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I INTRODUCTION

More than a century ago, the field of functional analysis was established to address a number
of problems in pure mathematics. In addition to regularly presenting us with uncertainty, the
phenomena under study's ambiguity also provides us with instruments for assessing faults in
solutions to issues with both infinite and limited dimensions. In a variety of fields, including
engineering, business, medicine, and economics, this kind of problem might be encountered.
Our conventional mathematical methods frequently fall short in addressing such problems.
Thus, L. Zadeh[3] provided an extension of set theory in 1965. Fuzzy set theory was the term
given to the resulting theory. Fuzzy set theory quickly established itself as an effective
method for dealing with ambiguous circumstances. The basis function from a set x to a set
[0,1] defines the set x in classical set theory. In contrast, a set in fuzzy set theory is described
by its membership function, which ranges from x to the closed range between 0 and 1.

In 1999, Molodtsov[4] also developed a fresh generalisation for dealing with uncertainty.
Soft set theory was created as a result of this research. Since then, it has been applied to
tackle difficult issues in a number of fields, including computer science, engineering,
medicine, and others. A soft set is a collection of universal sets that has been parametrized.
Soft set gave rise to the ideas of soft point, soft normed space, soft inner product space, and
soft Hilbert space, which were later applied in functional analysis to tackle a number of
different mathematical topics.

The concept of a fuzzy soft set was initially introduced in 2001 by Maji[5] et al. The idea was
created by using a soft set and a fuzzy set. To provide more precise and thorough findings, it
was necessary to merge the two concepts. Fuzzy soft point[6] and fuzzy soft normed space[7]
were created as a result of the framework's expansion to include these new concepts. Faried
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[10]et al. presented fuzzy soft Hilbert spaces in 2020. The fuzzy soft linear operators are also
included. We introduce a brand-new class of fuzzy soft paranormal operator and establish a
number of associated theorems in this article.

Il PRELIMINARIES
This section serves as a preface to the topic that follows by providing specific notations,
definitions, and preliminaries for fuzzy set, soft set, and fuzzy soft set.

Definition 2.1: [3] Fuzzy set

Let T be a universal set. A fuzzy set & over T is a set characterized by a function nz: T -
[0,1]. 5 is called the membership, characteristic or indicator function of the fuzzy set & and
the value n; (x) is termed the grade of membership of x€ T in &.

Definition 2.2: [4, 10] Soft set

Assume that P (G ) the power set of T and E be the collection of parameters and € E. The
mapping d:& — p(T), where (d,& ) ={d(1) ep(T):l € A}. As aresult (¢, &) is called
the soft set.

Definition 2.3: [5] Fuzzy soft set

LetT be a universal set, E be a set of parameters and & € E. A pair (d,4) is called a fuzzy
soft set over G , where ¢ is a mapping given by d: & — A'G), A G) is the family of all fuzzy
subsets of T and the fuzzy subset of G is defined as a map n from G to [0,1]. The family of
all fuzzy soft sets (d,A) over a universal set'G , in which all the parameter sets & are the
same, is denoted by FSS(T )x = FSS(T)

Definition 2.4: [9] Fuzzy soft Hilbert space

A fuzzy soft inner product space is defined as(TT , (Pv)) This space, which is fuzzy soft
complete in the induced fuzzy soft normed space called as a fuzzy soft Hilbert space and
denoted by (£, (.,.)). Every fuzzy soft Hilbert space is obviously a fuzzy soft Banach
space.

Definition 2.5: [2] Fuzzy soft linear operator in /4

Consider 4 to be a fuzzy soft Hilbert space. A fuzzy soft linear operator F: &4 — A is
called a fuzzy soft linear operator in £ , then % is a fuzzy soft linear operator on £ which is
denoted as FEL(4 ).F is fuzzy soft bounded if there exists &€ R(A)

[# ()| 2 2

Definition 2.6: [2] Fuzzy soft adjoint operator in A

vil, €#  thenF€ B(4A)

Ng(e)

The fuzzy soft adjoint operator Frof a fuzzy soft linear operator ¥ is defined by

(FI1 y = (It ) forall I*,, 12 EA

Mgiey)’ ”%«z) "%f() "Zd(z) dgen) ' M2gtey)
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Definition 2.7:[11] Fuzzy soft Normal Operator

Let £ bean FS Hilbert space and ¥ € 8(#) . Then, 7 is said to be an FS normal

operator if ¥F* = F*F

Definition 2.8: [11] Fuzzy soft self adjoint operator

The FS-operator F of FSH-space 4 is called fuzzy soft self adjoint (FS-self adjoint operator)
if F=F

Definition 2.9: [14] Fuzzy soft isometry operator

Let A4 be an FS Hilbert space and ¥ € B(4 ) . Then, ¥ is said to be an FS isometry

y=(I

) forall [ NE =

operator if (F[1
P ( Mger) "~ M2gey)

Miges)’ Zg(e ) Mgiey)’ ”Zg( 2)

Definition 2.10: [13] Fuzzy soft projection operator

Consider 4 to be a fuzzy soft Hilbert space. A fuzzy soft linear operator £: 4 — 4 is
called a fuzzy soft projection operator in 4 if 2 = ¥ ie, T is an idempotent.

Definition 2.11: [15] Fuzzy soft hyponormal operator

Consider fi to be a fuzzy soft Hilbert space. ¥ € B(4 )is called fuzzy soft hyponormal

Inge )” = ”W"g« ) ” forall [, €4 orequivalently % > ¥

Ng(e)

Definition 2.12: [16] M-Fuzzy soft hyponormal operator

Let /4 be an FS Hilbert space and let € %(ﬁ) is called M — fuzzy soft hyponormal operator

if there exist a real number M, such that ”(T ) N )” =M ”(? %f)lng()||

foralll, €A andforall 2 € C(&)

Mq(e)

111 Main results

The definition of the fuzzy soft paranormal operator in fuzzy soft Hilbert space is provided in
this section.

Definition 3.1: Fuzzy Soft Paranormal Operator (FSPN)
Let /& be an FS Hilbert space and let T € B(4 ) then T is a FSPN operator if

” l”gr(e)

> EN

—” "g()|

”szi;;(e) | forall [

Note:

Ng(e)

An operator T € B(4 ) and £ be a FSHS then T is said to be an FSPN operator if

in 4.

2
”Tlng()” < ”T l,,g()” for every unit vector lng()

https://internationalpubls.com 131



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 2 (2024)

Remark:

LetT € B(4), £ = 12(A)

— 2
i 20 4y =17 = (71 72 . y'® - “Z ~n
ie) 12(A) = {l%(e) = (T, Py, )1 52 oy | <0 by, €C (dq)}
~ 2 ~ -
for [ [ o € [#(A), defined
— 2\ 1/2
7 = (] 1/2 = (o)
”l’lg(e) ang(e)’ Tlg(e)) - < =1 g >

T. 4 g i T 72 =~ 71 72
Let T: & — A defined by T (11, I, Moy ) Z (00 T o)
71 72 =
V(T Pry,, ) EEAD
a) To find T is linear
Take lng() (l Myery’ l Magiery )

—

~

m = (m? , m2 )€ 12(A
Yg(a) ( Vigiay) Y24(a,) ) (A)

—_— —

1 (l”d(e) t ng(a)) =

~

o~
N

K +m , + m? ) e )
( Mgey) Nglar) "~ M2gley) Y2g(a,)

5|

T
= (g, It + il N + m? )
( Mgey) Vigiap) '~ M2giey) Y2g4(a,)

o, . I2 ) ¥ (ml . m2 )
Mge)’ ~ M2gey) Yigay) Y2g(ay)

Tlal )E (9, all o al? )
T( Ng(e) Mgeq) N24(e,)

—

=a(e, Uy P )
=aT(l,,,)
b) To find T finite
Take (Zlmg(el) 2 zg(e)...)é 12(A)
”T (Zlnlg(el) M2ge,) ™ )” = ”( 771g(el)’ Zznzg(ez) )”2

2

=Xiz1|L

"lq(el)
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- = ”Z’?g(e)”
le) ”T (Zlnlg(el)’ z‘2772.;(92) )” = ”Z"d(e)”
—_— 2 —_— 2 —_ —_
”Tl’lq( )” = ”Z’lgr(e)” it ”Tl"q(e)” = ”Z"g(a” which implies T is finite
Therefore, T € B(4 )
¢) To findE FSPN
Take (il,hg( 1) ZT)zg( X )é 12(A)
”T( Mgier)’ ”Zg( e2) )” = ”( ”&f( en)’ ”Zgﬂ e2) )”2
2
=2l e
2
- = ”( Mgey)’ ’725« ) )”
< ”T (Zlnlg(el)’ Zznzg(ez) ' )” = ” (llnlg( en) ’724( e2) )”
d) Take (1, By, )E E(A)
”T ([11719“81),’%;7]2%2) )” = “(9 Zlnld(el)’ ZZ"Zq(ez) )”

T (T ) =TT [y P )
etT (l M gteq) l"Zg(e2> ) T T(l M gteq) l’“q(ez) )

=T (g, It 12 )
T( Mge)’ ~ M2gley)

T2 (Zl 2 ...)E(e oI 2 )
T Mge)’ ~ M2giey) ’ Mge)’ ~ M2gey)

72 (71 72 = (9, oIt 2 )”
L (l Moy’ Mgy )” ” Tgen” ~ Tter

T (s P )2
T Mge)’ ~ M2gley)

e) Taken any (Zlnlg’(el)' Zz’hg(ez) ) € I?(A)

—_—

I 12 ) 5(9, K 12 )
T( Mge)” ~ M2g(ey) Mge)” ~ M2g(ey)
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2 P —

~ [~ ~ - - 2
it 2 )|| z||(9 it i2 )||
|| T ( nlg(el) nzg(ez) ’ nld(eﬂ' nz@f(ez)

2
l

lnlg(el)
From d) and e), we get

[Tl = [ |
Therefore, T is FSPN operator

Theorem 3.3:

37 S ~'2—r—’ ~ ; ~ ) ~
”T lng(e)” > ”T lng(e)” ||Tl77g(e)|| for every unit vector lng(e) in A

Proof:

For every unit vector [ €N

(e)
Let ”Té—i;;w ” = <:Ij32;7£f(e) ’ Tj}’d(e))
=(1 TZzng(e)’ T z’7g(e)>
= (1T, T,,)
= (T2 T2y, Tl
= ( T%ﬁﬁ"ﬂ
T41”7@(6)” | TZZ”gf(e)”
T 1? e A — 1|2 _
||T3l,,g(e)|| > Tlng(e)” |Tlng(e)|| (Since T is FSPN operator)
T W e le— N2 [
2 [Tl | = [T [ [T |
Hence ”Tglng()” = |T27ng<e>|| |Tzng<e>“

IA

Theorem 3.4:
Let /& be a FS Hilbert space and let T € B(# ) be a FSPN operator. Then

”T’”llng( ) ” > ”Tklng( ) ” ”T lng( ) ” for every positive integer k > 1 and for every unit
in

vector l,7 £ n#4.

Proof:
Let T € B(4 ) be a FSPN operator

By using the induction hypothesis, we will prove the theorem. For the case k = 1,
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2 —
7
” 1 l"g(e)

2
a
= ” Tlngr(e)

a7
” 1 l"g(e)

Now suppose that ”Tk*llng( ) ”2 = ”T;{n;e)

Thenk =k +1
~ —
||Tk+2l’lg(e> (Tk+zlng<e)' T +2l77g(e)>
~ (7K 2T 2T
= AT Ty Tohige)
= 2k+2 T2]
= (T2 l"d(e)’ Tloge)
= 2(k+1
= (T2 )l’?g()' T lng(e))
~ ||72(han)T i
< | Ta( +1)l71g(e) ”TZlng(e)
> s IFT— 2 j— -
Since ”T lng( )” = | Thge ||l’7£f(e) ¥ bngee
2 2
~ o
||Tk+zl"g(e) = |Tk+1l’7g<e> “T b

So k = k + 1 is valid and the proof is complete by the mathematical induction.

Lemma 3.5:

Let T € B(# ) be a FSPN operator. Then T™ is also FSPN for every integer n > 1

Proof:

It is sufficient to show that if T and T* is a FSPN then T¥*1 is also FSPN

For every unit vector [, n#A

Ngte) |

- 2 e -
Let ||T2(k+1)l77g(e)|| = <T2(k+1)l77g(e)’ T2+ D]

((Tz(k+1)) Tz(k+1)lng(e)'

~ s\ 2(kt+1) & ~ ~
- ((T ) Tz(k+1)l"g(e)' l"g(e))

I

(T ”g(e)' l"g(e))

= (T4(k+1) 7
<T l"q(e)' l"g(e))
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2 [T | o |
= L | o | [
) [Ty |2 [T | [ | s h
e Y L |

By the above lemma, so T**1 is also FSPN.

Theorem 3.6:

Let T € B(#£ ) is a self-adjoint fuzzy soft operator then T is FSPN.

Proof:
For any l77 6@ in A with ” lﬂg( ) ” = 1, we know that T is a self-adjoint fuzzy soft operator
ie) T=T
= |12 — =y ==
Let |[Thoy | = Ty Thic

= (T Tl"g(e) ’ "g(e>)

—

= (T27 7
= Ty » bngeey)

=3 (LA 1
Tl 2 [T | [ | s hat [T, = [, |
So T is FSPN.
Theorem 3.7:
Let T € B(#£ ) be FSPN and fuzzy soft self adjoint operator then T~ is FSPN.

Proof:

For any l"d() €4, ”l"g()” =1

Let || T, || = (Tl Clige)

= (TT* l"g(e)‘ l”g(e)>
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I

((T ) ~’hf(,)\f?g( ))

1T g | e |
”T lﬁgr( )” = ”(T ) Nge )” ”l"g()” implies that ”T l"g( )” = ”( ~779f( )“

ie) “(T;) lng(e)“ = ”T;l"sﬂe)”
Therefore, T is FSPN.

IA

Theorem 3.8:
Let S and T € 4 is a FSPN operator and fuzzy soft self adjoint operator. Then

a)SFT b)S.T arealso as FSPN.
Proof:
€L

For every unit vector ln (@)

We know that ”TZlng( )“ = “Tlngm“

” ~gf()” = ”glng()” and$ =5, T=T

a) To prove that § F T is a FSPN operator

Let ||(s+T)lng()|| = (5F Dy CF D)

—

~ o~ o~

= (§¥ T) CE)) an( % Z’?q(e))

= ((S; + T~) (S + T) ~77§f( )’ an( ))

I

(S + T) (S + T) lﬂgf( )’ Ug( ))
= | | | ot

” $-T-T) q(>||2 < ”(S:FT) l"q(e)“

~

Therefore, S F T is a FSPN operator.
b) To prove that S.T is a FSPN operator

Let ” (S'ﬁi’d(e) ”2 = <(S' T) Z”g(:)T(s' T) zﬂg(e))

= ((S T); (S T) an(e)’ Zn§(€)>
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o~

IR
~
A
N
N—"
Youn)
o
—
N—
5=

Ngce)’ ﬂg(e)>

((T $) (S T Zﬂg(e)' zﬂg(e)>

_—

I

((3 T) ($ l Ng(e)’ lﬂg(e))
”(S T) l"g(e)
26D,

|6 DT, 260,
Therefore, S.T is a FSPN operator.

I

IA

” l"g(e)

”fn;(j)” implies that

Z

|6 D0

Theorem 3.9:
Let T € B(#£ ) is a FSN operator then T is a FSPN operator
Proof:

For every unit vector [

Ng(e) €A

Let ”Tl77 gf()“ = (Tlgey Thagee))

(T Tl”d(e) l”d(e)>

I

=T l"d(e)’ "g(e)>
=(T Ng(e)’ l"g(e))

= ||T lng(e)

) [T || 2 [T
Therefore, T is FSPN.

”l"g(e) o -
”7%(6)” implies that ”Ting(e)” < ”TZan(e)

Theorem 3.10:

Proof:

For every unit vector l,, g €

2 ~ =
Let ”Tlﬂg( )” = (Tlﬂg(e)'Tlﬂg(e))

|

= (T; Tz"d(e) l"q(e))

2 (T by )
= (T; Z"g(e) T; Z"g(e))
Since ” Ng(e )” = ”Tl"q( )” and TT- TT' 20 vz"d(e) €h
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*I

*!

Ng(e) ”

T I

= ” 1 l"gr(e)

Theorem 3.11:

Let T € B(4 ) is a FSPN operator and S is unitarily equivalent to T then § is a FSPN.
Proof:

For § is unitarily equivalent to T, we have § = UTI*

= || 0T I

For some unitarily equivalentto §° = TT21F = ”S I nee

Let ” "g(e) | = ”(uTu*)l’?g()“

Sl Shygeo) = (ATT) Dy, (ATTD,)
= ()], T
= (Tl (TO)L,,,)  [since Wis FS isometry]

~\ ¥ ~

=((T0) (M)l Tng)
u T;(Tﬁ;)i Ng(e)’ lng(e))

! l”d(e)>

pot
—

N
%3

|| lng(e)

” implies that

Tlg(e) || lﬂg()

lnd(e)

” "g()” = ” Z’hj(e)
Hence § is a FSPN

Theorem 3.12:
Let T € B(# ) is an invertible and FSPN operator. Then T~1 is also a FSPN.
Proof:

For every unit vector I, = € A

[T =

i

IR
A~
—

*
—
o
=]
=
&
]
=
&
~

(TT Z"g(e)‘ zTIg(e)>
= (T byger !
= ”T l"q(e)

"g(e))

| I

Ng(e)

[

nge 1S replaced by T321

Ng(e)
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B —— 2 e e o .
TT_Z lﬁgr(e) ” = ”T2 T_Z l"g(e) ” ” T_Z l"g(e) ”
~ 2 _~ ~ ~ ~
T_llﬁgr(e) ” = ” l"gr(e) ” ” T_Z l"g(e) ”
—_— 2
T_liﬂg(e)” < ” T_Z Z"g(e)” ” Z"g(e)” implies that
~ o~ - e —— 2
T_Z l"d(E) || ” l"d(E) || = ||T_1lnd(e) ||

) | (T2 T | g | = 1770 |
Hence T~ is also a FSPN

Theorem 3.13:

If T2 S (T;T)Z, then T is FSPN operator
Proof:
For every unit vector [

Let"[ T2 s (T T)*

T - (T T) >0

<(T - (T ) ) nger Inga) = 0

(T TZ) l"g() N ((T D) ) M)’ ~’7g( = 0
(T TZ) l"g() 774()) - ((T T) ) Mg(e)’ ”g()>

(T2 Iy Tzlng( )3T Tlng() TT Iy, since | T = I1TI°

”Tz "d(j)” = ”Tl"g(e)” = ”T2 "g(e>|| = ||ﬁ;>||2
Hence T is FSPN operator

Ng(e) €A

Theorem 3.14:
Let T € B(#4 ) isaFSN then T* is a FSPN

Proof:

Since T is fuzzy soft normal operator

We know that T'T = T T if and only if ||T;T7M(e)|| = ||T~77d(e)||

For every unit vector [

1

IR
=
Hl
=
&
SN
S
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= “TIT)Z’M@)’ Z’?g(e))

I

(T i"q(e)’ Z"g(e))
” (T "g(e)

;
”ef(e) = ”(T Tig(e)

Therefore, T* is FSPN

IAl

” Ng(e)

”d( ) ” ” T "g(e)

” l"g( ) |

IV Conclusion

The ideas of normed space, metric space, and Hilbert space provide the soft and fuzzy
updates. There are many uses for combining fuzzy and soft ideas. The fuzzy soft paranormal
operator has been defined and explained in this article.
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