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s, where r and s are the quotients of two positive odd integers. The effectiveness and
applicability of the result are illustrated through few examples.
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1. Introduction
We consider the second order half-linear Delay difference equations of the form

AP Bx(ENT) +q()x*(0(§)) =0,  for§ = (1.1)

where r and s are the quotient of two positive odd integers, and A is the forward difference
operator defined by Ax(§) = x(§ + 1) — x(§).

The following assumptions are used in this paper to obtain the result:
H1) {p(£)} is sequence of positive real numbers, 0 <p < 1,0($) < ¢, limg,,0($) = .

H2) {q(&)} is a sequence of nonnegative real numbers and q(¢) is not identically zero for
sufficiently large values of ¢.

H3) v(§) = T521 p7(0) with limg_oov(§) = oo.
H4) 0 < 64(§) < (&), for Aay(é) = gy > 0, for & = &,.
2. Preliminary Results

In this section, we provide useful lemma that will be essential in the analysis of the
oscillation behavior of (1.1).

Lemma 2.1. Assuming (H1) — (H3) hold and that x(¢) is an eventually positive solution of
(1.1). Then, there exists & = &, and d > 0 such that
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0 < x(&) <dv(é), (2.1)

- " 2.2
v(©) lz q(oxS(a(z))] < x(@), for§ = &, .
{=¢

Proof. Assume that x(¢) be an eventually positive solution of (1.1). Then, by (H1), there
exists a £* such that x(&) > 0 and x(a(¢)) > 0 forall £ = &~

It follows from (1.1) that

AP Ax(E)) = —q(H)x*(a($)) < 0. (2.3)

Consequently, p(&)(Ax (&))" is nonincreasing for & > &*. Next, we establish that
p(&)(Ax (&))" is positive. By contradiction, let p(&)(Ax(§))"” < 0 at a certain time & > &*.

In accordance to q is not identically zero and by (2.3),

there exists &; > &* such that

p(O)(Mx(E) <pE)(Ax(§)) <0, £=¢. (2.4)

Remember that r is the quotient of two positive odd integers. Then,

sx© < (B2) ax(g),  forg= 4
(2.5)

Summing (2.5) from &; to & — 1, we arrive at the result

x(§) < x(&) + (p(fl))%Ax(fl)v(f). (2.6)
By (H3), the approach of the right hand side is —oo then, lim_,,, v(§) = —co.
This is a contradiction to the fact that x(¢) > 0.
Thus,
p(&)(Ax(&))" >0, forall ¢ > &*.

From p(&)(Ax(&))" being nonincreasing, we have

8x(©) < (B) ax(&y), forg = &u.

(2.7)
Summing (2.7) from &; to & — 1, we obtain
x(§) < x(&) + (P(ﬁ));Ax(fﬂU(f)
(2.8)

Since lim;_,o, v(§) = oo, there exists a positive constant d such that (2.1) holds.
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Since p(§)(Ax (&))" is positive and nonincreasing, lim;_,,, p($) (Ax(&))" exists and is
nonnegative.

Summing (1.1) from & to b — 1, we get
p(b)(Ax (b)) — p(&)(Ax()" + XPZ¢ q()x°(a(t) =

0. (2.9)
Letting limitas b — oo, we obtain
p(§)(Ax(§)" =
Y= q(0)x° (o (). (2.10)

Then,

8x(§) = [-=32, a(Ox* (o))"
(2.11)

Since x(&;) > 0, summing (2.11) from &; to & — 1, we have

1

n—-1 1 %) T
x(§) = Z lmz () (0(5))] . (2.12)
Use the definition of v(£) to obtain
x(€)
> v(§) [Z q(c)x%a@))] . (213)
{=¢

This yields (2.2).
3. Main Results

Theorem 3.1. Assume that there exists a constant 3, the quotient of two positive odd
integers, such that 0 < s < g, < r. If (H1) — (H3) hold, then each solution of (1.1) is
oscillatory if and only if

Lito 4(Ovi(a(9)) = o
3.1)
Proof. On the contrary, let x(¢) be an eventually positive solution. So Lemma 2.1 holds, and
then there exists &; > &, such that

x(§) = vEWr(©) 2 0, forf =, (3.2)
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where
w(E) = ) a@x(©). (3:3)
{=¢

Computing we have ,

Aw(§) = —q($)x*(a(S)) - (3.4)
Thus, w is nonnegative and nonincreasing. Since x > 0, by (H2), in continuation

q(&)x3(a(&)) cannot be identically zero. Thus, Aw cannot be identically zero, and w cannot
be constant.

Therefore, w(&) > 0 for & = &;.

Computing we get,

B
i ©) 2 (1- L) w T ©Oaw®).
(3.5)

Summing (3.5) from &, to & — 1 and using that w > 0, we have

1——(52) > (1 — —)I z wr ({)AW({)‘

-1
(1__) [Zz E W (C)(Q(Z)XS(G(()))].
(3.6)
By (2.1) and (3.2), we obtain

x°(§) = 5P (§)
> (dv(§))*PraPr(§)

1 \B
> (@v()* (v(Ewr (D))

B1
=d*Ps(wr (§), for§ =&

Since w is nonincreasing , = > 0, and o(t) < t, it follows that

x*(a(t) 2 ds"ﬁlvs(a(t))wfﬂ((t))

B
> dS~FiyS(a()w T (b). (3.7)
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Going back to (3.6), we obtain
1‘%@
> (1-2)asn Z q(t)x%a(t))‘ (3.8)

t=¢&,
Since (1 — ﬁ) > 0, by (3.1) the right-hand side approaches +oo as é — co.

In contradiction with (3.8), this completes the sufficiency proof for eventually positive
solutions.

Similar to this the eventually negative solution can be dealt by introducing the variables o =
—x. Then, the necessary part can be shown by the contrapositive argument. If (3.1) is not
hold, then for each a > 0 there exists &; = &, such that

a (1_%
Yoz q(Qvi(0())) s ——, forall§ =&
(3.9)
We define
T= {x (&) v <x©) <@v@), § fl}.
(3.10)
An operator ¢ is defined on T by
(9x)($)
0, if¢ <&,
1
_ ) ' (3.11)
> 515 Z a@QF @O, ifE>a
t=¢§;

If x is a fixed point of ¢, i.e., px = x, then x is a solution of (1.1). First, we estimate
(px) (&) . By (H3), we have

CHGE Z 5 G+0)]

= (E) (&) . (3.12)

S

N

Now, we establish (¢x) (&) from above. For x in T, as we have x°(d({)) < (aév(a(())) .
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Then, by (3.9),

|-

§-1 r

w© <y |- —+Z PO @ @)

t=¢§;

< a%v(f). (3.13)
Therefore, p maps T to T,
Next, we find a fixed point for ¢ in T.
Let us define a sequence of functions in T by the recurrence relation

06(§) =0, for§ > &,
0, ifE <&,

01(§) = (¢00)(§) —{ v(f) 5> ¢ (3.14)
T = 1’

0n+1(§) = (Pon)(§), for n=1, &= 4.
Note that for each fixed &, we have o, (&) = g, (§).

Using Mathematical induction, we can show that o,,,1 () = 0,(§). Therefore, the sequence
{o,} converges pointwise to a sequence o.

Using the Lebesgue dominated convergence theorem, we can show that o is a fixed point of
¢ in T. This shows under assumption (3.9), there is a nonoscillatory solution that dose not
converge to zero.

This concludes the proof.

Theorem 3.2. Assume that there exists a constant £, the quotient of two positive odd
integers, such that 0 < r < B, < s. If (H1) — (H4) hold and p(¢) is nondecreasing, then
each solution of (1.1) is oscillatory if and only if

22 =2 (c)] = o, (3.15)

Proof. On the contrary, consider that x (&) is an eventually positive solution that does not
converge to zero. Using the same argument as in Lemma 2.1, there exits &; = &, such that
x(0(&)) > 0and p(&)(Ax(&))" is positive and nonincreasing.

p(s)

Since p(§) > 0,x(&) is increasing for & > &;. Using x(&) = x(&,), we have

x5(8) = x57F2(&)xP2(8) = x°7F2(§)xP2(§), (3.16)

and hence
x5 (0(8)) = x°7F2(&)xP2(0(8)), for &€ =&, (3.17)
124
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Using (3.17) and a(§) = a,(£), from (2.10), we have

P (Ax ()" = x57P2(§)xP2(00(9)) TeZe q(t), for & 2 &, (3.18)
From p(&)(Ax(&))" being nonincreasing and g, (&) < &, we have
p(0(8)) (Ax(a(€))" = p(§) (Ax ()" (3.19)

We apply this in the left-hand side of (3.18). Then, dividing by p(o,(&))x?2(0,(§)) > 0 and
raising both side to the % power, we get

8x(0s@) o [2F260) 5hon g
> e q®)| , foré&=¢,. (3.20)
20 ) [pwo(f)) t=¢ ] 2
Multiplying the left - hand side by ——= "(5) > 1 and summing from &, to & — 1, we have
1
RN SCOIION < '
L X 0-0 0-0 S—ﬁz Z Z
t=f X G 7 (00(1)

On the left-hand side, since r < f,, using summation by parts, we have

B2 =Bz
X 0(8)x(09(£)) — x 7 09(&:)x(00(&2))
(ﬁz)xﬁr -1 0o(s) ] <

B2
x r T (00(s))x T (0p(s+1))

<322 x(op(s + 1))
(3.22)

On the right-hand side of (3.21), we use that p(g,(t)) < p(t) to conclude that (3.15) implies
the right hand side approaching +co as y — oo, which is a contradiction.

Hence, the solution x (&) cannot be eventually positive. For eventually negative solutions, the
same change of variables is used as in Theorem 3.1 and is proceed above.

In order to prove the necessity part, we assume that (3.15) does not hold and obtain an
eventually positive solution that does not converge to zero.

If (3.15) does not hold, then for each a > 0 there exists & > &, such that

_s

Yize, [p(t)Zg : (C)] (3.23)
We define
T={x2<x@)<a for £} (3.24)
125
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we define an operator ¢ on T by

0, ifé<é;

1 3.25
I L[S a@x @) L itE> 4 52

(Px)(5) = {

If x is a fixed point of ¢, i.e., ¢x = x, then, x is a solution of (1.1). First, we estimate
(px)(&). Let x € M, we have

(04
(@) 25 +0,
Now, we estimate (¢x) (&) from above. Let x € M. Then x < « and by (3.23), we have

1 [o.e] F
m; Q(f)‘

§—1
@@ <5 +ar Z

<. %, (3.26)
2 2
Therefore, p maps T to T,
We find a fixed point for ¢ in T.
Let us define a sequence of functions in T by the recurrence relation
0,(§) =0, for& = &,
01(§) = (¢gp)(§) =1, for & =4,
on+1(§) = (pan)(§),  forn=1,§ = ¢;. (3.27)

Note that for each fixed &, we have o, (&) = g, (§).

Using Mathematical induction, we can show that o,,,1(§) = 0,(§). Therefore, the sequence
{o,} converges pointwise to a sequence g in T.

Then, o is a fixed point of ¢ and a positive solution of (1.1).
This complete the proof.
4. Example

Example 4.1. Consider the second order half-linear delay difference equation

2&+1

a3 s ]+ 25 [52 ! ee7g - 3)); = 0. 4.1)

28+1
§2+¢

1

| o@=76-3s=5r=1,

where, p(¢) =1, q(§) = 25 |

5
,81=§ wehave 0 < s < f; <r.

E20 4V (0(0) = N5 25 [E2] 5 t7 =
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Hence all the conditions of Theorem 3.1 are satisfied. Hence every solution of (4.1) is
oscillatory. One of such solution of equation (1.1) is x(&) = (=1)%*+.

Example 4.2. Consider the second order half-linear delay difference equation

282428+1

A [52 (Ax($))3 ] +23 [g4+2€3+€2] (x(& — 2))5 = 0.
(4.2)

1 lorz2&2+28+1 7
where, p(§) = 5, a(9) = 25 [Syrags| 0O = ¢~ 2s =7, =3,

5
ﬁ1=§wehaves>ﬁ1 >r.

S [T 1@ =12, [szzg‘;s 2 [;i;ii;i]]

Hence all the conditions of Theorem 3.2 are satisfied. Hence every solution of (4.2) is
oscillatory. One of such solution of equation (1.1) is x(§) = (—=1)%*+1.

5. Conclusion

In this paper, we established necessary and sufficient conditions for the oscillation of solution
to second order half-linear delay difference equation. The above discussed examples illustrate
the significance and relevance of the proven results.
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