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1. Introduction

The Metric modular space structure was modified by Chistyakov (Chistyakov, 2008; Cho, Saadati
and Sadeghi, 2012), in an insightful way and proposed the Hausdorff topology on it, is extremely
well-liked in modern study. Now, using nonempty compact subsets, we investigate the Hausdorff
distance for a certain (GMMS). In order to demonstrate an intriguing (FPT) fixed point theorem, on a
generalised metric modular space, we apply the iterated function system (IFS) and idea of contraction
together (Abdou, 2016; Abdou, 2020; Chistyakov, 2008; Chistyakov, 2010; Cho et al., 2012; Ege,
Park and Ansari, 2020). Hutchinson studied iterated function system (IFS) and thought about the idea
of fractal theory (Hutchinson, 1981). By Ri (Ri, 2016),Barnsley (Good, 1990), Bisht (Bisht, 2018),
and Imdad (Imdad, Alfagih and Khan, 2018), this topic was generalized. A singular nonempty
compact set Fand F = U2, Qi (F) of the complete GMM space (L, T) fora GMMIFS , then a fractal
set F is known as the attractor of the relevant generalized modular metric iterated function system.
The associated attractor generalized modular metric iterated function system in this context is referred
to as generalized modular metric fractal space.
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2 Preliminiers

Now let's review some ideas and fundamental principles. Here, we let P = [0, 1], PO = 0,1), Q=
[0, o), QO =(0,) and asetL # ¢.

Definition 2.1 (Azadifa, Maramaei and Sadeghi, 2013) A function T: L x L x Lx QO — Q s
referred to as generalized metric modular (GMM) on L a no -empty set , if it follows the axioms
listed below:

(GMM-1) T,(1,1,n) € Q0 forall I,n eLandp €Q0 with 7 #n.
(GMM-2) T, (I,m,n)=0, vp QO ifl=m=n.

(GMM-3) T, (I,I,n) <T,(I,mn), vp €Q0ifm=n.
(GMM-4) T,(,m,n)=T,(, n,m)=T,(n, I, m) and so on.

(GMM-5) T,+5(l,m,n) < T, (l,v,Vv) + Ts(v, m, V) forallp, 5EQ0.
Then, (L, T) is referred to as a generalized modular metricon L .

Definition 2.2 (Azadifa et al., 2013) Let us setloeLand Lr={meL;lim, o T, (lo,m,n)=0 for
some n € L}. The set Lt is known as a modular set.

Definition 2.3 (Azadifa et al., 2013) Assume that (L, T) be a generalised modular metric (GMM)
space. Then, forlp € Lt and ¢ >0, the T-ball with radius ¢ and center lpis Br(lo,c) ={m €Ly
:T,(o,m,m)<c},Vp>0.

Proposition 2.3.1 (Azadifaetal., 2013) Assume that (L, T) be a generalised modular metric (GMM)
space. Thenfor lo eLrandc >0,

@if T, (lo,I,m) <c ,V p >0, then I, m € Br(lo, C).
(i) if m € Bt (lo, €) : Br(m, 6) € Bt (lo,c)and 6 >0 .

Definition 2.4 (Azadifa et al., 2013) Assume that (L, T) is a generalized (GMMS) modular metric
space. Sequence {ln} € L and T,is T- convergent to | if it convergesto | of t(T,),VneN .

Proposition 2.4.1 (Azadifa et al., 2013) Assume that (L, T) is a generalized (GMMS) modular
metric space and sequence {ln} S L1,V n € N. Then the followings are satisfied :

(1) Sequenceq{ln} is T-convergent to |.
2o, " (In, 1) — 0 when n — oo,

3)T,(In, In,1) >0 when n —oo forall p >0;
@T,(n1,1) —>0asn—oo for all p >0;
BT, (Im, In, 1) > 0whenm,n —ow ,V p >0.

Definition 2.5 (Azadifa et al., 2013) Assume that (L,T) is a generalized (GMMS) modular metric
space. Then sequence {In} S Lt , is called T- Cauchy sequenceif, N.€ N: T, (I, Im lg)<e,V
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, h, m, g > N, and for every ¢, p > 0. If every T- Cauchy sequence in a GMM-space L is a
T- convergent sequence in that space, the space is said to be " T-complete.”

Proposition 2.5.1 (Azadifaet al., 2013) Assume that (L,T) is a generalized(GMMS) modular metric
space and sequence {ln} < Lt for all neN. Then the followings are equivalent:

(1) Sequence {ln} is a T-Cauchy sequence.

(2) We can locate N € N: T , (In, Im, Im)< &, foreache >0, p >0, for
everyn,m>N; .

(3) Sequence{ln} is a Cauchy sequence.

Proposition 2.5.2 (Azadifa et al., 2013) Assume that (L, T) is a (GMM) space. Then for L x L x L x

Q0 , T is acontinuous function. Let us assume that a GMM-space (L, T) has two (nonempty) subsets,
TandW. T, (ILT,W)=inf{T, (ILt,w):teT,weW}forleLandp >0,

Proposition 2.5.3 (Azadifa et al., 2013) Assume that (L, T) is a generalized modular metric space .
For each M, N, P € Ho(L), the function & |— supmem To(m, N, P ) is continuous on Q0

Proposition 2.5.4 (Alihajimohammad and Saadati, 2021) Assume that (L,T) is a generalized
(GMMS) modular metric space . Suppose sequence {ln}S L :Ton(p) (In, In+1, Ine1) ST, (Lo, |1,
1) for all p € Q°. Then{l.} is a T-Cauchy sequence.

Proposition 2.5.5 (Alihajimohammad and Saadati, 2021) Let (L,T) is a generalized (GMM) modular
metric space. If T, (I,m,n)=C forall ImneLandp € QP thenC =0.

Lemma2.6 Let(L, T) isa(GMM) space. Then, foreachl € L, M,N € Ho(L)and p € QO, there
aremo € M, no € N such that T(I, M, N)= T, (I, mo,no).

Proof Letl €L, M,N €Ho(L) and p > 0. By Proposition 2.5.2. the functionst, u |— T, (I, m,
n) are continuous. Thus, by compactness of M and N, 3ImoeM,no €N : infT,(I,mn)=T
» (I, mo, no) , forallmeM, neN

Lemma 2.7 Assume that (L, T) is a generalized (GMMS) modular metric space .Then, for every

M € Ho(L), N, P € Fo(L) and p EQO we can find mg € M such thatsupT,(M,N,P)= T, (mo, N,
P).

Proof Putd = supr T, (M, N, P). Then we get a sequence (Mn)n in M : 6 — % <T,(mnN,P)in
which n € N. From M € Ho(L), a subsequence (tn, )x of (mn)n and mp € M : mng — mo in (L, T).

Select n €N, pe P. From the Proposition 2.5.2, we get H,En T, (Mn, N, p)=T, (Mo, N, p).

Since, for each k €N, ¢ - ni <T,(mnk,n,p), we get 6 <T,(mo, N, p).
k

We conclude 6 =T ,(mo, N, P).

Definition 2.8 (Alihajimohammad and Saadati, 2021) Let (L,T) is a generalized (GMM) modular
metricand Q : L — L is called a GMM-g-contractive mapping if T, ( Q(l), Q(t), Q(u)) < T

»(I,m,n) foreveryl,mneSandp € QO.
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Definition 2.9 (Alihajimohammad and Saadati, 2021) A generalized modular metric -¢-
contractions {Q1, Q2,..., Qm,: m> 2} is a finite set on a complete GMM-space (L, T) is known as a
generalized modular metric iterated function system .

3 Main Results: Mathematical Theorem

Let (L, T) is a generalized (GMM) modular metric space and assume the followings:
Fo(L) = nonempty subsets of L,
Go(L) = nonempty finite subsets and

Ho(L) = nonempty compact subset of L.
Then a function Hr on Ho(L) x Ho(L) *xHo(L) ><Q0 is defined by

Hr (M, N, P, p)= max{supmemT,(m, N, P ),supnenT, (M,n,P),supper T,(M,N,p)}
for every M,N,P € Ho(L) and p € QO.

Lemma 3.1 Let (L, T) is a generalized (GMM) modular metric space

l€L, M, N €Ho(L), PE Fo(L), and &, 8 € Q0. Then
Terp (L, M, P) < To(l, N, N)+ T (ui, M, P),
where ni € N satisfies T«(l, N, N)= Teo(l,ni,ni).
Proof: Using Lemma 2.6, Tu(I, N, N) = Tu(l, ni, ni).
For each meM, p €P , we have
Totp(I, M, P) < Taup (I, m, p) < Tu(l, i, m)+ Tp(ni, m, p).
Then Top(l, M, P) <Tu(I, N,N)+ Tg(ni, M, P)

Theorem 3.2 Let (L, T) be a generalized modular metric (GMM) space. Then (Ho(L), Hr) is a
generalized (GMMS) modular metric space.

Proof : LetM,N,P,W € Ho(L) and a,f € QO. By Lemma 2.7, there exist

mo €M, no €N, and po € P such that: supey T (M, N,P) =T (mo, N,P), sup,ey T(M, n, P) =
T(M, no, P), and sup,ep T(M, P, p)= T(M, P, po).

Then Hr (M, N, P, a) >0.
Moreover,it is clear that
M=N=P < Hr(M,N,P,a)=0
Then from Lemma 3.1 we have
Supmem Taxp (m, N, W) < Supmem Ta (M, P, P) + Supmem TP (pm, N, W)
since{pm : m € M} € P, Supmem Tg (Pm, N, W) < Supper Tg(p, N, W)
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Supmem Ta +8 (m, N, W) < Supmem Ta (M, P, P) + Sup per Tp (p, N, W)
In the same way, we obtain
SUp nen Targ (M, N, W) <supnen Tu(n, P, P)+ supper Ta(p, M, W),
supwew Targ(M, N,W) <supwew Ta(W,P,P)+ supperTs(p, M, W).
Therefore, it is obvious to conclude that
Hr(M,N,W,a+8)< Hr(M,P,P,a)+Hr(P,N,W,A).
a |- Hr (M, N, P, o) is continuous on QO , by the Proposition 2.5.3.
Then (Ho(L), Ht) is a Generalized modular metric space.

Theorem 3.3 Let (L,T) isa (GMM) space .A function Q : L — L is given by

: To) (Q(D), Q(M), Q(n) <T, (I, m,n), forall peQOand I, m,n € L. Then the sequence
Q™ (D=1 is generalized modular metric complete space .
Proof Let {lx: Q”(I)}gf1 }. {In} is a sequence that complies with the requirements
of proposition 2.5.4
T,0,0M, QN <T,(,Q(),Q() (using the induction)
I Tongy( Q"(D, Q™(1), Q™M) =T, (I, Q(I), QD))
then
T,y QD). Q™ 2(1), Q™2(1)) = Toenpy(Q( Q"(1), Q( Q™ (1))
Now we have
Q Q™)) = Tyngy (Q"(), Q™H(1), Q"(1))
<T, (1,Q(), Q)
Therefore,
Tony(In, Tnea, Ine1) < T, (lo, 11, 1),
Hence Q"( 1) ;= is generalized modular metric complete space (GMMCS).

Theorem 3.4 Suppose (L,T) is a generalized (GMM) space and map Q ,GMM-¢- contractive
mapping for all p € QO and I, m,neL:

To)(Q(), Q(), Q(u) < T, (l,m, n)
foreveryl,m,nelLandp € QO.Then in L, Q posseses a unique fixed point .

Proof Now from the above theorem 3.3, we get {l.: {Q"()}};:Z, }is generalized(GMMCS)
modular metric complete space , for each | € L and limh—» Q"() = x €L .

Letting lo = and I, = Q"(I) for each n >1, since limn_ Q"(1)= X,
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we have lim T, (In, X, x)=0for each pEQO :

On the other hand, we recognize

To)(Q(X), Ins1, Int1) <T, (X, In,ln) foreach n € N and each p > 0.
Then Tor)(Q(X),x,X) = 2% Tor( QX), In+1, In+1)
< 8T, (X In, 1n)=0,for each p > 0.
=>x=Q(X),
Now , To prove : Uniqueness
Let y € Q is another point, and p € Q0
To(X,%y) =T,(Q(X), Q(X), Q(Y)) =Ty (Q(X), QX), Q(Y)) -
since T, (I, m, m) is nonincreasing and ¢(p) < p,

we have

Top( Q(x), Q(x), QY)) = Ty (Q(x),Q(x), Q1)) = To( x,x,).
Hence T, (x,x,y)=C
From proposition 2.5.5, we get C = 0.

Therefore, x = y.

4. Conclusions

We have studied certain topological aspects of the Hausdorff distance on GMM and defined a (GMFS)
in the sense of Chistyakov by iterated function system. as anapplication Some concepts of fixed point
have been implemented in generalized modular metric space and generalized modular metric fractal
space (GMMF-space ).
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