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1. Introduction

Labeling plays a significant role in the field of graph theory. To meet out the current needs different
types of labeling are emerging now a days (2, 9). One such labeling is prime labeling. In prime labeling,
vertices are labeled from 1 to n, with the condition that any two adjacent vertices have relatively prime
labels (1). From the knowledge attained from prime labeling, Relatively Prime Edge Labeling
technique focuses on labeling the edges such that adjacent edges have relatively prime labels, unlike
prime labeling, which assigns relatively prime labels to adjacent vertices. A graph that allows relatively
prime edge labeling is known as a relatively prime edge-labeled graph.

Coprime labeling is another labeling technique that is derived from prime labeling (3, 4). In coprime
labeling, the labels are not limited to 1 to n as in prime labeling. If the vertices are labeled from 1 to k,
then the least k is called the minimum coprime number of G. Inspired by the above research, coprime
edge labeling is employed when a graph does not have a relatively prime edge labeling. In relatively
prime edge labeling, the edges are labeled using numbers from 1 to g. However, coprime edge labeling
does not have any restrictions on the labels used for the edges. A prime graph G is a bijectionf: V —
{1,2,3 ...., p} such that, for each edge e = uv € E, we have GCD (f(u), f(v)) = 1 (2).
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Definition 1.1

LetG = (V,E)beagraph. Abijectionf : E - {1,2,3...... q } is called relatively prime edge labeling
if, for each vertex v € V(G), the labels of the edge’s incident on v are pairwise relatively prime. A
graph that admits a relatively prime edge labeling is called a relatively prime edge labeled graph. (8)

In other words, a graph with p vertices and g edges are said to be a relatively prime edge labeled graph,
if the edges are labeled with the first g natural numbers with the condition that any two adjacent edges
have relatively prime labels. Considering, edge incident on pendent vertex as relatively prime. (8)

Definition 1.2

For a graph, G = (p,q), coprime edge labeling is defined to be a bijection f: E — {1, 2,...,k} such
that, for k > g, and for each vertex v € V, the labels of the edge’s incident on v are pairwise relatively
prime. (10)

The minimum value of k, for which G is coprime edge labeling is called as minimum coprime edge
labeling, with minimum coprime edge number, ptz(G) = k.

Definition 1.3

For a coprime graph G, the prime index is the least number of edges removed from G to form a prime
graph G*. And is denoted by, £(G). In other words, (10)

€(G) =min{|E(H) |: H € Gand G — E(H) is prime}
2. Edge Prime Index
In this section, the formal definition of Edge Prime Index is defined with an appropriate example.
2.1. Definition

Edge Prime Index: Let G be a coprime edge labeled graph. Edge Prime Index &, (G) is defined to be
the minimum number of edges removed from G to form a relatively prime edge labeled graph G*. In
other words,

&(G) =min{|E(H)|: H S G &G — E(H) is relatively prime edge labeled graph}
2.2 1llustration

For a complete graph K, , the edge prime index is explained in the given figure 1. That is, by removing
an edge from K, , it becomes a relatively prime edge labeled graph.
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U9

Figure 1: e.(K,) =1
3. Relation with Other Parameters

The next theorem helps to find the upper bound of the edge prime index of a graph having a
Hamiltonian circuit (7).

Theorem 3.1
For a graph G = (p, g) which contains a Hamiltonian circuit of length k, then €,.(G) < q — k.
Proof.

Suppose, €.(G) > g — k, where Kk is the length of the Hamiltonian circuit and g is the number
of edges. Let vy, vy, -, v, be the p vertices. As G contains a Hamiltonian circuit of length k, say
vy, Uy, -+, U then label the edges of the Hamiltonian circuit in such a way that, L(v;v;;;) =ifori =
1,2, ...,k and v, = v,. Since the prime index is greater than g — k , which is the contradiction to
the above labeling. Hence the maximum number of edges to be removed from G is less than or equal
tog—k.

Corollary 3.2
For a complete graph K, , £.(K, ) < 2.
Proof.

By the above theorem, Figure 2 shows that, K, contains a Hamiltonian circuit of length 4 and the
number of edges in K, is 6. Hence £.(G) < 6 — 4 = 2,
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Figure 2: Complete graph with 4 vertices

4. Edge Prime Index of Some Class of Graphs

In this section, Edge Prime Index is found for specific classes of graphs, namely the complete graph,
the corona product of graphs and so on (7).

4.1. Corona Product of Graph
In the following theorem, the relatively prime index of the corona product of K,, and K; is determined.

The corona product of two graphs G and H is defined as the graph obtained by taking one copy of G
and [V(G)| copies of H and joining the i vertex of G to every vertex in the it copy of H.

Theorem 4.1

MY if 2n+ 1= 0(mod 3)
Foragraph K, O Ky, & (Ky O Ki) = {15

T_l ,if 2n+ 1 £ 0(mod 3)
Proof

Let G = K, ® K, be the graph with 2n vertices and =
------ ,u, be the vertices of K, © Kj.

edges and let vy, vy, < , Upy Uq, Us,

Case 1: For 2n + 1 = 0(mod 3).

It is enough to prove that, the removal of —— ( edges results in a relatively prime edge labeled graph.
n(n-3)

Suppose the removal of — 1 edgesin Krl O K; results in a relatively prime edge labeled graph.

nn+1) _ n(n-3)
2

That is, remaining + 1 = 2n + 1 edges of K, can be labeled from 1 to 2n + 1. Hence

n(n-3)

by removmg — 1 interior edges of K,, © Kj, the resultant graph will be of the form C,, with n
edges, n pendent vertices (uq, uy, =+ ,Uy) connecting to the each vertex of C, and an edge
connecting any two non-adjacent vertices of C,,. Each vertex v;, v,, - , Uy, Of C,, is of degree 3.

By labeling the edges of C, with1,3,5,....2n — 1 , each edge incident on the pendant vertices is
labeled with 2,4, 6, ..., 2n and an edge connecting any two non-adjacent vertices of C,, is labeled with
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2n+ 1. As2n + 1 = 0(mod 3), that is 2n + 1 = 3m, the label incident on the vertices of the edge
with label 2n + 1 fails to be relatively prime.

Case 2: For 2n + 1 # 0(mod 3).
n(n-3)

2
graph. Suppose the removal of n("2_3) — 2 edges in K, © K; results in a relatively prime edge labeled
n(n+1) _ n(n-3)
2

— 2 interior edges of K,, © K, the resultant graph will be of the form

It is enough to prove that, the removal of

— 1 edges results in a relatively prime edge labeled

graph. That is, remaining + 2 = 2n + 2 edges of K,, can be labeled from 1 to 2n + 2.

Hence by removing @

C, with n edges, n pendent vertices (uy, u,, - , Uy,) connecting to the each vertex of C, and two
edges connecting any two non-adjacent vertices of C,, . Each vertex v;, v,, -+ , Uy, Of C,, is of degree
3. By labeling the edges of C,with 1,3,5,....2n — 1, each edge incident on the pendant vertices is
labeled with 2,4, 6, ..., 2n and the edge connecting any two non-adjacent vertices of C,, is labeled with
2n+1,2n+ 2. As2n + 1 # 0(mod 3), the label incident on the vertices of the edge with label 2n +
2 fails to be relatively prime.

Illustration

As an illustration of above theorem, edge prime index of ,K, © K; and ,Ks O K; isgiven in Figure
— 3, 4 respectively.

For 2n + 1 = 0(mod 3), consider n = 4 that is, K, © K;, the edge prime index is ¢,.(K, © K;) =

n("z_g) = % = 2, which is illustrated in Figure 3.

Figure 3: Edge Prime Index &, (K, © K;) =2

For 2n + 1 # 0(mod 3), consider n =5, thatis Ks O K .
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n(nz—B) 1= 5%2 — 1 = 4, which is

The edge prime index of Ks;OK; is &(Ks © Ky) =
illustrated in Figure 4.

Figure 4: Edge Prime Index ¢, (Ks © K;) =4

4.2. Complete Bipartite Graph

The following theorem finds the edge prime index of the complete bipartite graph K, . and K3 ; with
proper illustration (7) .

Theorem 4.2
Foragraph G = K,,,t > 2then, £.(G) = 2t — 5.
Proof.

We know that, G = K, . is not RPEL graph. Now, it is enough to find the minimum number of edges
to be removed from G to make G as a RPEL. The number of vertices and edges in G = K,,is t +
2 and 2t.

Label the edges of G in such a way that, L(u,v;) =1,L(u,v,) = 2,L(u v3) = 3,L(u,v,) =
5 and L(u,v,) = 4 as in Figure 5.
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Vg @y,
Figure 5 Edge Prime Index Illustration

Also, the label 6 cannot be labeled in any of the edge’s incident on u; and wu,. Thus, it is needed to
remove 2t — 5 edges from G to make it as a relatively prime edge labeled graph.

Hence, €.(G) = 2t — 5.

Theorem 4.3.

Foragraph G = Ks.,t > 3, then, £.(G) = 3t — 7.
Proof.

Since G = Kz, is not RPEL graph. It is enough to find the minimum number of edges to be removed
from G to make it as a RPEL graph. The number of vertices and edges in G = K3, ist + 3 and 3t.

Label the edges of G in such a way that, L(u,v;) = 1,L(u,v,) = 2,L(uyv3) = 3,L(uyv,) =
5,L(u,v;) =4, L(u,v,) =7and, L(uzv,) = 6 as in Figure 6.

U4 ( Uy
Figure 6 Edge Prime Index
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Also, the label 8 cannot be labeled in any of the edge’s incident on uy, u, and us. Thus, it is needed
to remove 3t — 7 edges from G to make it as a relatively prime edge labeled graph. Hence, €.(G) =
3t—17.

4.3. Generalized Petersen Graph

The next theorem finds the edge prime index of the Generalized Petersen Graph G = P(n,k). The
Generalized Petersen graphs P(n,k) with n > 3 and 1 < k Sg are defined to be a graph

with V(P(n,k)) ={uj,vj: 1 <j <n}andE(P(n,k)) = {v1Vj41, Vjuj;, w4 : 1 <j<n,
subscript mod n }. (5,6)

Theorem 4.4.
For even n, the generalized Petersen graph G = P(n, 2) then, €.(G) =n — 1.
Proof

The vertices of P(n,2) are { vy, vy ... Up,Uq, Uy, ..., Uy }, Where vy, v, ... v, represents the outer
vertices and uq,u,,...,u, represents the inner vertices and the edges of P(n,2) are
{vivii, v u, YU 1 < i <n, subscriptmodn }.

Thus, there are 2n vertices and 3n edges in P(n, 2). As the gcd(n,2) = 2, for even n, there exists 2
disjoint inner cycles of length g each and there exists an outer cycle {v, v, .... v,v;} of length n.

Now, label the edges of P(n,2)in such a way that, the two inner cycles receive the label
{1, 2,3, ....,g}and {nT” n} and the outer cycle with {n + 1,n + 2, .....2n}. As 2n + 1 is odd,
label any of the edge {v; u;} as 2n + 1.

Also, 2n + 2 cannot be labeled on any edge because 2n + 2 is an even number that violates the relative
prime property. Thus, the relatively prime index of P(n, 2) for even n, is sr(P(n, 2)) =3n—2n-—
1 = n — 1. Hence the proof.

Ilustration:

Figure 7 shows the illustration of the above theorem. Consider a generalized Petersen Graph with 16
vertices, P(8,2) . Then the edge prime index is given by, &.(P(8,2)) = n— 1=8-1=7
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Figure 7: €.(P(8,2)) =7

Theorem 4.5.
For even n, k, the generalized Petersen graph G = P(n, k) then, €.(G) =n — 1.
Proof:

The vertices of P(n,k) are { vy, v, .... vy, Uq, Uy, ..., Uy, }, Where vy, v, ... v, represents the outer
vertices and uq,u,,...,u, represents the inner vertices and the edges of P(n,k) are
{vivis,viu, w1 <0 <n, subscriptmodn }. We know that, there exist gcd(n,k) =d
inner cycles of length % each.

Label the edges of P(n,k)in such a way that, the d inner cycles receive the label
{1,2,3,....,n } consecutively and the outer cycle with {n + 1,n + 2, .....2n}. As 2n + 1 is odd, label
any of the edge {v; u;} as 2n + 1.

Also, 2n + 2 cannot be labeled on any edge because 2n + 2 is an even number that violates the relative
prime property. Thus, the edge prime index of P(n, k) for evenn, k , is er(P(n, k)) =3n—-2n—1=
n — 1. Hence the proof.

4.4. Ladder Graph

The ladder graph L(n) consists of two parallel paths, each with n vertices, and these paths are connected
by n-1 edges known as "rails." The first and last vertices of each path are also connected by an
additional edge called the "rung.” Therefore, a ladder graph L(n) has a total of 2n vertices and 3n-2
edges. In this section, the edge prime index of the ladder graph L(n) is discussed.
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Theorem 4.6.
For a ladder graph G = L, ,n > 3then, £.(G) = n — 3.
Proof:

Let the vertices in the Ladder graph are { v;, v, .... vy, Uq, Uy, ..., Uy, }. Then by the definition of ladder
graph, there are 2n and 3n-2 vertices and edges respectively. Now, it is enough to find the minimum
number of edges to be removed from the ladder graph to make it as a relatively prime edge labeled
graph. The maximal cycle formed by the wvertices of the ladder graph is
V1,V e Upy Uy, Up_q, -, U, Vg.

Now, label the edges of G in such a way that, the maximal cycle is labeled with { 2, 3, ....,2n + 1} and
the edge u,v, with the label 1 as shown in figure 8.

2

Uy

Unp,
Figure 8: €.(G) =n—3

Also, 2n+2 is an even number and to make the edges incident of each vertex as pairwise relatively
prime, it cannot be labeled in any of the edges.

Thus, €.(G) = 3n — 2 — 2n — 1 = n — 3. Hence the proof.
4.5. Powers of Paths and Cycle

For the powers of path and cycle graph, the edge prime index is determined in this section. The m-th
power of a simple graph G can be defined as the graph G™, where the set of vertices in G™ is the same

https://internationalpubls.com >1



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 2 (2024)

as that in G. In G™ , two vertices are adjacent if and only if their distance in G is not more than m.
That is, their distance in G is at most m.

Theorem 4.7.
n—3 if nis odd
n

For even n, the power graph of a path G = P2, then, £.(G) = { —4  ifniseven

Proof:

Let the number of vertices and edges in PZ are n and 2n — 3 respectively. From the definition of
P2, there exists a maximal cycle of length n. Now, label the maximal cycle with {1,2,3, ......,n}.

Case 1: nis odd

As n is odd, n + 1 is even. Hence it is not possible to label n 4+ 1 in any of the remaining edges.
Because the remaining edges associated with a vertex already contains the label of even multiple. Thus,
by labeling n + 1 will violate the relatively prime property. Therefore, it is necessary to remove 2n —
3-n = n — 3edges from P? to make it as a relatively prime labeled graph. That is, £.(G) = n — 3.
(Example for n = 7 is illustrated in Figure 9)

6 5 U6
—e-
. . i .. '.'
. ﬂ ( -
U3 2 q 3 !

Figure 9: €.(G) =n—3 =4
Case 2: nis even

Asniseven, n+ 1isodd. Hence it is possible to label n + 1 in any of the remaining edges. And, it is
not possible to label n + 2 in the remaining edges. Therefore, it is necessary to remove 2n —3 - n —
1= n — 4 edges from P? to make it as a relatively prime labeled graph. That is, £.(G) = n — 4.
(Example for n = 8 is illustrated in Figure 10)

Figure 10: €.(G) =n—4 =4
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Theorem 4.8.

if nisodd

For a power graph of a cycle G = C2, then, £.(G) = {:_ 1, if niseven

Proof:

Let the number of vertices and edges in C?2 are n and 2n respectively. From the definition of C2, there
exists a cycle of length n. Now, label the cycle with {1, 2,3, ......,n}.

Case 1: nis odd

As n is odd, n + 1 is even. Hence it is not possible to label n 4+ 1 in any of the remaining edges.
Because the remaining edges associated with a vertex already contains the label of even multiple. Thus,
by labeling n + 1 will violate the relatively prime property. Therefore, it is necessary to remove
2n-n = n edges from C2%to make it as a relatively prime labeled graph. That is, £.(G) =n
(Example for n = 5 is illustrated in Figure 11)

V4
Figure 11: .(G) =n=75 Figure 12: ¢.(G) =n—1=5

Case 2: nis even

Asniseven, n+ 1isodd. Hence it is possible to label n + 1 in any of the remaining edges. And, it is
not possible to label n + 2 in the remaining edges. Therefore, it is necessary to remove 2n- n—1 =
n — 1 edges from C2 to make it as a relatively prime labeled graph. That is, £.(G) = n — 1. (Example
for n = 6 is illustrated in Figure 12)
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