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1. Introduction

In 1986, the theory of intuitionistic fuzzy sets was presented initially by Atanassov [1] and a series of
operations and concepts is defined in [2]. Later, the interval valued intuitionistic fuzzy sets [3] was
presented by Atanassov in 1989, and it has achieved a tremendous amount of research and development
in various fields. For example, Zeng and Hu studied the necessity operator and the possibility operator
of interval valued intuitionistic fuzzy sets [4]. T. Muthuraji, S. Sriram, P. Murugadas have proposed
Decomposition of Intuitionistic Fuzzy Matrices [5]. H. Bustince, E. Barrenechea, M. Pagola, J.
Fernandez proposed Interval-valued fuzzy sets constructed from matrices [17]. B. Chetia and P. K.
Das. introduced Some Results of Intuitionistic Fuzzy Soft Matrix Theory [9]. Jian-giang Wang, Rong-
rong Nie, Hong-yu Zhang, Xiao-hong Chen initiated Intuitionistic fuzzy multi-criteria decision-
making method based on evidential reasoning [12]. S. Senthilkumar, Eswari Prem and C. Ragavan
have explored the concept of Intuitionistic fuzzy translation of anti-intuitionistic fuzzy T-ideals of
subtraction BCK/BCl-algebras [20]. D. Pandey and Kamesh Kumar have achieved their results in the
Interval Valued Intuitionistic Fuzzy Sets in Medical Diagnosis [22]. For distance measures, further
research was done by Khalid and Abbas [23]. Atanassov defined five versions of Cartesian products
of two IFSs. The sixth cartesian product over IFSs was defined by Velin Andonov in 2008 [24]. The
seventh, eighth and ninth cartesian products over IFSs were defined by Annie Varghese and Sunny
Kuriakose in 2012 [25], they also defined the tenth and eleventh Cartesian products over IFSs in the
same year [26], that is to say x7, x8, x9, x10 and x11, respectively. And the corresponding equations
for some operations and relations over IFSs were proved. According to the comparison of interval
valued fuzzy sets and intuitionistic fuzzy set, Atanassov introduced and proposed five kinds of
Cartesian products of two interval valued intuitionistic fuzzy sets. As we all know, there are eleven
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kinds of Cartesian products of IFSs. However, there are only five types of Cartesian products of
interval valued intuitionistic fuzzy sets.

Finally, we prove that interval valued intuitionistic fuzzy matrices is a closed algebraic system for all
these operations as fuzzy sets of intuitionistic fuzzy sets, and interval valued intuitionistic fuzzy sets.
Therefore, this paper generalizes the interval valued intuitionistic fuzzy set theory and provides some
valuable conclusions for the field of application research of interval valued intuitionistic fuzzy matrices
and it is also useful to the generalization of interval valued intuitionistic fuzzy reasoning.

In this article, the intuitionistic fuzzy set approach using interval belief degrees is introduced to interval
valued intuitionistic fuzzy matrices with interval belief structures. Then a fuzzy set analytical
algorithm is developed to aggregate decision attributes of alternatives for multicriteria decision making
problems with interval valued intuitionistic fuzzy matrices and incomplete decision information. A
series of non-linear programming models are constructed based on criteria weights intervals, belief
degrees intervals and fuzzy evidential reasoning analytical algorithm, then the genetic algorithm is
employed to solve the non-linear models yielding the minimal and maximal fuzzy utilities of each
alternative. With our proposed method, procedures involving arithmetic operations in aforementioned
literature are not needed, thereby removing the limitations in those works.

2. Objectives

. We introduced an operation and relations on the Cartesian product of interval valued
intuitionistic fuzzy matrices and some properties of the interval valued intuitionistic fuzzy matrices
are discussed.

. An interval valued intuitionistic fuzzy matrices play an important role in the field of fuzzy
system modelling. An interval valued intuitionistic fuzzy matrices are extension of the ordinary
matrices.

. Five new operations are introduced over extended intuitionistic fuzzy matrices set and over
their simpler cases, such as interval valued intuitionistic fuzzy matrices, extended interval valued
intuitionistic fuzzy matrices.

. The concepts of an intuitionistic fuzzy set with elements being intuitionistic fuzzy matrix and
of an extended interval valued intuitionistic fuzzy matrices with elements being predicates are
introduced.

. Some operations, relations and operators over these new types of matrices are defined. Some
properties of these ideas are discussed and statements are expressed.
3. Methods

In this section, several fundamental notions about interval valued intuitionistic fuzzy matrices are
discussed. Fuzzy matrices play a vital role in scientific development, A possible application of the
newly proposed interval valued intuitionistic fuzzy matrices of the student’s training is discussed.

Definition 3.1. A Fuzzy matrix may be matrix that has its parts from [0, 1]. Consider a matrix A =
[aij]sxs where aij € [0,1], 1 <j <n. Then A is a Fuzzy Matrix [FM].

Definition 3.2. An intuitionistic fuzzy set (IFS) A in E is defined as an object of the following form
A = {{x,us(x),v4(x))x € E} where the functions u, : E —» [0,1] define the membership and the
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degree of non-membership of the elementx € E, respectively, and for every x € E, 0 < u,(x) +
v4(x) < 1.obviously, each ordinary fuzzy set may be written as {{x, u,(x),v4(x))|x € E}.

Definition 3.3. The Cartesian products of two IFSs A and B are defined as follows, The Cartesian
product “X;” then A X3 B ={{(x, ¥), ua (). up (), va(x).v5(»)) | X € E1&y € E,}.

Definition 3.4. The Cartesian products of two IFSs A and B are defined as follows. The Cartesian
product “x,” then A X, B ={{(x, ¥}, 1a(®) + () — pa (). (), va(x). v () | x € Er&y €
E,}.

Definition 3.5. The Cartesian products of two IFSs A and B are defined as follows. The Cartesian
product “x3” then A X3 B ={{(x, y), 14 (x). 1157, va(x) + V() = va().va () | x € Ex&y € Bz},
Definition 3.6. The Cartesian products of two IFSs A and B are defined as follows. The Cartesian
product “x,” then A x4 B ={{(x, y), min (us(x). us (), max(v4(x).vs(»)) | x € E, &y € E,}.
Definition 3.7. The Cartesian products of two IFSs A and B are defined as follows, The Cartesian
product “xs” then A X5 B ={{(x, y), max (us(x). s (y)), min(v4(x).vs()) | x € E, &y € E,}.

Definition 3.8. An interval valued fuzzy set (IVFS) A (over a basic set E) is specified by a function
M, : E - INT ([0,1]), where INT (X[0,1]) is the set of all intervals within [0,1], for all x € E, M,(x)
isaninterval [a,h],0 <a<b < 1.

Definition 3.9. An interval valued intuitionistic fuzzy set A is defined by the membership function
M, : E —» INT ([0,1]), The non-membership function N, : E — INT ([0,1]), Where INT([0,1]) is the
set of all subsets of the unit interval.

4. Results
Main Theorem of Cartesian Product of Interval VValued Intuitionistic Fuzzy Matrices

Theorem 4.1. If A X, B are an interval valued intuitionistic fuzzy matrices, then I, g(A x; B) and
Qq,g(A X1 B) is also an interval valued intuitionistic fuzzy matrices.

Proof. Let us consider A have 3x4 matrix and B have 4x3 matrix both are an interval valued
intuitionistic fuzzy matrices. Then T, g(A x4 B) = [ (min [a, u§. pp], min [, uf. pF 11, [(max [B,A5.
g1, max [B,24. Az])] and Qg (A X1 B) = [ (max [a, p5. up], max [a, puj. ug ], [(min [, 2. 151, min
[B, 24 25])].

T11 T12 T13 w11 W1z W13
AX;B=(T21 T22 T23|and A X; B=|w2; W32 W33

T31 T32 T33 W31 W3z W33
Ha,B(AxlB):

[511 911 011 7-[11] [512 912 012 7-’:12] [613 913 013 77:13] [614 914. 014 77:14]

[€21 021 021 Ta1] [€22 02 022 T22] [€23 03 023 T23] [€24 0pq 024 T24]
[€31 031 031 T31] [€3p O3, 032 T32] [€33 633 033 T33] [€34 O34 O34 T34

https://internationalpubls.com 52



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 9s (2025)

Vi1 P11 9y Xgq] [Viz P12 9pp Xpp]l [Viz P13 Op5 0 Yys]
V21 P21 Gy UApq] [W2z P22 Oy Xl [W23 P23 §y5  Xps)
[Va1 P31 b3 XAzq] [Vaz P32 03 Xzp] [Waz P33 33 Xss)
\[WM Pa1 G4 Aar] [Vaz Paz G4 Yap]l [Vaz P43 G435 Uusl

711 = [min (0, €44 "W min (o, 611 * p11)], [max (B, 015 - ¢,,), max (B, mqy - %1 +[min (o, €5
Vy1)s min (0, 013 * po1)], [max (B, o1 " ¢,,), max (B, 712 "Apq)] +[min (o, €3 "Wa1)s min (a, 0,3 -
p31)], [max (B, 013 - ¢31), max (B, 73 - Xgl)] +[min (o, €14 - \|f41), min (0, 614 * Pa1)], [max (B, 014
,4)> max (B, 74 * x,,)]- Similarly, we can expand the expression of 71,,713,721,722,723,731,732,T33-

731 = max ([min (0, €11 y,,), min (&, 611 * p11)], [max (B, 011 * ¢;,), max (B, w11 " x;,)], [min (a,
€12 " Vy,), Min (0, 61 * P21)], [max (B, 012 * ¢,,), max (B, w12 * %,,)]) +[min (o, €13 " y,,), min (a,
013 * p31)], [max (B, 013 * ¢5,), max (B, w13 * x5,)] H[min (o, €14 y,,), min (0, O14 - p41)], [max (B,
014°¢,,), max (B, m-yx,)]. Similarly, we can expand the expression of

T12:113,721:122:723,731,132,T33-

731 = max (max ([min (a, €5 * y,,), min (o, 611 * p11)], [max (B, 011 * ¢;,), max (B, w5 - %,,)],[Min
(0, €12 " y,y), min (0, O13 * P21)], [max (B, 012 * ¢,,), max (B, w15 * x,,)]), [min (o, €13 Vi) min (a,
013 * p31)], [max (B, 013 ¢;), max (B, 7q3 * %5,)D+ [min (o, €14 y,,), min (0, O14 * p4q)], [max (B,
014°¢,,), max (B, m-yx,)]. Similarly, we can expand the expression of

T12:113,721:122:723,731,132,T33-

711 = max (max (max ([min (o, €41 - \Vll)a min (0, 611 * p11)], [max (B, 044 ¢11)= max (B, 7y X11)]a
[min (o, €15 * V), min (a, 015 - P21)], [max (B, 015 - d,,), max (B, 715 - x,,)]),[min (0, €15 * y,,), Min
(0, B13 * p31)], [max (B, 013 * ¢5,), max (B, 713 = %3,)]), [min (o, €14 "y, ), min (a, O14 - p4q)], [Max
B, o14°¢,,), max (B, m4-y,,)]). Similarly, we can expand the expression of

T12,T13,T21,T22,723,T31,T32,T33. And

w11 = [ max (a, €11 "y, ), max (&, 611 * p11)], [min (B, 015 * ¢,,), min (B, w14 * %,,)] + [max (o, €15 -
V,,), max (o, 613 * pp1)], [min (B, 013 - §,,), min (B, 715 * %,,)] F[max (o, €13 '\Vgl)a max (o, 6;3
p31)), [min (B, 013 '¢31): min (B, 713 'X31)] t[max (a, €14 y,,), max (o, 614 * P4q)], [min (B, o4 -
¢,4), min (B, w4y, Similarly, we can expand the expression  of

W12,Wq13,W32q,W32,W23,W31,W32,W33.

w11 = max ([ max (o, €11 " y,,), max (a, 611 * p11)], [min (B, 011 * ¢,,), min (B, 145 * x,,)],[max (a,
€12 " Y,q), MaxX (0, 015 * p21)], [min (B, 015 * ¢,,), min (B, 713 * x,,)]) + [max (o, €13 - y,,), max (a,
013 * p31)], [min (B, 013 * ¢5,), min (B, 13 * 15,)] H[max (a, €14 " y,,), max (a, 014 * pg1)], [min (B,
014 0,,), min (B, my4-y,)] Similarly, we can expand the expression of

W12,Wq13,W21,W22,W23,W31,W32,W33.
W1 = Max (maX ([ max ((1, €11 " Wll)’ max ((1, 911 ) pll)]ﬂ [mln (B’ 011" 4)11)7 min (Ba T11 " Xll)]’ [maX

((X, €12 " \V21)5 max ((X, 912 ) le)]> [mln (Ba 012" ¢21)9 min (Bs LSV X21)])a[maX ((l, €13 " \V31)> max ((X,
013 - p31)], [min (B, 013 ~ ¢, ), min (B, w43 = %5)) + [max (a, €14 " y,,), max (o, 614 * P41)], [Min
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B, 014-9,,), min (B, my4-y,,)]. Similarly, we can expand the expression of

W12,W13,W21,W22,W23,W31,W32,W33:

w11 = max (max (max ([ max (o, €11y, ,), max (@, 611 ° p14)], [min (B, 011 " ¢,,), min (B, 714 -
Xll)],[maX ((l, €12 " W21)a max (aa 912 ’ le)]o [mln (Bv 012 ° ¢21)7 min (Ba T2 " X21)])’ [max ((X, €13 "
\V31)a max ((X,, 613 ) p31)]’ [mln (Ba 013 ° ¢31)7 min (Bv 93 * X31)])9 [maX ((l, €14 " \‘/41)9 max ((1,
014 * P41)), [min (B, 014 ¢,,), min (B, 714 %,,)]). Similarly, we can expand the expression of

W12,W13,W21,W22,W23,W31,W32,W33:
Hence I, g (A X4 B) and Q, (A X, B) is an interval valued intuitionistic fuzzy matrices.

Theorem 4.2. If A X, B are an interval valued intuitionistic fuzzy matrices, then I, g (A X, B) and
Qq,3(A X, B) is also an interval valued intuitionistic fuzzy matrices.

Proof. Let us consider A have 3x4 matrix and B have 4x3 matrix both are an interval valued
intuitionistic fuzzy matrices. Then Mg g(A X, B) = [(min [a, u4+ up — ph- ppl, min [a, uf + pg —

ua-up])], [(max [B, A4. Ag], max [B, A4 Ap])] and Qg (A Xz B) = [(max [a, puf + up — pj - ], max

T2 T12 T13
[a, 1l + ug — - pgD], [(Min [B,A4. Ag], min [B,A4. Az])]. A X, B = <721 T22 Tzs) and A x;
T31 T32 133
W11 Wiz W13
]_3:<w21 W22 0)23)
W31 W3z W33
H(x,B(AXZB):
[€11 011 011 Tiu1] [€12 6012 012 Taz] [€13 6013 013 T3] [€14 014 O1a T4
[€21 021 021 T21] [€2 Oy 022 T22] [€33 O3 023 T23] [€x4 04 024 T24]
[€31 031 031 T31] [€3p O3, 032 T32]| [e€33 633 033 T33] [€34 O34 O34 T34
Wi P11 &y Xgq] [Waz Pz 0y %gp] [Viz P13 G130 X3
Va1 P21 0y Xpal [Waz P2z By Xpp] [Vaz P23 0y Xpsl
[Wa1 P31 031 Xzql [Wsz P32 B Uzp] [Vaz P33 035 Xgs)
Va1 Pa1 ¢41 Xa1] [Vaz Paz 4)42 Xaz]l [Vaz Pa3 (|)43 Xa3]

711 = [min (o, €19+ ; — €117y, ), min (@, 611 + P11 — 011 p11)], [max (B, 011 - ¢,,), max (B,
T11 " %11)] +[min (o, €12 + V,, — €12 " Y,,), min (0, 15 + P21 — O13 " p21)], [max (B, 017 -
0,,), max (B, w1z " %,,)] Hmin (o, €13 + Yy, — €13 Y, ), min (a, 613 + p31 — 013 * p31)], [max (B,
013 * §5,), max (B, my3 - %5,)] H[min (0, €14 + W, — €14 W, ), min (o, O14 + pag — O14 * P41)], [Max
B, 0149, (B, ma-%,,)] Similarly, we can expand the expression of

T12,713:7121,722,723,731,732,T33.

max

731 = max ([min (@, €15+, — €11 Y, ), min (@, 611 + pyg — 011 - p11)], [max (B, 011 * ¢,,), Max
B, 11 * %y )] [min (o, €12 + W, — €12 *W,,), min (0, 815 + p21 — 15 ° p21)], [max (B, 012 - b,,),
max (B, 15 " %,,)]) T[min (o, €13 + y,, — €13 "y, ), min (@, 013 + p31 — 013 * p31)], [max (B, 013 -

(1)31), max (B, my3 - X31)] +[min (a, €14 + Wy ~ €14 \V41)5 min (0, 614 + pg1 — 014 " p41)], [max (B,
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014°¢,,), max (B, my4-yx,,)]. Similarly, we can expand the expression of
T12:713,721:722,723,731:732,133-

73 = max (max ([min (o, €11 + Vi~ €117V )s min (&, 611 + p11 — 611 * p11)], [max (B, 015 - ¢11),
max (B, 711 * ;) ][min (o, €15 +y,, — €12y, ), min (a, 613 + pz3 — 012 * p21)], [max (B, 013 -
0,,), max (B, 72 " %,,)]).[min (0, €13 + Y, — €137y, ), min (a, 013 + p31 — 013 p31)], [max (B,
013 * §5,), max (B, my3 * %5,)]) H[min (o, €14 + W, — €14 "y, ), min (0, 014 + pag — 614 - P41)], [MaX
B, 014°6¢,,), max (B, my-y,,)] Similarly, we can expand the expression of

T12:713:721,722:723,731:132,733:

711 = max (max (max ([min (o, €17 +y,, — €11 Y, ), min(a, 11 + p11 — 015 ° p11)], [max (B, oy -
¢,,), max (B, myq = x,,)], [min (o, €12 +y,, — €127 y,,), min (o, 81 + pa1 — 013 " P21)], [max (B,
012 * §,,), max (B, w13 * x,,)]):[min (o, €13 + W, — €13 Wy, ), min (0, O13 + P31 — O3 * p31)], [Max
(B, 013 * §5,), max (B, y3 * %5,)]).[min (0, €14 +y,, — €14 V,,), min (@, O14 + P41 — 014 * Pa1)],
[max (B, o014-¢,,), max (B, my4-y,,)]). Similarly, we can expand the expression of

T12,T13,T21,T22,723,T31,T32,T33. And

w11 = [max (o, €17 +y,; — €11y, ), max (&, 011 + p11 — 011 p11)], [min B, 11 - ¢11)» min (B,
Ty * Ay.)] TImax (o, €12 + W, — €12 W, ), max (a, 015 + pz1 — 013 * P21)], [min (B, 015 - ¢,,), min
(B, 12 * xpy)] T [max (o, €13 + Wy, — €13 Wy, ), max (@, O13 + P33 — 013 - p31)], [min (B, 013 - ¢5,),
min (B, 713 X3)] Tlmax (o, €14 +y,; —€14°y,,), max (a, O14 + pg1 — 014 ° p41)], [min (B, 014
¢,,)» min (B, my4-y,,). Similarly, we can expand the expression  of

W12,W13,W321,W22,W33,W31,W32,W33.

w1y = max ([max (o, €11 + Y, — €11V, ), max (o, 813 + py1 — 011 * p11)], [min (B, 011 - ¢,,), Min
(B, 11~ %q,)):[max (o, €12 + v, — €12 W,,), max (0, O35 + pa1 — O13 - P21)], [min (B, 012 - P,,),
min (B, 42 * x,,)]) Hmax (o, €13 +y,, — €13 * Y5, ), max (a, 613 + p31 — 013 * p31)], [min (B, 033 -
¢5,), min (B, 133 - ¥x5,)] Hmax (o, €14 + W, — €14 " y,,), max (o, O14 + psq — 014 * p41)], [min (B,
014°¢,,), min (B, my-y,,)]. Similarly, we can expand the expression of

W12,Wq3,W321,W22,W23,W31,W32,W33.

w11 = max (max ([max (a, €11 + Yy, — €11 Y, ), max (o, 11 + p11 — 611 p11)], [min (B, 04 - ¢11),
min (B, 4 * %, )], [max (o, €12 +y,, — €12y, ), max (0o, 015 + pa1 — 1 " P21)], [min (B, 097 -
¢,,), min (B, 15 * %y, )])[max (o, €13 + Yy, — €13 "y, ), max (o, 013 + p33 — 013 * p31)], [min (B,
013 * §5,), min (B, 713 * x5,)]) Hmax (o, €14 + W, — €14 ° W, ), max (o, O14 + pa1 — 014 p41)], [Min
B, 014-¢,,), min (B, my,-yx,,)] Similarly, we can expand the expression of
W12,W13,W21,W22,W23,W31,W32,W33:

w11 = max (max (max ([max (o, €11 + Vi1~ €11V ), max (o, 61 + p11 — 611 * p11)], [min (B,
011 * ¢,4), min (B, 714 * ;)] [max (o, €12 + W, — €12 "y, ), max (o, 615 + pa1 — 612 - P21)], [Min
(B, 12 - ¢,,), min (B, 12 * x,,)]).[max (o, €13 + Yy, — €13 Yy, ), max (0, 613 + P31 — O3 * P31)],

[min (B, 013 " ¢,,), min (B, 733 * x5 )]).[max (o, €14 + W, — €147 V,,), max (0, O14 + pgg — O14 -
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Pa1)], [min (B, 014 -6¢,,), min (B, 74"y, )]). Similarly, we can expand the expression of

W12,W13,W21,W22,W23,W31,W332,W33:
Hence I, g (A X, B) and Qq g(A X, B) is an interval valued intuitionistic fuzzy matrices.

Theorem 4.3. If A X3 B are an interval valued intuitionistic fuzzy matrices, then I, g (A X3 B) and
Qq,5(A X3 B) is also an interval valued intuitionistic fuzzy matrices.

Proof. Let us consider A have 3x4 matrix and B have 4x3 matrix both are an interval valued
intuitionistic fuzzy matrices. Then M, g (A X3 B) = [(min [, - k], min [a, uY. uZD]1, [(max [B, 4
+%5 — Mg Aplmax [B,Ag + Az — Ag. Ag])] and Qg (A X3 B) = [(max [a, uf - uh], max [a, uf . uf1)],

T2 T12 T13
[(min [B, A} + A — A4 Al min [B, A + A5 — AL AB])]. A X3 B = (Tzl T22 T23) and A x; B =
T31 T3z 733
w11 W1z W13
(0)21 W22 wzs)
W31 W3z W33
Ha,B(AX3B):
[€11 611 011 T [€1p 601 012 Ti2] [€13 013 013 i3] [€14 014 O1a Ti4]
[€21 021 21 T21] [€2 Oy 022 T22] [€3 O3 023 T23] [€24 Opu 024 T24]
[€31 031 031 T31] [€3p O3, 032 T32]| [e€33 633 033 T33] [€34 O34 O34 T34
Wir Pur O %yl [Viz Pz 9y %gp] Wiz P13 O3 sl
Va1 P21 0y Upql [Waz P22 By Xpp]l [Vaz P23 9y Xpsl
[Wa1 P31 031 XAzq] [Wsz P32 B3 Azp] [Vaz P33 035 Xgs)
War Par by Xgq] [Waz Paz Oy Ago]l [Vaz Paz Op3 3]

T3 = [min (o, €19 Yy, ), min (a, 615 * p11)], [max (B, 011 + ¢, — 041 " ¢,,), max (B, w93 + %y, —
T11 " %;)] Hmin (o, €12y, ), min (o, 613 * p21)], [max (B, 012 +¢,;, — 012~ ¢,,), max (B, w1, +
X1 — M1z " Apy)] Hmin (o, €13+ W5 ), min (0, O3 p31)], [max (B, 013 + ¢5, — 013 * ¢5,), max (B,
T3 + A3y — T13 " Azy)] TImin (, €14 - W,,), min (0, 614 * p41)], [max (B, 014 + ¢, — 014 - ¢,,), Max
B, Tty —Tacx,))  Similarly,  we can  expand the  expression  of

T12:713,721,722:723,731,132,T33-

733 = max ([min (o, €19y, ), min (0, 611 * p11)], [max (B, 011 + ¢, — 041 - ¢, ), max (B, 75 +
Yuy = Tt "y )bImin (@, €15 y,), min (@, B1z po1)], [max (B, 010 + by, — 01 * d,,), max (B,
T2 + Ay — T2 " Apy)]) Hmin (o, €13 W5 ), min (a, 613 * p31)], [max (B, 013 + ¢5, — 013 * ¢,,), Max
(B, 13 + A3, — T13 * Agy)] Hmin (o, €14 -y, ), min (@, 014 - Pa1)], [max B, 014 + ¢, — 014 9,,),
B, s+, —T1ax,)].  Similarly, we can expand the expression of

T12,713:7121,722,723,731,732,T33.

max

711 = max (max ([min (o, €17 * Vi ) min (o, 011 - p11)], [max (B, 011 + 4)11 —O011° ¢11), max (B,
T11 + Yqq — P11 " Aq))o[min (o, €15 -y, ), min (o, 815 * p21)], [max (B, 012 + ¢, — 012~ §,,,), Max

(B, m12 + %y, — 12 " Ap,)])s[min (@, €13 \V31)a min (o, 6013 ° p31)], [max (B, oy3 + ¢31 —013° ¢31)1
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max (B: 13 + X31 — M3 X31)]) +[mil’l ((X, €14 " \|I41)5 min ((1, 914 ) p4—1)]’ [max (B’ 014 + ¢4_1 — 014"
0,,), max (B, M4+, —MTax,,)] Similarly, we can expand the expression of
T12,713,721,722,723,731,732,T33-

Ty = max (max (max ([min (o, €11 * Wy, ), min (0, 611 * p11)], [max (B, 011 + ¢,; — 011~ ¢,,), Max
B, m1 + X11 — 11 -xll)],[min (o, €12°W,,), min (0, 6015 - pz1)], [max (B, o1, + ¢21 — 012 '¢21)1
max (B, my, + Xo1 — T2 'x21)]),[min (o, €13°Wg,), min (o, 63 - p31)], [max (B, 013 + ¢31 — 013"
¢31)9 max (Ba T3 + X31 — M3 X31)])9[min ((X, €14 W4_1)9 min ((l, 914 ’ p41)]7 [maX (Ba 014 + ¢41 -
014" 9,,), max (B, T4+, — s %,,)]). Similarly, we can expand the expression of

T12,T13,T21,T22,T23,731,T32,T33. And

w11 = [max (o, €15 Yy, ), max (@, 011 p11)], [min (B, 033 + ¢, — 011 - ¢,,), min (B, w11 + %, —
T11 * %qy)] HImax (o, €12 Y, ), max (o, 013 ° pz1)], [min (B, 012 +¢,; — 012 * ¢,,), min (B, 715 +
X21 — T12 " Apq)] Hmax (o, €13y, ), max (a, 613 p31)], [min (B, 013 + ¢, — 013 * ¢,,), min (B,
T3 + A3y — T13 " Azy)] TImax (o, €14 -y, ), max (0, 014 * p41)], [min (B, 014 + ¢,, — 014 ¢,,), MiN
B, Tty —May,)  Similarly,  we can  expand the  expression  of

W12,Wq3,W3q1,W32,W23,W31,W32,W33.

w1y = max ([max (o, €11 "y, ), max (o, 611 py1)], [min (B, 11 + ¢, — 011 ¢,,), min (B, w14 +
X171 — 11" Agpb[max (o, €12 7y, ), max (o, 13 pz1)], [min (B, 01 +¢,, — 012 * ¢,,), min (B,
T2 + Ay — T2 " Apy)]) TImax (a, €13 Wy, ), max (@, 013 - p31)], [min (B, 013 + ¢5; — 013 - ¢, ), Min
(B, 13 + A3y — M1z " A3,)] TImax (o, €14 - y,,), max (a, 014 * P41)], [min (B, 014 + &, — 014 0,,),
min (B, T4+ Y, — s X, Similarly,  we can  expand the expression of

W12,W13,W321,W22,W33,W31,W32,W33.

w1, = max (max ([max (o, €11y, ), max (o, 611 * p11)], [min (B, 011 + ¢, — 011 * ¢,,), min (B,
Ty1 + %y — a1~ %y [max (o, €12 -y, ), max (o, 615 p21)], [min (B, 012 + ¢,, — 012 * §,,), Min
(B, 12 + Ay — T2 * Apy)Do[max (a, €13 * y,,), max (a, 613 * p31)], [min (B, 013 + ¢5, — 013 ;)
min (B, 13 + %3, — T13 * A3,)]) Hmax (o, €14 " y,,), max (o, 014 * p41)], [min (B, 014 + ¢,; — 014"
0,,), min (B, w4+, —Tax,,)] Similarly, we can expand the expression of
W12,W13,W21,W22,W23,W31,W32,W33.

w11 = max (max (max ([max (o, €11 * W, ), max (a, O11 * p11)], [min (B, 011 + ¢,; — 011 - ¢,,), Min
(B, 11 + 6y — 11 " Ay ) [max (o, €12y, ), max (o, 613 p21)], [min (B, 012 +¢,; — 012 ¢21)1
min (B, 3 + %y, = 12 " Xyy)]s[max (o, €13 Wy, ), max (o, 013 ° p31)], [min (B, 013 + ¢, — 043
0g,), min (B, w13 + %5, — Ty3 " Az )] [Max (o, €147y, ), max (a, O14 " p41)], [min B, 014 +¢,, —
014" 9,,), min (B, 74+, — T4 %,,)])- Similarly, we can expand the expression of

W12,Wq13,W21,W22,W23,W31,W32,W33.

Hence I1, g (A X3 B) and Q4 g(A X3 B) is an interval valued intuitionistic fuzzy matrices.
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Theorem 4.4. If A x, B are an interval valued intuitionistic fuzzy matrices, then I, g (A X, B) and
Qq,5(A x4 B) is also an interval valued intuitionistic fuzzy matrices.

Proof. Let us consider A have 3x4 matrix and B have 4x3 matrix both are an interval valued
intuitionistic fuzzy matrices. Then I, g (A X4 B) = [(min [min (a, p}, pp)], min [min (o, uy, u)1D],
[(max [max (B, A4 , 25)], max [max (B, 14, 1)])] And Q5 (A X, B) = [(max [max (a, u}, up)], max

T2 T12 T13
[max (o, 13, ug)])], [(min [min (8,47 , &5)], min [min (8,4, A)])]. A X, B = (Tn T22 723> and
T31 T332 733
w11 W1z W13
AX,B= (‘U21 W22 wzs)
W31 W3z W33
Ha,B(AX4B):
[€11 611 011 T [€13 601 012 Ti2] [€13 013 013 i3] [€14 014 O1a Ti4]
[€21 621 021 Ta1] [€32 6O O22 T22] [€33 O3 023 T23] [€34 G4 O2a T24]
[€31 031 031 T31] [€3p O3, 032 T32]| [e33 633 033 T33] [€34 O34 O34 T34
Wi P1r by Xygl Wiz Pz 9y %gp] [Viz P13 O3 Xg3]
W21 P21 0y Upql [Waz P2z By Xpp]l [Vaz P23 0y Xpsl
[War P3r b3y UAzq] [Waz P32z b3y XAzl [Waz P33 Gy Xss]
\[WM Par by Apr]l [Vaz Pi2 Gpp Aol [Vaz Pa3 Oy X43]/

733 = [min (min (o, €11, V¥, ))s min (min (o, 611, p11))], [max (max (B, 011,¢11)), max (max (B,
11, Xy,))] Hmin (min (0, €1, ,,)), min (min (o, 612, P21))], [max (max (B, 012, ¢,,)), max (max (B,
Ty, X21))] +[min (min (a, €43, \|/31)), min (min (a, 813, p31))], [max (max (B, gy3, ¢31)), max (max (3,
13, %3,))] T[min (min (o, €14, y,,)), min (min (a, 614, p41))], [max (max (B, 014, 9,,)), max (max (B,
T14,%,4,))]- Similarly, we can expand the expression of 71,,713,721,722,723,731,732,T33-

731 = max ([min (min (0, €14,y )), min (min (a, 614, p11))], [max (max (B, 011, ¢,,)), max (max (P,
11, %1,))],[min (min (@, €15, y,,)), min (min (o, 613, p21))], [max (max (B, g2, ¢,,)), max (max (B,
Ty, X21))]) +[min (min (o, €13, \|/31)), min (min (o, 643, p31))], [max (max (B, g13, 4)31)), max (max (J,
13, %3,))] T[min (min (o, €14,y,,)), min (min (a, 614, p41))], [max (max (B, 014, 9,,)), max (max (B,
T14,%,4,))]- Similarly, we can expand the expression of 71,,713,721,722,723,731,T32,T33-

741 = max (max ([min (min (0, €14, ¥, )), min (min (a, 811, p11))], [max (max (B, 014, ¢, ,)), max (max

)
11
(B, 11, %, )] [min (min (o, €1, y,,)), min (min (0o, 613, pz1))], [max (max (B, g2, ¢,,)), max (max
(B, 12, %54 ))]);[min (min (o, €13,,,)), min (min (0, 613, p31))], [max (max (B, 613, ¢,,)), max (max
(B, 713, %3,))]) Hmin (min (0, €14, ,,)), min (min (@, 014, P41))], [max (max (B, g14, ¢,,)), Max (max
(B, 714, %4,))]- Similarly, we can expand the expression of 713,713,721,722,723,T31,T32,T33-

7y, = max (max (max ([min (min (o, €11, y,, )), min (min (0, 641, p11))], [max (max (B, 011, 9,,)),
max (max (B, 711, ;,))],[min (min (&, €12, ,,)), min (min (o, 612, p21))], [max (max (B, 12, 9,,)),

max (max (B, 712, %,,))]),[min (min (a, €3, Yy, )), min (min (0, 613, p31))], [max (max (B, 013, ¢;,)),
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max (maX (B: 13, X31))])a[min (mln ((X, €14, \V41))9 min (mll'l ((1, 914' p4—1))]’ [max (max (Ba 014, ¢41))!
max (max (B, 714, %,,))])- Similarly, we can expand the expression of 7,,713,721,722,723,731,732,T33-
And

w11 = [max (max (o, €11, V4 )), max (max (o, 611,p11))], [min (min (B, 011:‘1)11)), min (min (,
T11,%,))] t[max (max (o, €15, \I/21))a max (max (o, 613, p21))], [min (min (B, o1, ¢21)), min (min (B,
T12,%,,))] T[max (max (a, €33, \|131)), max (max (0, 813, p31))], [min (min (B, oy3, ¢31)), min (min (B,
13, Y3,))] Tlmax (max (a, €14, ,,)), max (max (o, 614, p41))], [min (min (B, 014, ¢,,)), min (min (B,

14, X41))] Slml|al’|y, we can expand the eXpI’ESSIOH of W12,W13,W31,W22,W23,W31,W32,W33.

wy; = max ([max (max (a, €1, ,, ), max (max (6, 61, py1))], [min (min (B, 11, ¢, ,)), min (min (B,
T11,%y1))],[max (max (&, €12,V,,)), max (max (o, 612, p21))], [min (min (B, 012, ¢,,)), min (min (B,
T12,%,,))]) Hmax (max (o, €33, V,)), max (max (a, 813, p31))], [min (min (B, 013, ¢, )), min (min (B,
13, %3,))] H{max (max (o, €14, V,,)), max (max (o, 614, P41))], [min (min (B, 014, ¢,,)), min (min (B,
T14,%44))]- Similarly, we can expand the expression of w;,w13,W31,W22,W23,W31,W32,W33.

w11 = max (max ([max (max (o, €11, ¥, )), max (max (a, 611, p11))], [min (min (B, 015, ¢,,)), Min
(min (B, 743, %,,))],[max (max (a, €12,V,,)), max (max (@, 6;3,p,1))], [min (min (B, 012, ¢,,)), Min
(min (B, 712, X,,))]),[max (max (@, €13, y,,)), max (max (a, 613, p31))], [min (min (B, 013, ¢,,)), Min

(min (B, 13, %3,))]) Hmax (max (a, €14, ,,)), max (max (&, 614, P41))], [min (min (B, 714, ¢,,)), Min
(mln (B, 14, X41))] Slml|al’|y, we can eXpand the eXpI’ESSIOI’I Of Wq,W13,W31,W3,W23,W31,W37,W33.

w11 = max (max (max ([max (max (a, €11,y )), max (max (o, 811, p11))], [min (min (B, 011, ¢,,)),
min (min (B, 711, X;,))].[max (max (a, €12, ,,)), max (max (&, 612, p21))], [min (min (B, 012, ¢,,)),
min (min (B, 712, X,,))]).[max (max (a, €13, y,,)), max (max (a, 613, p31))], [min (min (B, 013, ¢, )),
min (min (B, 733, X5,))]).[max (max (a, €14,,,)), max (max (a, 614, p41))], [min (min (B, 014, ¢,,)),
min  (min (B, T4,%,,))]). Similarly, we can expand the expression of

W12,W13,W21,W22,W23,W31,W32,W33-
Hence I, g (A X4 B) and Qq g(A X, B) is an interval valued intuitionistic fuzzy matrices.

Theorem 4.5. If A X5 B are an interval valued intuitionistic fuzzy matrices, then I, g (A X5 B) and
Qq,3(A X5 B) is also an interval valued intuitionistic fuzzy matrices.

Proof. Let us consider A have 3x4 matrix and B have 4x3 matrix both are an interval valued
intuitionistic fuzzy matrices. Then I, g (A X5 B) = [(min [max (@, uj, up )], min [max (a, uy, u)1],
[(max [min (B, 34, A3)], max [min (B, A4, Ax)])] and Qg g(A X5 B) = [(max [min (a, ub, up)], max

T11 T12 Ti3
[min (, 13, u§)]], [(min [max (B, A7 , 15)], min [max (B, 14, A)])]- A X5 B = <T21 T22 T23> and

T31 T32 T33
w11 Wiy Wq3
AXgB=|wW21 W3 W33

w31 W3y W33
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Ha,B(AXSB):
[€11 611 011 Ti1] [€1z
[€21 021 021 T21] [€2
[€31 031 031 T31] [€3

—

N

Vi1 P11 ¢y,
W21 P21 ¢,y
W31 P31 gy
\[\V41 Pa1 ¢,

—

T14]
To4]
T34]

733 = [min (max (o, €11, V¥, ))s min (max (a, 611,p11))], [max (min (B, o1, ¢11)), max (min (f,
11, Xq,))] Hmin (max (a, €12, ,,)), min (max (o, 012, p21))], [max (min (B, 612, ¢,,)), max (min (B,
T12,%,))] H[min (max (a, €13, V,,)), min (max (o, 613, p31))], [max (min (B, 013, ¢,,)), max (min (B,

T3, X31))] +[min (max ((X, €14, \V41))9 min (maX ((1, 914-1 p41))]a [max (mln (Bb 014, ¢41))’ max (mln (Ba

14, X41))] Slml|al’|y, we can eXpand the eXpI’eSSIOI’I Of T12,713:T21,T22,123,731,732,T33-

743 = max ([min (max (a, €31, )), min (max (o, Bx1, p11))], [max (min (B, 11,6, ,)). max (min (5,
11, Xq,)],[min (max (a, €12, V,,)), min (max (o, 612, 021))], [max (min (B, 012, ¢,,)), max (min (B,
T12, % 5,))]) H[min (max (o, €13, y,,)), min (max (a, 013, p31))], [max (min (B, g13, ¢,,)), max (min (B,

T3, X31))] +[min (max ((X, €14, \V41))9 min (maX ((1, 914-1 p41))]a [max (mln (Bb 014, ¢41))’ max (mln (Ba

T14,%,,))]- Similarly, we can expand the expression of 7;,,713,721,722,723,731,T32,T33-

733 = max (max ([min (max (a, €31, )), min (max (¢, 631, p11))], [max (min (B, oy, 0

), max

(min (Ba T11, xll))],[min (max ((X, €12, WZI))’ min (maX (0(, 912' p21))]’ [max (mln (B: 012, ¢21))! max
(min (Bv T12, X21))])a[min (max ((X, €13, \Vgl)): min (maX ((1, 913' ,031))], [max (Il’lln (B: 013, ¢31))1 max

(min (B, 7713, (5,))]) H{min (max (a, €14, ,,)), min (max (0, 614, P41))], [max (min (B, 614, ,,)), max

(min (B, 714, %,,))]. Similarly, we can expand the expression of 7,,713,721,722,723,731,732,T33-

711 = max (max (max ([min (max (a, €15,V )), min (max (o, 611, p11))], [max (min (B, oy, (1)11)),
max (min (B, 714, %,,))],[min (max (a, €12,y,,)), min (max (o, 612, p21))], [max (min (B, 012, 9,,)),
max (mln (Ba T2, X21))])=[min (maX (0(, €13, \Vgl)): min (maX ((1, 913' ,031))], [maX (mln (Bs 013, ¢31))1

max (min (B, 713, %3,))]),[min (max (a, €14,,,)), min (max (a, 614, P41))], [max (min (B, 014, 9,,)),

max (min (B, 714, %,,))])- Similarly, we can expand the expression of 7,,713,721,722,723,731,732,T33-

And w;; = [max (min (@, €11,y )), max (min (&, 611, p11))], [min (max (B, 014, ¢, ,)), min (max (B,
11, X14))] Flmax (min (0, €12, ,,)), max (min (0, 61, p21))], [min (max (B, 012, ¢,,)), min (max (B,
12, 15,))] +[max (min (o, €33, ), max (min (a, 653, p31))], [min (max (B, 013, ¢, )), min (max (B,

13, 73,))] +Imax (min (0, €14,,,)), max (min (o, B4, pa1))], [min (max (B, 14, d,,)), min (max (B,

14, %41))]- Similarly, we can expand the expression of w;,,w13,021,W22,W23,W31,W32,W33.

w1y = max ([max (min (0, €14, ,, )), max (min (a, 615, p14))], [min (max (B, 014, ¢, ,)), min (max (B,

711, 7, ) b[max (min (o, €5, ,,)), max (min (o, 81, p21)], [min (max (B, 012, $,,)), min (max (B,
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12, X21))]) +[maX (mln (0“9 €13, \|I31))9 max (mln ((X, 913' p31))]5 [mln (maX (B’ 013, ¢31))5 min (maX (Ba
13, X31))] +[maX (mll'l ((1, €14, \|I41))7 max (mln ((1, 914' p4—1))]’ [mln (maX (B’ 014, ¢4_1))5 min (maX (Ba
14, X41))] Slml|al’|y, we can expand the eXpI’ESSIOH of W12,W13,W31,W22,W23,W31,W32,W33.

w11 = max (max ([max (min (o, €5,V )), max (min (a, 614, p11))], [min (max (B, o1, ¢,,)), Min
(max (B, 711, %,,))],[max (min (a, €12, V,,)), max (min (0, 613, pz1))], [min (max (B, 12, ¢,,)), Min
(max (B, 712, %,,))]);[max (min (@, €13, ¥,,)), max (min (a, 613, p31))], [min (max (B, 013, ¢,)), min
(max (B, 113, %5,))]) T[max (min (a, €14, ,,)), max (min (0, 614, P41))], [min (max (B, g14, ¢,,)), Min
(max (B, 114, %,,))]- Similarly, we can expand the expression of w;;,w;3,w21,W22,W23,W31,W32,W33-

w11 = max (max (max ([max (min (a, €11, y,, )), max (min (&, 611, p11))], [min (max (B, 011, ¢,,)),
min (max (B, 715, %,))].[max (min (o, €12, y,,)), max (min (o, 612, p21))], [min (max (B, 012, 9,,)),
min (max (B, 712, X,,))]),[max (min (a, €13, V,,)), max (min (o, 013, P31))], [min (max (B, 013, ¢31))’
min (max (B, 113, %5,))]),[max (min (0, €14,V,,)), max (min (0, O14, P41))], [min (max (B, g14,9,,)),
min  (max (B, Ty4,%,,))]). Similarly, we can expand the expression of

W12,W13,W21,W22,W23,W31,W32,W33.
Hence I, g (A X5 B) and Qg (A X5 B) is an interval valued intuitionistic fuzzy matrices.

Conclusion: In this article some Cartesian product of intuitionistic fuzzy set and the versions of
Cartesian product over interval valued intuitionistic fuzzy matrices is presented in this paper. And
some properties, applications are discussed. Also, introduce different types of interval valued
intuitionistic fuzzy sets, whether a membership function or a non-membership function, they must be
a specific number or value, because they are specific in intuitionistic fuzzy sets. Also, we derive the
operations cartesian product of interval valued intuitionistic fuzzy matrices. However, they become an
interval or range, because of the uncertainty in interval valued intuitionistic fuzzy matrices. We have
proved some type of Cartesian product of interval valued intuitionistic fuzzy matrices, which makes it
match to some Cartesian product of interval valued intuitionistic fuzzy sets. We should try prove other
Cartesian products of interval valued intuitionistic fuzzy sets shall be study in the future.

Acknowledgement: Authors would like to thank to the referees for their valuable comments to
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