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1. Introduction

In light of its numerous uses across a variety of fields, the analysis of fixed points of mappings
following contraction conditions has become the focus of numerous research initiatives. Regarding
this, the classical findings of Banach [1] and Edelstien [2] have served as the inspiration for several
writers working in the field of metric fixed-point theory.

Grabiec [4], who pioneered the introduction of fixed-point theory in fuzzy metric spaces, extended the
discoveries of Banach [1] and Edelstein [2] in the framework of fuzzy metric spaces in the design of
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Kramosil and Michlek [8]. The fixed-point conclusion proposed by Grabiec in his work [4] was based
on the notion of the -completeness of fuzzy metric spaces, which George and VVeeramani [3] weakened
by introducing. Many authors explored and examined various contractions in fuzzy metric spaces, and
they came up with insightful results. (See [5], [6], [9], [12], [13]).

In order to integrate various types of fuzzy contractive mappings, Shuklaetal. [11] recently introduced
fuzzy Z —contractive mappings. They demonstrated that this new type is more thorough than the well-
known earlier ones and properly incorporates the classes that were proposed by numerous researchers
([51, [9], [12], and [13]) in fuzzy metric spaces in the sense of George and Veeramani [3].

By expanding on the work of Shukla et al. [11], we introduce the concept of fuzzy (Z, g)— contraction

in this paper. In the context of fuzzy metric spaces, we also develop certain discoveries regarding the
presence and uniqueness of coincidence points for such contractions.

2. Preliminaries

Let us recall some prefaces here:

Definition 2.1. [10] A continuous t-norm is a binary operation *:[0,1]x[0,1] —[0,1] which
satisfies the following conditions VI, p,r,t €[0,1]

1) I%1=1

(2) 1*p=pxl
(3) I*p<rxt whenever | <r&p<t

(4) I=(p=r)=(l*p)=*r
Definition 2.2. [3] A fuzzy metric space is a 3-tuple (X,M,*) where X is an arbitrary set, *

is a continuous t-norm and M is a fuzzy set in X x X x(0,0), satisfying the following

conditions:
1) ™M (a,b,t

)
(2) M(a,bit)=1 Vvt>0<=a=b,
(3) M(a,b,t)=M(b,a,t),
(4) M(a,c,t+r)<M(ab,t)*M(b,c,r),
(5) M(a,b,-):(0,00) —>(0,1]is a continuous function, Va,b,ce X &t,r>0.

>0,

Lemma 2.3. [4] M(a,b,-) is nondecreasing va,be X .

Definition 2.4. [3] Let (X,M,*) be a fuzzy metric space.

A sequence {sq} in X isa M -Cauchy sequence, if Ve e(0,1) & t>0, there exists g, € N such
that M(s S t)>1—g, vVp=q,.

p’Tq’

A sequence {s,} in X is convergent to xeX if imM(s,,x,t)=1 for each t>0.

g—

If every M —Cauchy sequence in X is convergent, then such fuzzy metric space X is said to
be M-—complete.
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Definition 2.5. [7] On a fuzzy metric space (X,M,#*), two self-mappings ® & & are said to
be compatible if cIlimM(a)gxq,fa)xq,t)zI for each t >0, whenever {xq} is a sequence in X

>1limewx, =lim&x, = xe X.

g g—®

Definition 2.6. [7] Two self-maps @ & & of a fuzzy metric space (X,M,*) are said to be
weakly compatible if they commute at their coincidence points; X =&x for some x e X implies
that wéx =SwX.

Remark 2.7. Let o & & be weakly compatible self-mapsof a set X. If o & & have a unique
point of coincidence W= wx = &X,then w is the uniqgue common fixed point of v & &.
Definition 2.8. [11] Let the family of all functions x:(0,1]x(0,I] >0 satisfying,

z(tr)>r, vt,re(o,l)

be denoted by Z .
Remark 2.9. [11] From the above definition, we can see that y(t,t)>t, Vte(0,l).

Example 2.10. [11] Consider the following functions y:(0,1]x(0,1] >0 by:
(1) x(p.a)=w(qa),where y :(0,1]—(0,1] is a function such that q<w(q), vqe(0,1),

2 H = ’

2 x(p.q) q+p+p
q

3 q)=—.

®3) z2(p.a) )

Then, in all the cases yeZ.
Definition 2.11. [11] Let x:X — X be a self - mapping on a fuzzy metric space (X, M, ).
Suppose, 3y € Z such that,

M(K‘X,Ky,t)ZZ(M(KX,Ky,t),M(X, y,t)) (2.1)
for all x,ye X, kx=xy,t>0. Then x is called a fuzzy Z —contractive mapping with respect
to yeZ.

Remark 2.12. Even in the M—complete fuzzy metric space, a fuzzy Z —contractive mapping
may not have a fixed point. (See example 3.10. of [11])

S. Shukla et al. [11] considered a space with the additional characteristic listed below to guarantee the
existence of the fixed point of a fuzzy Z —contractive mapping.

Definition 2.13. [11] Let x:X—X be a mapping in a fuzzy metric space (X,M,*)and

x€Z. Then, we say that the quadruple (X,M,x,y) has the property(S), if for any

Picard sequence {s,} with initial value xeX, ie,s, =«x%%, Vqe Nsuch that
|pr11; M(s,;S,,t) < |prlg M(S;,1:S,.0:t), VgeN, t>0 implies that
%Lrpo |pn>1;I X(M(S;,1,8,,0:1), M(s,,5,,1)) =1 Vt > 0. (2.2)
36
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Theorem 2.14. [11] Let x:X—>X be a fuzzy Z —contraction on an M-—complete fuzzy

metric space (X, M,*). If the quadruple (X,M,x, x) has the property (S),then f has a unique

fixed point z e X.

3. Main Results

Definition 3.1. Let x&wv be two self-mappings on a fuzzy metric space (X,M,*). Then « is

called a fuzzy (Z,v)-contraction if 3y €Z such that
M(K‘X,Ky,t)Z}((M(K‘X,K'y,t),M(UX,Uy,t)) (3.1)

for all x,y e X,ox=vy,t>0.

Remark 3.2. If v=1 (identity mapping) in (3.1), then we get fuzzy Z —contraction (Definition
2.11).
Now, we state our result for the notion of fuzzy (Z,v)-contraction.

Theorem 3.3. Let (X,M,*)be a fuzzy metric space and x,v:X — X be self-mappings. Let
k be a fuzzy (Z,v)—contraction and the quadruple (X,M,x, ) has the property (S). Also
assume that, at least one of the following conditions hold:

(i) x(X) orv(X)is complete.

(if) X is complete, v is continuous and x,v are commuting.

(iii) X is complete, o is continuous and x,v are compatible. Then x & v have unique point of

coincidence.
Proof. Firstly, we shall show that the point of coincidence of x&uv), if exists is unique. Let us

suppose that Z; & Z, are distinct points of coincidence of x&uo which follows that there exist
two points w, & w, (w,=w, )such that xw, =ow, =z, and xw, =ow, =z,.
In view of (3.1) and the property of y,we obtain
M (2, 2,,t) = M (W, &W,,t) = ¢ (M (W, €W, t), M (0w, oW, 1))
> M(ow,, ow,,t) = M(z,, 2,,t) (3.2)
which is a contradiction.
Let us consider a sequence {Yy,}such that y, = xX, =vX,,;, where ge N U{0}.

If vy, =Y,a forany g,eNwv {0}, then vx, , =y, =y, +1=xx,,, Which shows that x&uv

o+!
have a point of coincidence. Thus, we assume that y =y, , forall geN v {0}.
Consider
M (qu yq+2,t) =M (KXq+|,I(‘Xq+2,t) > Z(M (KXq+|,KXq+2,t), M (uxq+1,uxq+2,t))
> M (vx

q+1 UXq+27t)

=M (Y1 Yourrt) (33)
which gives M (Y1 Yaurrt) < M(Ygus Youoot)  VE>0.

If y,=y, for some q<p, thenwe have y,  =xX,,,=&X =Y,
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Now using (3.1) and (3.3), one can get

M (Vg: Yoo t) < M(Y,, Voo ) = M (M (¥q: qu,t)), vt > 0.
which is a contradiction. Thus, we assume that y, =y, for all distinct p,ge N.
Now we prove {y,} is a Cauchy sequence:

For t>0, let us suppose that &, (t)=inf M(y,,y,.t).
p>q

Consider
M (Yoot Vport) = M(sXgp, 6%, 1)
> ;((M (zqu+| , pr+,,t), M (uxQ+l,uxp+l,t))
> M (0%, 0%.,t) = M(Y,, ¥, 1), VE>0. (3.4)
Thus, M (Y Yprt) < M(Ygur Yput), VA< p.

Taking infimum over all p(>q) in the above inequality, we get
inf M (Y, Yp.t) <inf M(Yq,1, Vo)
ie, a,(t)<a,,(t), VgeN.
Thus, {a,(t)} is monotonic and bounded for each t>0.
We prove Liﬂlaq (t)=1, Vt>0.0On the contrary, let us suppose that 3 some t,, where 0<t, <t

such that gmaq (t,)=a(t,) <l For such t,, using the fact that the quadruple (X,M,x,y)

have the property (S) (Sincey, =q=y°(x)), we obtain

!Lrgirgzl(M(quyp+|’to)’M(yq’yp't0)):I (3'5)
|prlEM(yq+l,yp+,, )>i££Z(M(zqu“,zcxm,,to),M( 1 VX b ) M (Y, Ypolo)
:>iFQEM<yq+I’yp+I’t0)ZiprlEZ(M(qu’ypH’tO)’ (yq Yp.t ))meM(yq,yp, )

8 8, ()20 2(M (Y Vb)) M (Yo V) 23,

Letting g -—>oo in the above inequality and using (3.5), we get a(t,)=1 which is a contradiction

to our assumption. Thus,
liminf M(y,,y,,t) =1, Vt>0.
g— p>q

Hence from the definition of a,, we get
lim M(y,.y,.t)=1, vt>0. (3.6)
p,q—x

which shows {y,} is an M—Cauchy sequence.

Suppose that (i) holds: ie., v(X)is complete.
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Then since {y,}is in v(X),it has a limit in v(X). Let y,—>wvuie, vx,—>ovu as q—oo for
ue X. Now, we shall prove that u is the coincidence point of x and v i.e., xku =vu.
It is clear that, we can suppose Y, # «u,ou for all ne N U{0}.
In view of (3.1) and the property of y, we have
M (qu,uu,t) < Z(M (qu,/cu,t), M (vxq,uu,t)) < M(qu,/cu,t)
Letting g-—ooin the above inequality and considering the extremities gives

M (vu,ou,t) <limM (xX,,xu,t)=1<1limM (qu,lcu,t).
g0

q—0

Thus, xx, — xU as q—> o which implies y, —>ku as q— .

Since limit is unique, we obtain xUu=wou. Hence, xu=uou is a (unique) point of coincidence of
Kk&v.

Similarly, we can show that xu=uu is a (unique) point of coincidence of k¥ & v when x(X)is

complete.

Suppose that (ii) holds:

Since X is complete, there exists ueX such that y, ->u =wvx, —»uasq-—o. Since v is
continuous, we have v’x, —v asq— .

In view of (3.1) and the property of y, we have
M (U(UXq),UU,t> < ;((I\/I (K'(UXq),K'U,t), M (U(UXq),UU,t)) <M (K(UXq),K‘U,t)
Letting g-—ooin the above inequality and considering the extremities gives

M (vu,0u,t) <limM (Kuxq,lcu,)t =1imM (UK’Xq,K‘U,t) =1<limM (vkx,, ku,t).

gq—o q—© gq—o
Thus, vxX, — xU asq—>oo. But from the definition of y, , we get vkX, :uuxqﬂzuzxq+l from

which the result follows i.e.,xu=uou is a (unique) point of coincidence of x&u.

Suppose that (iii) holds:
Since X is complete, there exists ue X such that y, >u = xx, »>U as q—o.Since v is

continuous, we have vxX, — vU as g —> .

In view of (3.1) and the property of » and vxX, =vvX,, =0v°x,,,, We have

q+1?
M (UKqul,uu,t) =M (u(uxq),uu,t) < ;((M (K‘(UXq),K‘U,t>, M (u(uxq),uu,t)) <M (K(qu),uu,t)
Letting q—ooin the above inequality and considering the extremities gives

M (vu,ou,t) <limM (lcuxq,zcu,t) =I1<1limM (K‘I)Xq,K‘U,t).

q— q—x

Thus xvX, — kU as q — o.

Since x,v are compatible, we have lim M (zcuxq,wqu,t)= I, t>0.

g—o0

Consider M (K‘U,UU,t) <M (K’U,K‘UXq,%]*M (m)xn,w(xq,%)* M (uqu,uu,%]
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Letting g-—>oo in the above inequality gives xu=ou thus showing that xu=ou is a (unique)

point of coincidence of x&wv.

Hence, the result is proved for all three cases (i), (ii) and (iii), i.e., the mappings x&v have a
unique point of coincidence.

Theorem 3.4. Besides the hypotheses of Theorem 3.3, if x&wv are weakly compatible, then
they have a unique common fixed point in X.

Proof. Using Theorem 3.3, x&uv have unique point of coincidence. Further, if x&uo are weakly
compatible, then according to Remark 2.7, they have a unique common fixed point in X.
Example 35. Let X =[0,I] and Mbe the fuzzy set on X xXx(0,0) defined by

M(x,y,t)= and * is minimum norm. Then, (X,M,#*) is an complete fuzzy metric

t+|x—y|
space. Let {x.} be a sequence given by vqeN. Consider the function y:(0,1]x(0,I]—0 by

;((s,t):§ vt,se(0,1]. Let x,v be given by

0 if XE[O,1:| X if X€|:0,li|
4 3 4
KX = l if Xe(l,lj and UX = Z if Xe(l,lj
20 4'2 5 4'2
i if Xel:l,l} g if X€|:l,|}
25 2 3 2

Then ye€Z and the quadruple (X,M,x, x) has the property (S). Furthermore, the mapping

x isa fuzzy (Z,v)-contractive mapping with respect to the function y. Thus, all the conditions
of Theorem (3.4) are satisfied i.e., the mappings x and v have a coincidence point x=0. On the
other word, they have a unique common fixed point i.e., at x=0.
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