath o G(yo), FoG(yy)), if () is satisfied;
©

(p(x0, 1), P(T0, 71)), if (i7) is satisfied.

Assuming that Tk 7 Tk+1, Tk € G(Yk) and Yk # Yk+1 for all k € N, we can conclude that if
Tk = Tk+1 or Y= = Yk+1 for some k € N, then we are finished. Otherwise, we have
Pk, Th+1) > Pk, G(yk)) > 0and @ (Y, Yr+1) > 0,

First, we demonstrate that the sequence {Zx } and {¥ } fulfilling (3.2) provides
My poG(Yks Yk+1) < oYk, Ykt+1) < @(Mp Gor (Tk, Th+1)) < @(p(zk, 2k41)) € . (3.3)

Indeed, let £ € N then we have

My o, 102) = e { o, 151). o, GUF(ax)). oy, GO (o)), P8 AU ) R G

p(zr, G(yr+1)) + p(2rt1, G(yk)) }
2

p(2r, Tpt2) + P(Tht1, Trt1) }
2

p(p, Thy1) + P(Thy1, Thy2) }
2

< max {p(xkaxk+l)~,p(xks G(yx)), p(zkt1, G(Yk+1)),

< max {P(Ilw$k+1)ﬁp($k7$k+1)7p($k+17 Thy2),

< max {p(ﬁim$k+1),p(wk+1«,wk+2),

= max {p(cy, Thy1), P(Tht1, Thy2)}
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Similarly,

o(yx, F(G(yx+1))) + o (yrr1, F(Gyx
Mo Foc(Yk, Yk+1) max{ff Yk, Ykt1), oYk, F(G(yx))), 0 (ks1, F(G(yr+1))), * 5 *
oYk, F(zr42)) + 0(Yrt1, Fopsr
<m {U (Y Yt1), 0 (W F(2r41)), 0 (Yrt1, F(Try2)), ( (@i+2)) 2( +1. 7 +))}
o(Yrs Yr+2) + 0 (Yrt1, Y1)
<max § oYk, Ye+1)s 0 Yk Yo+1)s 0 (Yrt1: Ykt2), 5
oYk, Yk+1) T 0(Yk+1, Yk+2
{U Yk Yk+1), O (Yk 1, Yk42), il +1) 5 (Wi+1, Uit )}
ax {0 Yk, Yu+1), 0 (Yr4+1, Ye+2)} -

Firstly,
o(Yk: Yrt1) < € (F (2x) N Bor (y), F (2h11))

< o (My gor(Tk, Tht1)) - (3.4)
For the other inequalities, we will handle the following cases:
Case 1: If max {p(zx, T+1), P(Tht1, Trt+2)} = P(Tht1, T+2) and
max {0 (Yr, Ys+1), 0 (Yr+1, Yr+2)} = 0 (Yk, Yr+1), We have

My Gor (Tk, Try1) < P(Tha1, Thy2)

< ep(Gyr) N By r(2), G(yr+1))
<S(Mo roc(Yr: Yrt1), T(Uks Yer1, F o G(yr), F o G(yr+1)))
< (0 (i Yr+1): T(Yrs Y1, F o G(yi), F o Gyr+41)))
< F(e(Mp,cor (ke Trt1)), T(Yk Ykt1, F 0 Gyr), F o G(yr+1)))
< oMy gor(Tr, Trg1), T(Wks Yrt1, F o G(yr), F o G(yr41)))
<M, Gor (Th, Tit1)-

This implies that

So(Mp.cor Tk, Try1), T(Yk, Yht1, F o G(yx), F o G(Ykt1))) = My cor (Th, Tiy1)

which give Mp.cor(@k, Tht1) = 0 or 7(yk, yrt1, F 0 G(yx), F o G(yr41)) = 0, So, we get
a contradiction.

Case 2: If max {p(zx, Tr+1), p(Tht1, Tht2)} = p(Tk, Th+1) and
max {o(Yr, Yr+1), 0 (Yr+1, Yr+2)} = 0(Yr+1, Yr+2). We have
M, cor(zg, Trt1) < p(zk, Tht1)
< ep(Gyr 1) N By (2), G(yx))
<F( Mo roc(Ye—1.9k), T(We—1, Yk, F o G(yr—1), F o G(yx)))
< S0k, Yk+1): Tk 1, Yk, F o G(yx 1), F o G(yr)))
< F(e(My gor(@r, 1)), T(Yk—1, Yk, F o G(yr—1), F o G(yx)))

<Fo(My cor(Tr, Trt1), T(Yk— 1, Yk, F o G(yr 1), F o G(yk)))
< My Gor(Tk, Tr+1)-
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This implies that
So(Mp.cor (Tr, Try1), T(Yk 1, Yk, F o Gyr 1), F o G(yr))) = My gor (Tk, Thi1)
which give Mp,cor(Tk, k1) = 0 or 7(yx 1, Yk, F o G(yx 1), F o G(yx)) = 0, So, we get
a contradiction.
Case 3: If max {p(z, Tr41), P(Tht1, Trt2)} = P(Tht1, The2) and

max {0 (Y, Yk+1), 0(Yk+1,Yk+2)} = 0(Yk+1, Yk+2). Then we get a contradiction with the
decreasing of the sequences 4n = P(Tn: Tn+1) and Vn = 0 (Yn: Yn+1).

In the second place, we realised that max {p(zk, Tr41), P(Tht1, Tht2) } = P(Tk, Tht1)
and max {0 (Yk, Yk+1), 0 (Yr+1, Yk+2)} = 0(¥k, Yr+1) and then the inequality (3.3).

Now we prove the second step of induction (3.2). By using assumption (c), inequality
(3.3) and the nondecreasing of § in first variable, we have

(@41, G(Yk+1)) < ep(Glyr) N By (2), G(Yr+1))
< S (Mo, roc (Yks Yk+1), T(Yk, Yr+1, F o G(yx), F o G(yr+1)))
< F(P(Mp.gor (Tr; Thr1)), T(Yk, Yt 1, F o Gyr), F o G(yry1)))
< Fo(Mp cor(r, Tht1), 7Yk Yet1, F o G(yr), F o G(yr+1)))
< My, Gor(Th, Trg).
If we assume that T(Uk,¥Uk+1,F 0G(yx), FoG(yrt1)) =0 for some keN or
My Gor(zk, k1) < p(Tr+1, G(Yk+1)), then we have

So(Mp.gor(zk, Tri1), T(Yk, Ykt1, F o G(Yr), F 0 G(Yr+1))) = Mp,cor(Tk, Thy1)
which implies that Mp.cor (Zk: Te41) = 0 or T(yk, Y1, F 0 G(yx), F o G(yxk+1)) = 0and
then Tk = Tk+10r Y= = Yk+1 which is a contradiction.

So we assume that P(Tk+1,G(Yrt1)) < Mpgor(Tr,Try1) for all ke N and
7Yk, Yrv1, F o G(yr), F o G(yr+1)) # 0, then there exists Zx+2 € G (yYx+1) such that

P(Tht1, Trt2) < My gor(k, Tht1) < (T, Tpt1)-
Moreover, if 8¢ € Cr and 7 is nondecreasing then we have

P(@ht1, Trs2) < ep(Glyx) N By (2), G(Yrt1))
< F(0 Wk Yrr1)s T(Uks Yrr1, F o G(yx), F o G(yri1)))
< F(ep(@r, Tr11)), 7(yo, y1, F o G(yo), F o G(y1)))
< S (@h, Ter1), (Yo, y1, F 0 G(yo), F o G(y1)))
< Fo (V" (p(20, 1)), 7(Yo, Y1, F 0 G(yo), F o G(y1)))
< ¢k+1(p($0,331))

else if S¢ € C11 and 7(Vk, Ye+1, F o G(yk), F o Gyr+1)) >
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P(Trt1; Thr2) < ep(Gyr) N Bp (), G(Yr+1))
< S(o(Wrs Yks1)s T(Wh, Yrr1, F o Gyr), F o G(yry1)))

<S(e(zr; Tha1))s T(Yrs Y1, F o G(yx), F o G(yri1)))

< Fo(VF (p(wo, 1)), @)

< o (F (p(w0, 1)), ¥* (p(20, 71)))

< P (p(ao, 21)).
On the other hand, we have

o (Yr+1, F(2p42)) < €6 (F(2p41) N Bor(y), F2r12))
< ©(Mo,Gor (Tht1, Tht2)).

If we assume that Mp.Gor (Trt1. Tht2) < 0(Yrt1, F(r+2)) for some k € N then we get a
contradiction with the definition of ¥ and Mp.Gor (Tr+1, Tk+2) € J Then we suppose that

o (Yr+1, F(zr42)) < Mp cor (Tk+1,Tk+2) and then there exists Yk+2 € F(Tr+2) such that

(Y1, Yn+2) < Mp,GoF($k+1,$k+2) < p(Ths1, Thaz).
And with the inequality (3.3), we have

o (Yrt1, Yrr2) < @(D(Trt1, Thy2)) < @ T (p(wo, 21))),

On the other hand, Tx+2 is an element of the opened P-ball By, (%) and yr+2 be an
element of the opened o-ball By (). Indeed,
k+1 k+1

l’k+2,$0 E pfb‘;+1,% E p(%,iﬂj)
j=1

< ZW p(x1,%0))

= w( ) < p(wo, x0) +7

and
k+1 k41
o (Yri2,90) < > oy y;) — > oy, ;)
j=0 j=1

+oo
<> o (p(x1,20)))
=0

< 'lU(Oé, ) < U(yOa yO) + 7.

We have for all integers n and m where n > m
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n—1 n—1
P(@n,wm) < Y plek,zrpr) — Y plax, )
k=m k=m+1

< 21/1 (o, 1))
<Z¢ (20, 21))

< w(a,-).

We know that {Z=} is a 0-Cauchy sequence in B, (2) since w(s; ) converges for each

s € J. As Bp.r (%) is a 0-complete subspace, {%»} converges to ©~ € Bp.» (%) with respect to

Tp, This implies that
p(z*, ") = lim p(xg,2")= lim p(z,,z,)=0.
k—+oo n,m—+00

Analogously, for a sequence {yr} we have
O (Yn, Ym) < P(p(Tn, Tm))

< p(w(a, ).

Given that (s, ") is convergent for each s € J an

B (%) is a 0- -complete subspace, we

can conclude that {¥»} is a 0-Cauchy sequence in
Totoapoint¥ € Bor(¥),

or (Y ), and thus converges with respect to

p(y*,y*)Zklim o(yr,y*) = lHm  o(yn,ym) = 0.
— 400

n,m—-+0oo

We assert now that "~ € G(¥”). The modified triangle inequality of P, S« is a C-class
function and assumption (c) give
+p(@kt1, G(Y")) — P(@ht1, Thor1)
+ep(Gyr) N By (), G(y"))
<pa*, vpp1) + 5 (0(yr, "), Yk, ¥ F o Glyr), F o G(y™)))
< p(® @hs1) + 8y (P(@n, @), 7(yk, y*, F o Glyw), F o G(y")))
< p(z*, zpq1) + plag, 27)

p(z*, G(y")) < p(a*, Tri1
< p(x*, Tpqr

~— ~— ~— ~—

*

By taking the limit as & approaches infinity, we get p(z",G(y")) =0 = p(z*,z7),
Applying Lemma 2.1, we conclude that
z* € G(y*) = G(y").
Analogously, we now claim that ¥ € F(z"), This follows from the modified triangle
inequality and assumption (b), which imply that
oy, F(z%)) <oy, yx) + o(yr, F(z%)) — o (yk, yx)
S U(y*7 yk) + e(f(F('Ik) N B(r,r(y)a F(I'*))
<oy yk) + o(p(zr, 7))
limp(t) =0

Since t40 4 , taking limit as & — 400, we obtain
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o(y*, F(z*)) =0=0(y",y").

This, according to Lemma 2.1, implies ¥ € F'(z*) = F(z").

Assuming single-valued mappings F and G and P(z.2) +2r € J let (. ¥) and (", ¥") be
two different altering points in Bp.r () X Bo.+(4) for F and G, where ¥ = F(z), y" = F (")
,z=G(y) and " = G (¥"). Then, we have:
M, Gor(z, ") = p(z,2*) < p(z,z) + p(2,2") — p(z,z) < p(z,2) + 2r € J,
and
M, roc(y,y") =0 (y,y") = o (y, F (7))
<e, (F(z)NB, . (y), F (z7))
< @ (Mpgor(w,27))
<e@(p(z,a)) <p(z,z7).
So, by using (F3), we get
p(z,2") =p(z,G(y"))
<ep (G(y) NBy . (7), G (y"))
< 8§ (Mopoc(y,y"), 7(y, 4™, 4. y"))
<S(elp(z.2), 7(y,y",y.y"))
<Tp (p(z,2%), 7(y, 9"y, y")) < p(z,27)

then we have
34,0 (p (.YI,ZC*) 7T(y7y*7y7y*)) = p(.T,CU*)
which implies that »(z,2") =0 or 7(¥,¥",¥,¥") =0, thus = = z* or ¥ = ¥" which is a
contradiction and then there exist a unique altering points (75 ¥) € By (2) X Bo(4) such
thaty” = I (z") and =" = G (y"). By consequence, we get,
¥ =G (y") =GoF(z*) =z is the only fixed point of GoF in B,,(x),
y*=F (") =FoG(y*) = y" is the only fixed point of FoG in B, (y).

4. Corollaries Related

As corollaries, we have an extended version of [6,Theorem 11] (i.e. Theorem 2.1), [7,
Theorem 6.3] and [9, Theorem 3.1] within the context of partial metric spaces that are 0-
complete.

Corollary 4.1. Let (X,p) and (Y. ) be partial metric spaces where By r(2) and Bo.r (¥) are
0-complete subspaces of X and Y respectively, for z € X, ¥ € Y ‘and r > 0. Consider set-
valued mappings £ : Bp.r(2) = C7(Y) and G : Bor () = CP(X) sych that ¥ € F(%). Let
(1, ¢) € ¥ pe increasing functions ;% : J = J and a € .J. Assume the following:
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(a) max{p(z,G(y)),o(y, F(z))} < a, where s(a) < min{p(z,z),0(y,y)} +r,
(b) es (F(z1) NBor(y), F (22)) < ¢ (Mp,cor(z1,22)), for all x1,x2 € B, (),
(c) e (G(y1) NBy(2),G (y2) < Y (Mo roc(y1,y2)), for all y1,y2 € Bo (7).

Then there exist (#"-¥") an altering point of F and G in Bpr(2) X Bor(y),
If F and G are both single-valued mappings and P(z, ) + 2r € J| then x" is the unique

fixed point of G o F' in B, () and Yy is the unique fixed point of F o G i in Bor (),

lim(s) =0

Proof. Take §(s,t) = ¥(s) such that 40 and then the subset ' will be the subset ¥.
Since the function § does not depend on the second variable ¢, we can choose 7 € = to be
non-decreasing or greater than «, and then apply the Theorem 3.1.

L]
Using Theorem 3.1 with X =Y, P =0, F' = Idx, and ¢ = Id;, we can establish the

following fixed point theorem:
Corollary 4.2. Theorem 3.4 in [2].

For ¢(t) = k1t and ¥(s) = k2s where max{ki,k2} <1 and applying corollary 4.1
then we get
Corollary 4.3. Let (X,p) and (Y, 0) be partial metric spaces such that B, (2) and Bo, Bo.r(y)
are O-complete subspaces of X and Y respectively, for reXyeY »>0 and
0 < max{ky, ko} <1, Let F 1 Bpr(z) = C7(Y) and G : Bor () = CP(X) are set-valued
mappings such that ¥ € F(z) Suppose that the following assumptions hold:

(a) max{p(z,G(y)),o(y, F(z))} < (min{p(x,2),0(y,y)} +7)(1 — kikz),
(b) eo (F(z1) NBo,r(y), F (x2)) < kiMp gor(x1,22), for all z1, 22 € B, (7),

(€) ep (G (y1) NBpr(2),G (y2)) < k2Moroc(yr,y2), forallyi, y2 € Bor(y).
Then there exist (*",¥") an altering point of F and G in Bpr(2) X Bor(y)
If F and G are both single-valued mappings and P(z, ) + 2r € J, then x* is the unique
fixed point of G o F in By, By (2) and " is the unique fixed point of ' o G'in B oY)

t

Proof. For 7/ = [0.+00) and the corresponding estimate function W= kik2 we select
the Bianchini-Grandolfi gauge function ¥ © ¢(t) = kika2t in accordance with Corollary 4.1.
Then we set @ = (min{p(z, z),0(y,y)} + r)(1 — kik2) € J and apply Corollary 4.1.

If 7 — 400, then B1oo(Z) = X B1oo(y) =Y and we get the extended version of
[7, Theorem 6.3] as follows

Corollary 4.4. Let (X,p) and (Y,0) be O-complete partial metric spaces. Let
0 <max{ki, ko} <1 Let F: X = C(Y)and G:Y — C?(X) pe set-valued mappings.
Suppose the following assumptions hold:
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Then

(a) ex (F(x1),F (22)) < k1M, gor(z1,22), for all 1,29 € X,

(b) €y (G (y1),G (y2)) < kaMo poc(y1,y2), for all y1,y, €Y.
there exist (z°.¥") an altering point of F and G in X xYVY.

If F and G are both single-valued mappings, then ™ is the unique fixed point of G o F'in X
and ¥~ is the unique fixed point of F o Gin Y.

Proof. Given 2 € X and Y €Y such that ¥ € F(Z), let » >0 be chosen such that
max{p(z, G(y)),o(y, F'(z))} < (min{p(z,2),0(y,y)} +)(1 — k1k2). Then, we can apply

Corollary 4.3.
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