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1. Introduction.

Fixed point theory furnishes a robust framework in mathematics for examining the
function and system behavior by centering on fixed points. Kirk et al.
Error! Reference source not found. brought forth the concept of cyclic transformation in
2003. Cyclic contraction(CC) broadens the standard contraction transformations in metric
space. It is utilized for exploring transformations and fixed points.The exploration of fixed
point theorems(FPT) for cyclic transformations have been widely studied (defined by
Error! Reference source not found., Error! Reference source not found.,
Error! Reference source not found., Error! Reference source not found.). By relaxing the
requirement of the triangle inequality, G-metric space(GMS) extends the scope of metric
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spaces. Vector G-metric space(VGMS) is GMS in which the metric is lattice valued. This
research paper outlines FPT for self-transformations in VGMS, with the help of CC.

We lay out a series of definitions and examples that will be applicable in the forthcoming
portion. For an additional comprehensive analysis of the results regarding the vector lattice
and GMS, we may refer to (Error! Reference source not found.,
Error! Reference source not found., Error! Reference source not found.,
Error! Reference source not found., Error! Reference source not found.,
Error! Reference source not found., Error! Reference source not found.,
Error! Reference source not found., Error! Reference source not found.,
Error! Reference source not found., Error! Reference source not found.,
Error! Reference source not found., Error! Reference source not found.).

Definition 1.1[5] Let R be a non-null set and consider {x;},/~; as a collection of non-void
subsets of R with u =U}_; x;. A transformation C: 4 — u is termed a cyclic transformation if

Cxn) € Xne1 h=12,..,m, where xmi1=x1.

Definition1.2Error! Reference source not found. let R be a non-null set and V be a vector
lattice, consider a function G: R X R X R — V that obeys the properties mentioned below:

(i) G(by, by, bs) = 0if by = by = bs,

(i) 0 < G(by, by, by) ¥V by by, € Rwith by # by,

(iii) G(by, by, by) < G(bq, bz, b3)  V by, by, by € R with bs # by,

(iv) G(bq, by, b3) = G(by, bz, by) = G(by, bz, by) =+ (tri-variable symmetry)
(¥)G(by, by, bs) < G(by,0,0) + G(a, by, bz) V by, by bs,0 € R.

The triplet (R, G, V) is defined as vector G-metric space(VGMS).

Definition 1.3Error! Reference source not found. A VGMS (R,G,V) is called symmetric
VGMS if G({,b,b) =G(b,{,{) Vb eER.

Example 1.4 Let R be a non-null set and take V as a vector lattice. Then the function
G:R X R X R - Visdetermined by

G b Q) = (I — bl 1b— 41,18 — ul)
Vu,b,¢ € Rand vn. Then (R,G,V) isa VGMS on .

Example 1.5 Let R = [1, o), VV be a vector lattice, G; and G, be two vector G-metrics on ‘R.
The transformation G: R X R X R — V is determined by

1
G(,LL, I)' O-) = (Gl (‘Ll, b' 0-) + GZ (‘Ll, b' 0—))5
V ub,o0 €R.Then (R, G,V)isa VGMS on R.
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Definition 1.6Error! Reference source not found. In a VGMS (%R, G, V), (¢,) € Ris called V
convergent to some ¢ € V if 3 (u,) € V satisfying u,, L 0 and G (g, ¢, ) < Uy, VN, M € Z7,

Definition 1.7Error! Reference source not found. In a VGMS (R, G,V), (¢,) € R is called V-
Cauchy sequence(VCS) if 3 (u,) € V satisfying u, { 0 and G (¢p, §m, §u) < Uy holds for all
nmu€zt.

Definition 1.8Error! Reference source not found. In a VGMS (%R, G, V), the term V-complete
implies that every VCS in R is V-convergence to a limit in ‘R.

Definition 1.9[5] A cyclic transformation C on u is said to be cyclic contraction if 3 0 <
p < 1 such that

G(C(w), C(b), C(b)) = pG(u, b, b)
Vu € xygandb € y441, 9 = 1,2,...m.

2 Main Results

In this section, we establish some FPT and corollaries for self-transformations in VGMS
(R, G, V) by employing the methodology of CC.

Theorem 2.1 Let (R,G,V) be symmetric and G- complete VGMS and {y,}g=; as a
collection of non-empty subset of R with u =uUg-, x,.Let C: u — u be cyclic transformation
satisfying

CXq) € Xqg+1 q=12,..,m, where Xxmi1 = X1

Suppose that 3 constant d;, d,, 03, 04, 05,0 and 0, with 0 < 9, + 0, + 05 + 0, + 05 + 0 +
0, < 1 such that the transformation C satisfies

G(C(W), C(b), C(r)) = 016G (w b,7) + 026 (1, C(w), C(w)) + 093G (b, C(b), C(b))
+0,G (r, C(r), C(1) + 905G (1, C(b), C(b)) + 3G (b, C(r), C(1))

+0,G (r, C(w), C(W)
Vi € xqand b, 7 € 441, ¢ = 1,2,...m. Then y has FP in u =ngL; x, which is unique.

Proof: We can write eq (1) as
G(C(), C(b), C(b)) = 091G (p, b, b) + 0,6 (u, C(w), C(w)) + 3G (b, C(b), C(b))
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+0,G (b, C(b), C(b)) + 3G (1, C(b), C(b)) +
096G (b, C(b), C(b)) + 97G (b, C(1), C())

G(C(w), C(b), C(b)) = 01G (b, b) + 026G (1, C(w), C(W)) + (093 + 94 + 06)G (b, C(b), C(b))
+05G (4, C(b), C(b)) + 9,6 (b, C(w), C(w)) )
Interchanging the role of x and b, we get
G(C(b), C(), C(u)) = 091G (b, p, ) + 926G (b, C(b), C(b)) + (05 + 04 + 06) G (1, C(1), C(1))
+05G (b, C(), C(w)) + 097G (1, C(b), C(b))
G(C(w), C(),C(b)) < 0,:G(, b, b) + 0,G (b, C(H), C(b)) + (05 + 04 + 96)G (1, C(w), C(W))
+05G (b, C(), C(1)) + 097G (1, C(b), C(b)) 3)
Adding eq(2) and eq (3), we get
2G(C(w), C(b),C(b)) 2 20,G (1, b,b) + (02 + 03 + 04 + 06)G (1, C(w), C(w)) +

(02 + 03 + 04 + 0)G (b, C(5), C(b)) + (05 +
07)G (1, C(5), C(b)) + (95 + 97)G (b, C(w), C(W))

9, + 05 + 0, + 0

G(C(W), C(b), C(b)) < 016(u, b,b) + . (6, C(), C0)) +
G (b, C(5), CbN] + 22 [6 (1, C(b), C(b)) +
G (b, C(W), C))] (4)

Putting b = C(n) ineq (4)
5+ 03+ 0, + 0g

a
G(C(W), C* (W), C*(w)) < 0,6 (1, C(w), C(w)) + [G(u, C(w), C(W) +

2
G(C(w), C2(), ()] + 22 (6 (u, C(w), CB(w) +
G(C(w), C(w), C(w))] ®)
By using definition of VGMS, we get
G(w C(w), CC (W) = 6w C(w), C(W) + G(C(W), C (W, C (W) (6)

Then eq(5) becomes

2 + 03+ 0, + 0g
2

a
G(C(W), C*(w), P (1)) < 016G (1, C(W), C(w)) +

[G(u, C(w), C(W) +
G(C(W), C* (), P (u)] +

ds5+0,

(G, C(w), C(w)) +
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G(C(w), C* (W), C* (W]

.7_2 0; i=2 0;
(1 _ l—T> G(Cw), C2(w), (W) < (al +== )G(u,C(u).C(u))

7 __9;
al+ 1=2"1
G(Cw, (W, W) = ey G C), W) (7
z:i7=2 9
Putting g = — 725~ Since 0 < X7_; 9; < 1,50 0 < ¢ < 1. Then eq(7) becomes

1
2

G(C(w), C* (W), C* (1)) = qG (u, Cu, Cp) (8)
Vu € xq. Further,

G(CP(W), CP* (W), CP* (W) 2 q°G (1, Cu,Cu) Vp EN U E .
Forp,j € Nand u € x4
G(CP (W), CPH (), CPH (1) < G(CP (W), CPHH (W), CPHH () +
G(CP (W), CP* (1), CP* ()
< G(CP (W), P (W), P (W) +
G(CPH (), CPH2 (), CPH2 ()
+G(CPF2 (W), CP (W), CPH ()

< Bl G (), CPH (W), CPH )
=¥, ¢ 6 (1 Cu Cp)
G(CP (), € (), € () = 1= G (o, Cu, ) ©

This implies (CPu) is a VCS in G-complete VGMS and it converges to u; € R. So, 3 a
sequence u, € V such that u, L 0 and G (uy, CP (1), CP (1)) = Up.

Now
G (p1, CC(1)), C(u1)) = G (g, CPHE (W), CPHH () + G(CP* (), C(1q), C(11))
< G (uy, CPHH (), CP 1 (1)) + G (C(y), CPHE (W), CP* 1 (1)
By using (4), we get
G (1, C(11), C(11)) = G (uq, CPH (), CP*1 (1)) + 016G (g, CP (1), CP (1)) +
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0,+03+04+04

o 16 (g, Cp, Q) +

G(CP (), CP1 (), CP+1 ()]
+ 2222 [G (g, CP (), CPHL () + G(CP (), Cay, Caa)]
< G (g, CPPH (W), CPFH() + 016 (g, CP (), CP () +
222002 G (g, Chty, Cpt) + G (CP (), iy, 1r) +

G(pq, CPHE(W), CPHE ()] +
[G (ug, P (W), CPH (W) +

G(CP (W), 1, 1) + G(pq, Cq, Cuq)]

J5+07
2

G (1, C(11), C(11)) = G (uq, CPHE (), CPH (1)) + 051G (g, CP (1), CP (1)) +

w [G(uy, Cuy, Cuq) +

Gy, CP (W), CP (W) +
G (pq, CPH1 (), CPH ()] +

d5+0,

=516, CPH (), P () +

G (pq, CP (), CP (W) + G (uq, Cuq, Cptq)]

02+03+0,+0
= Mpr1 + 01ty + =[G (u, Cpy, Quy) + 1 +

llp+1]

05407
2

+

[llp+1 +up, + G (u1, City, Cuq)]

0,+03+0,+04

< pp,+0u, + [G (u1, City, Cug) + 1y + 1p]

ds+0-
+ = [y + pp + G (g, G, City)] (10)

i7= d; 20 217= 0;
(1 = 2226 (g, C), Cuy)) < 228220y,

201+%7-,0;
G(pq, Cpe), Cuq)) = ﬁup 10

It follows that u; = Cu;.

Now, we assert that u, is unique FP. If 0, is another FP of C, then Vu, € x, and 9; € x441,
j=1,2,..m,we have

G(4q,01,01) = G(Cuq, C4,C01)
< 0,G(uq,04,01) + 0,G (14, Cuuq, Cuq) + 936G (04,C04,C01)
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+0,G (04, €04, C0;) + 095G (g, €01, COy) + 066 (04, €04, CO4)
+0,G (04, Cuq, Cuuq)

= 01G(fy,01,01) + 05G (1,01, 01) + 07G (01, g, 1)

= 01G(fy,01,01) + 05G (g, 01, 01) + 07G (g, 04, 01)

< (01 + 05 + 0,)G(uq,041,01)-

Since 0 <9, +0s+ 9, <Y/, 9; <1. S0 G(uy,0;,9;) = 0 this implies p; = 9;. Thus C
has FP in u which is unique.

Setting d, = d, d; = p and 9; = 0 for i = 1,3,...,7 in the previous theorem, we yield the
subsequent corollary.

Corollary 2.2: Let (R,G,V) be G — complete and symmetric VGMS and {x,}g=, be family
of the non-empty subset of u with u =Ugl; x,. Let C: 4 — u be a transformation satisfying

CXq) €EXg+1 q=12,..,m, where xpui1=)1.
Suppose that 3 constant d, R with 0 < d + p < 1 such that the transformation C satisfies
G(Cu, Cb,Cb) <0G (u, Cu, Cu) + pG (b, Cb, Cb)
Vi € xqand b, 7 € 441, 9 = 1,2,...m. Then y has FP in u =ngZ; x, which is unique.

Example 2.3: The transformation C: [0,1] — [0,1] defined by

IA

Cu=

= N

U<
U<

(S0 s N
IA

NIr O

is a discontinuous transformation with 0 as unique FP.

Setting 9, =9 and 9; =0 for i =2,..,7 in the theorem 2.1, we yield the subsequent
corollary.

Corollary 2.4:(Banach Contraction Principle) Let (R, G,V) be G — complete and symmetric
VGMS and {4;}7~; be family of non-empty subset of x with u =UgL, x,. Let C:u — p be a
transformation satisfying
Cxg) € Xqg+1 q=12,..,m, where xmi1 = X1
Suppose that 3 constant d with 0 < @ < 1 such that the transformation C satisfies
G(Cu, Cb,Cr) 2 0G(u, b, 1)
Vi € xqand b, 7 € 441, 9 = 1,2,...m. Then y has FP in u =ngZ; x, which is unique.

Theorem 2.5 Let (R, G,V) be G — complete and symmetric VGMS and {x,}g=, be family of
non-empty subset of u with u =Ug-, x,. Let C: u — u be a transformation satisfying
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Cxg) € Xq+1 q=12,..,m, where xmi1= X1
Suppose that there exist constant d4, d,, d3, 0, With 0 < 9; + 0, + 93 + 9, < % such that the
transformation C satisfies
G(Cu, Cb, Cb) < {01[G (1, Cu, Cu) + G (b, Cb, Cb)], 92 [G (1, Cb, Cb) +
G (b, Cu, C)], 95[G (1, Cpt, Cu) + G (p, Cb, Cb)],
04[G (b, Cu, Cu) + G (b, Cb, Cb) ]} (11)
Vi € xqand b, 7 € 441, ¢ = 1,2,...m. Then y has FP in u =ngL; x, which is unique.
Proof: Interchanging the role of u and b in (11), we get
G (Cb, Cu, Cu) = {04][G (b, Cb, Cb) + G (1, Cu, Cu)], 02[G (b, Cu, C) +
G (u, Cb, Cb)], 03[G (b, Cb, Cb) + G (b, Cu, C)],
04[G ((u, Cb, Cb) + G (u, Cut, C)]} (12)
Adding eq(11) and eq(12), we get
2G(Cu, Cb, Cb) = {204[G (u, Cu, Cu) + G (b, Cb, Cb)],20,[G (u, Cb, Cb) +
G(b, Cu, Cw)], (03 + 04)[G (1, Cu, Cp) + G (p, Cb, Cb)],
03 + 9,)([G (b, Cu, Cu) + G (b, Cb, Cb)]}
G(Cu, Cb, Cb) < {01[G (1, Cu, Cu) + G (b, Cb, Cb)], 0, [G (1, Cb, Cb) +

G (b, Cat, C)], 222 [G (k, Cit, ) + G (1, C, €,

83+04
2

< {@ G(u, Cu, Cu) + @ G (b, Cb, Cb)

[G (b, Cu, Cu) + G (b, Cb, CH)]}

+ w G(u, Cb, Cb) + zazzﬂ G (b, Cu, C)}

< {261+j3+a4 [

G (u, Cu, Cu) + G (b, Cb, Cb)] +

2022229 G (1, Cb, Cb) + G (b, Ct, ()]} (13)

Putting b = Cu in eq(13), we get

20, + 05 + 0,

G(Cu, CPu, CPp) 2 { [G(, Cu, Cu) + G(Cu, CPp, CPp)] +

20, + 85 + 0,
2
- {zal +(233 +0,

[G(u, CPu, CP) + G(Cu, Cpt, CO 1}

[G (1, Ci, C) + G(Cp, CPu, )] +
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20,+05+0
% G(u, CPu, C2u)}

By using (VGM5), we get
G, Cu, CPp) < G(w, Cu, Cu) + G (Cu, Cou, CPp)

Then eq(14) becomes
20, +05;+0
G(Cn, O, Cp) < f————
20, + 05 + 0,
2

[G(u, Cpt, Cl) + G(Cp, CP, ()] +

G(u, Cp, Cu) + G(Cu, Cp, CPa)}
4

= {Z 0:G (, Cu, Cu) +
i=1

4
Y 06 Cu, )}
i=1

4 4
(1= 096w (2, C2) < ) 8:(G(u, Cit, ()
i=1 i=1

Z?:l ai

G(Cu, Cpr, Cp) = 77535 G (1, G, C)

4 5.
Putting g = Engz’ii' Since0 < ¥i, 0; < % s0 0 < g < 1. Then eq(16) becomes

G(Cu, CPu, C*p) = qG (u, Cpt, C)

Vi € x4. Further

G(CPu, CPHiu, CP* ) < PG (u, Cu, Cu) VP EN € .
Forp,j € Nand u € y,
G(CP (W), CP* (), CPH (1) < G(CP (W), CPH (W), CPH () +
G(CP* (W), C°* (), CP* ()
< G(CP(w), CPH (W), CPH (W) +
G(CPHH(w), CP+2 (), CP+2 ()
+G(CP2 (), CP (), CP* ()

< ¥, G(CPHTI(W), CPH(w), CPH (W)
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<N qPG (u, Cu, Cu)

G(C (0, 0 (1), €4 () = {5 6w, O, Q) (18)
This implies {C”u} is a VCS in G-complete VGMS and so it converges to u, € 4.
Now
G (p1, Cpta, Cpy) = Gy, P70, CP71 ) + G(CPHu, Cpay, Catg)
< Gy, CP¥ i, CPHip) + 20 [G(CPp, O, € )
+6 (1, Cpty, Cpty)] + 222224 (G (CPp, Cpty, i)
+G (1, CPF 1, CPT )] (19)
By using

puy = lim CPu = lim CP*1p.
p—)OO p—)OO
Then eq(19) becomes

20, + 05 + 0,
2

20, + 05 + 0,
o (6 (i, Gy, i) + 0]

= 2?:1 0;G (p1, Citq, Cuy) (20)
Since 0 < Y%, 9; < 1, it follows that u; = C;.

G (1, Cpg, Cuy) 2 0+ [0+ G (pq, Cug, Cpty) ]

Now, we assert that u, is unique FP. If 0, is another FP of C, then Vu, € x, and 9; € xq41,
j=12,..m, we have

G(uq,01,01) = G(Cuq, Co4,C0¢)

< {01[G (11, Cuy, Cuy) + G(94, €04, CO4)], 02[G (uy, €O, COy) +
G (01, Cuy, Cpq)], 93[G (uq, Citq, Cuq) + G (uq, C04, C04)],
04[G (04, Cuq, Cuy) + G(04,C04,C04) 1}

= {01(0),02[G (41,01, 01) + G (01, 1, 1)), 903G (14, 01, 01),
0,G(uq,0,,01)}

<{20,G(u4,04,01),03G(Uq,01,01),04G(1q,01,01)}

< (20, + 03 + 04)G(uq, 04, 0,)-

Since 0 < 29, + 05 + d, < 1. So C has FP in g which is unique.
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3 Conclusion

Within this manuscript, we illustrate FPT for self-transformations in V-complete VGMS by
utilizing cyclic contraction. These outcomes are expected to inspire researchers to explore
problem-solving opportunities in diverse areas such as differential equations and functional

analysis.
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