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Abstract

A new technique to establish tangent trigonometric ℘-rung interval-valued sets is presented in this study. Tan-
gent trigonometric ℘-rung interval-valued weighted averaging, geometric, and generalized concepts will all 
be covered in this article. To obtain the weighted average and geometric, we utilized an aggregating model. 
Using algebraic approaches, a number of sets with significant properties will be further examined.
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1 Introduction

To explain uncertainty, a number of theories have been put forth, including fuzzy sets (FS),1 which have 
membership grades (MG) that range from 0. Atanassov2 constructed an intuitionistic FS (IFS) for ς, η ∈ [0, 1] 
using two MGs: 0 ≤ ς + η ≤ 1 and positive ς and negative η. Yager3 developed the Pythagorean FSs (PFS) 
idea, which is distinguished by its MG and non-MG (NMG) with ς + η ≥ 1 to ς2 + η2 ≤ 1. Numerous 
studies have examined the use of IFSs and PFSs in various fields. T heir a bility t o c ommunicate information 
is still restricted. Because of this, the experts were still having trouble interpreting the data in these sets and 
the associated data. Wang et al.4 investigated the concept of complex IFS with DOMBI prioritized AOs and 
its application for trustworthy green supplier selection. According to Cuong et al.,12 the three primary ideas 
of the picture FS are positive MG (ς), neutral MG (℘), and negative MG (η). Additionally, it offers greater 
benefits t han P FS a nd I FS. S ince ς, η  ∈  [0, 1 ], i t h as b een n oted t hat t he p icture F S i s a n u pgrade o f t he IFS 
that may handle greater inconsistency and 0 ≤ ς + η ≤ 1. According on the picture FS description, expert 
comments like ”yes,” ”abstain,” ”no,” and ”refusal” will be supplied.

Shahzaib et al.13 defined t he S FS f or c ertain AOs u sing M ADM. S FS r equires t hat 0  ≤  ς 2  + η  2  ≤  1  rather 
than 0 ≤ ς + η ≤ 1. Hussain et al.14 first proposed the concept of an intelligent decision support system for 
SFS. SFSs and their applications in DM were initially presented by Rafiq et al.15 For instance, ς 2  + η 2  ≥  1 is 
a DM problem with a property. Senapati et al.16 invented Fermatean FS (FFS) in 2019 with the condition that 
0 ≤ ς3 + η3 ≤ 1. The concept of generalized orthopair FSs was initially proposed by Yager.17 In the ℘-rung 
orthogonal pair FS (℘-ROFS), both the MG and the NMG have power ℘; however, their sum can never be more 
than one. Recently many authors discussed the new research and its aggregating operators19-.28 Palanikumar et 
al.29–31 investigated a variety of algebraic structures and aggregation methods with applications. Hatamleh32-
37 discussed the various real-life applications such as Uryson’s operator and linear operators. The rest of this 
work will be completed in the manner described below. For an introduction, see section 1. In Section 2 deals 
that basic concepts. Section 3 describes a number of techniques on ℘-rung IVNs. Section 4 discusses the AOs 
based on IVT ℘-rung. The conclusion is covered in section 5.

https://internationalpubls.com 91



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 5s (2025)

2 Background

This section has several crucial definitions that we should examine for future learning.

Definition 2.1. Let A be a universal. The PFS 0 =
{
κ,
〈
ZT (κ),ZF (κ)

〉∣∣κ ∈ A}, ZT : A → (0, 1) and

ZF : A → (0, 1) called the MG and NMG of κ ∈ A to 0, respectively and 0 � (ZT (κ))2 + (ZF (κ))2 � 1.
For 0 =

〈
ZT ,ZF

〉
is called a Pythagorean fuzzy number (PFN).

Definition 2.2. Let 01 = (a1, b1) ∈ Nand 02 = (a2, b2) ∈ N . Then the distance between 01 and 02 is

defined as ℵ(01,02) =
√

(a1 − a2)2 + 1
2 (b1 − b2)2, where N is a natural number.

3 Operations for IVT ℘ -rung Number

We present the concept of the ℘ IV-rung N, which is a tangent trigonometric. As a consequence, the IVT ℘
-rung N and its operations were established and tanπ/2 = %

Definition 3.1. The ℘ -rung 0 =
{
κ,
〈(

[(% � Ξ)(κ), (%�Υ)(κ)], [(% � Ψ)(κ), (%� Ω)(κ)]
)〉∣∣∣κ ∈ A},

where (% � Ξ), (% � Ψ) : A → (0, 1) denote the MG, IMG and NMG of κ ∈ A to 0, respectively and
0 ≤ ((%�Υ)(κ))℘+ ((%�Ω)(κ))℘ ≤ 1. For convenience, 0 =

〈(
[(%�Ξ), (%�Υ)], [(%�Ψ), (%� Ω)]

)〉
is represent a IVT ℘ -rung N.

Definition 3.2. Let 0 =
〈(

[(% � Ξ), (%�Υ)], [(% � Ψ), (%� Ω)]
)〉
,01 = 〈([(% � Ξ1), (%�Υ1)], [(% �

Ψ1), (%� Ω1)])〉,
02 = 〈([(%� Ξ2), (%�Υ2)], [(%�Ψ2), (%� Ω2)])〉 be any three IVT ℘ -rung Ns, and ℘ > 0. Then

1. 01 4 02 =

 ℘

√
((%� Ξ1))℘ + ((%� Ξ2))℘

−((%� Ξ1))℘ · ((%� Ξ2))℘
, ℘

√
((%�Υ1))℘ + ((%�Υ2))℘

−((%�Υ1))℘ · ((%�Υ2))℘
,

((%�Ψ1))℘((%�Ψ2))℘, ((%� Ω1))℘((%� Ω2))℘

 ,

2. 01 ⊕ 02 =

 ((%� Ξ1))℘((%� Ξ2))℘, ((%�Υ1))℘((%�Υ2))℘,

℘

√
((%�Ψ1))℘ + ((%�Ψ2))℘

−((%�Ψ1))℘ · ((%�Ψ2))℘
, ℘

√
((%� Ω1))℘ + ((%� Ω2))℘

−((%� Ω1))℘ · ((%� Ω2))℘


3. χ · 0 =

[
℘

√
1−

(
1− (%� (Ξ)℘

)χ
, ℘

√
1−

(
1− (%� (Υ)℘

)χ
,

((%� (Ψ)℘)χ, ((%� (Ω)℘)χ

]

4. 0χ =

[
((%� (Ξ)℘)χ, ((%� (Υ)℘)χ,

℘

√
1−

(
1− (%� (Ψ)℘

)χ
, ℘

√
1−

(
1− (%� (Ω)℘

)χ] .
We present ED and HD measures for IVT ℘ -rung Ns and investigate their mathematical characteristics.

Definition 3.3. For any two IVT ℘ -rung Ns 01 = 〈([(% � Ξ1), (%�Υ1)], [(% � Ψ1), (%� Ω1)])〉,02 =
〈([(%� Ξ2), (%�Υ2)], [(%�Ψ2), (%� Ω2)])〉. Then

ℵE(01,02) =

√
1

2

[ [
1 + ((%� Ξ1))2 − ((%�Ψ1))2

−
(
1 + ((%� Ξ2))2 − ((%�Ψ2))2

)]2 +

[
((%�Υ1))2 − ((%� Ω1))2

−
(
((%�Υ2))2 − ((%� Ω2))2

)]2]

where ℵE(01,02) is called the ED between 01 and 02.

ℵH(01,02) =
1

2

[∣∣∣∣∣ 1 + ((%� Ξ1))2 − ((%�Ψ1))2

−
(
1 + ((%� Ξ2))2 − ((%�Ψ2))2

)∣∣∣∣∣+

∣∣∣∣∣ ((%�Υ1))2 − ((%� Ω1))2(
−((%�Υ2))2 − ((%� Ω2))2

)∣∣∣∣∣
]

where ℵH(01,02) is called the HD between 01 and 02.

https://internationalpubls.com 92



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 5s (2025)

4 Aggregating operators

We use IVT ℘-rung WA, IVT ℘-rung WG, GIVT ℘-rung WA, and GIVT ℘-rung WG to describe the AOs.

4.1 IVT ℘ − rungNWA

Definition 4 .1. L et 0 i =  〈(([(% �  Ξi), (% � Υ i)], [(% �  Ψi), (% � Ω i)]))〉 b e t he I VT ℘  - rung N s, W  = 
(δ1, δ2, ..., δl) be the weight of 0i, δi ≥ 0 and 4li=1δi = 1. Then IVT ℘-rung WA (01, 02, ..., 0l) =
4li=1δi0i.

Theorem 4.2. Let 0i = 〈(([(% � Ξi), (% � Υi)], [(% � Ψi), (% � Ωi)]))〉 be the IVT ℘ -rung Ns. Then IVT 
℘ − rungNWA(01, 02, ..., 0l)

=

 ℘

√
1−5li=1

(
1− ((%� Ξi))℘

)δi
,

℘

√
1−5li=1

(
1− ((%�Υi))℘

)δi
,

5li=1(((%�Ψi))
℘)δi ,5li=1(((%� Ωi))

℘)δi

 .
Proof. If l = 2, then IVT ℘-rung WA(01,02) = δ101 4 δ202, where

δ101 =

 ℘

√
1−

(
1− ((%� Ξ1))℘

)δ1
,

℘

√
1−

(
1− ((%�Υ1))℘

)δ1
,

(((%�Ψ1))℘)δ1 , (((%� Ω1))℘)δ1


δ202 =

 ℘

√
1−

(
1− ((%� Ξ2))℘

)δ2
,

℘

√
1−

(
1− ((%�Υ2))℘

)δ2
,

(((%�Ψ2))℘)δ2 , (((%� Ω2))℘)δ2

 .

Now, δ101 4 δ202

=


℘

√√√√√√√√√√√√√√

(
1−

(
1− ((%� Ξ1))℘

)δ1)
+(

1−
(

1− ((%� Ξ2))℘
)δ2)

−
(

1−
(

1− ((%� Ξ1))℘
)δ1)
·(

1−
(

1− ((%� Ξ2))℘
)δ2)

, ℘

√√√√√√√√√√√√√√

(
1−

(
1− ((%�Υ1))℘

)δ1)
+(

1−
(

1− ((%�Υ2))℘
)δ2)

−
(

1−
(

1− ((%�Υ1))℘
)δ1)
·(

1−
(

1− ((%�Υ2))℘
)δ2)

(((%�Ψ1))℘)δ1 , (((%�Ψ2))℘)δ2 , (((%� Ω1))℘)δ1 , (((%� Ω2))℘)δ2



=


℘

√
1−

(
1− ((%� Ξ1))℘

)δ1(
1− ((%� Ξ2))℘

)δ2
,

℘

√
1−

(
1− ((%�Υ1))℘

)δ1(
1− ((%�Υ2))℘

)δ2
,

(((%�Ψ1))℘)δ1 · (((%�Ψ2))℘)δ2 ,
(((%� Ω1))℘)δ1 · (((%� Ω2))℘)δ2



Hence, IVT ℘− rungNWA(01,02)

=

 ℘

√
1−52

i=1

(
1− ((%� Ξi))℘

)δi
,

℘

√
1−52

i=1

(
1− ((%�Υi))℘

)δi
,

52
i=1(((%�Ψi))

℘)δi ,52
i=1(((%� Ωi))

℘)δi

 .
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It valid for l ≥ 3. Thus, IVT ℘ − rungNWA(01, 02, ..., 0l)

=

 ℘

√
1−5li=1

(
1− ((%� Ξi))℘

)δi
,

℘

√
1−5li=1

(
1− ((%�Υi))℘

)δi
,

5li=1(((%�Ψi))
℘)δi ,5li=1(((%� Ωi))

℘)δi

 .
If l = l + 1, then IVT ℘-rung WA (01,02, ...,0l,0l+1)

=



℘

√√√√√√ 4li=1

(
1−

(
1− ((%� Ξi))

℘
)δi)

+
(

1−
(

1− (Ξl+1)℘
)δl+1

)
−5li=1

(
1−

(
1− ((%� Ξi))

℘
)δi)

·
(

1−
(

1− (Ξl+1)℘
)δl+1

),
℘

√√√√√√ 4li=1

(
1−

(
1− ((%�Υi))

℘
)δi)

+
(

1−
(

1− (Υl+1)℘
)δl+1

)
−5li=1

(
1−

(
1− ((%�Υi))

℘
)δi)

·
(

1−
(

1− (Υl+1)℘
)δl+1

)
,

5li=1(((%�Ψi))
℘)δi , ((Ψl+1)℘)δl+1 ,5li=1(((%� Ωi))

℘)δi , ((Ωl+1)℘)δl+1



=

 ℘

√
1−5l+1

i=1

(
1− ((%� Ξi))

℘
)δi

, ℘

√
1−5l+1

i=1

(
1− ((%�Υi))

℘
)δi

,

5l+1
i=1(((%�Ψi))

℘)δi ,5l+1
i=1(((%� Ωi))

℘)δi

 .

Theorem 4.3. Let 0i = 〈(([(% � Ξi), (%�Υi)], [(% � Ψi), (%� Ωi)]))〉 be the IVT ℘ -rung Ns. Then IVT
℘-rung WA (01,02, ...,0l) = 0 (idempotency property).

Proof. Since (% � Ξi) = (% � Ξ) , (% � Ψi) = (% � Ψ) and (% � Υi) = (% � Υ) , (% � Ωi) = (% � Ω) and
4li=1δi = 1. Now, IVT ℘− rungNWA(01,02, ...,0l)

=

 ℘

√
1−5li=1

(
1− ((%� Ξi))

℘
)δi

, ℘

√
1−5li=1

(
1− ((%�Υi))

℘
)δi

,

5li=1(((%�Ψi))
℘)δi ,5li=1(((%� Ωi))

℘)δi


=

 ℘

√
1−

(
1− (%� (Ξ)℘

)4l
i=1δi

, ℘

√
1−

(
1− (%� (Υ)℘

)4l
i=1δi

,

((%� (Ψ)℘)4
l
i=1δi , ((%� (Ω)℘)4

l
i=1δi


=

 ℘

√
1−

(
1− (%� (Ξ)℘

)
, ℘

√
1−

(
1− (%� (Υ)℘

)
,

(%� (Ψ)℘, (%� (Ω)℘


= 0.

Theorem 4.4. Let 0i = 〈(([(%� Ξi), (%�Υi)], [(%�Ψi), (%� Ωi)]))〉 be the IVT ℘ -rung Ns. Then IVT ℘-
rung WA(01,02, ...,0l), where (%� Ξ) = min(%�Ξij), (%� Ξ) = max(%�Ξij), (%�Ψ) = min(%�Ψij),

(%�Ψ) = max(%�Ψij) and (%�Υ) = min(%�Υij), (%�Υ) = max(%�Υij), (%� Ω) = min(%�Ωij),

(%� Ω) = max(%� Ωij) and where 1 ≤ i ≤ l, j = 1, 2, ..., ij . Then,〈
(%� Ξ), (%�Υ), (%�Ψ), (%� Ω)

〉
≤ IV T℘− rungNWA(01,02, ...,0l)

≤
〈

(%� Ξ), (%�Υ), (%�Ψ), (%� Ω)
〉
.

(Boundedness property).
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Proof. Since, (% � Ξ) = min(% � Ξij ), (% � Ξ) = max(% � Ξij ) and (% � Ξ) ≤ (% � Ξij ) ≤ (% � Ξ) and
(% � Υ) = min(% � Υij ), (% � Υ) = max(% � Υij ) and (% � Υ) ≤ (% � Υij ) ≤ (% � Υ).

Now (% � Ξ), (% � Υ)

=
℘

√
1−5li=1

(
1− ((%� Ξ))℘

)δi
,

℘

√
1−5li=1

(
1− ((%�Υ))℘

)δi
≤ ℘

√
1−5li=1

(
1− (((%� Ξij)))℘

)δi
,

℘

√
1−5li=1

(
1− (((%�Υij)))℘

)δi
≤ ℘

√
1−5li=1

(
1− ((%� Ξ))℘

)δi
,

℘

√
1−5li=1

(
1− ((%�Υ))℘

)δi
= (%� Ξ).

Since, (%� (Ψ)℘) = min((%�Ψij))
℘, (%� (Ψ)℘) = max((%�Ψij))

℘ and (%� (Ψ)℘) ≤ ((%�Ψij))
℘ ≤

(%� (Ψ)℘) and (%� (Ω)℘) = min((% � Ωij))
℘, (%� (Ω)℘) = max((% � Ωij))

℘ and (%� (Ω)℘) ≤ ((% �
Ωij))

℘ ≤ (%� (Ω)℘).

We have,

(%� (Ψ)℘ = 5li=1(%� (Ψ)℘)
δi ,5li=1(%� (Ω)℘)

δi

≤ 5li=1(((%�Ψij))
℘)δi ,5li=1(((%� Ωij))

℘)δi

≤ 5li=1(%� (Ψ)℘)
δi
,5li=1(%� (Ω)℘)

δi

= (%� (Ψ)℘), (%� (Ω)℘).

Therefore,

1

2
×


[(

℘

√
1−5li=1

(
1− ((%� Ξ))℘

)δi)2

+ 1−
(
5li=1(((%�Ψ))℘)δi

)2]

+

[(
℘

√
1−5li=1

(
1− ((%�Υ))℘

)δi)2

+ 1−
(
5li=1(((%� Ω))℘)δi

)2]


≤ 1

2
×


[(

℘

√
1−5li=1

(
1− ((%� (%� Ξij)))

℘
)δi)2

+ 1−
(
5li=1(((%�Ψij))

℘)δi
)2]

+

[(
℘

√
1−5li=1

(
1− ((%� (%�Υij)))

℘
)δi)2

+ 1−
(
5li=1(((%� Ωij))

℘)δi
)2]


≤ 1

2
×


[(

℘

√
1−5li=1

(
1− ((%� Ξ))℘

)δi)2

+ 1−
(
5li=1((%�Ψ))℘)δi

)2]

+

[(
℘

√
1−5li=1

(
1− ((%�Υ))℘

)δi)2

+ 1−
(
5li=1((%� Ω))℘)δi

)2]
 .

Hence,
〈

(%� Ξ), (%�Υ), (%�Ψ), (%� Ω)
〉
≤ IV T℘−rungNWA(01,02, ...,0l) ≤ 〈(%� Ξ), (%�Υ),

(%�Ψ), (%� Ω)〉.

Theorem 4.5. Let 0i = 〈([(%� Ξtij ), (%�Υtij )], [(%�Ψtij ), (%� Ωtij )])〉
and Wi = 〈([(%�Ξhij ), (%�Υhij )], [(%�Ψhij ), (%� Ωhij )])〉, be the IVT ℘-rung WAs. For any i, if there is
(%�Ξtij )2 ≤ (%�Ξhij

)2 and (%�Ψtij )2 ≥ (%�Ψhij
)2 and (%�Υtij )2 ≤ (%�Υhij

)2 and (%�Ωtij )2 ≥ (%�
Ωhij

)2or 0i ≤Wi. Prove that IVT ℘−rungNWA(01,02, ...,0l) ≤ IV T℘−rungNWA(W1,W2, ...,Wl),
where (i = 1, 2, ..., l); (j = 1, 2, ..., ij) (monotonicity property).

https://internationalpubls.com 95



Communications on Applied Nonlinear Analysis 
ISSN: 1074-133X
Vol 32 No. 5s (2025)

Proof. For any i, (% � Ξtij )
2 ≤ (% � Ξhij )

2.
Therefore, 1− ((%� Ξti))

2 ≥ 1− ((%� Ξhi
))2.

Hence,5li=1

(
1− ((%� Ξti))

2
)δi
≥ 5li=1

(
1− ((%� Ξhi

))
2
)δi

and ℘

√
1−5li=1 (1− ((%� Ξti))

℘
)
δi ≤ ℘

√
1−5li=1 (1− ((%� Ξhi

))
℘

)
δi .

Similarly, (%�Υtij )2 ≤ (%�Υhij )2.
Therefore, 1− ((%�Υti))

2 ≥ 1− ((%�Υhi
))2.

Hence,5li=1

(
1− ((%�Υti))

2
)δi
≥ 5li=1

(
1− ((%�Υhi

))
2
)δi

and ℘

√
1−5li=1 (1− ((%�Υti))

℘
)
δi ≤ ℘

√
1−5li=1 (1− ((%�Υhi))

℘
)
δi .

For any i,
(
(%�Ψtij )

)2 ≥ ((%�Ψhij
)
)2

and
(
(%�Ψtij )

)℘ ≥ ((%�Ψhij
)
)℘

.
Therefore, 1−

(
5li=1(%�Ψtij )

)℘ ≤ 1−
(
5li=1(%�Ψhij

)
)℘

.
Similarly, for any i,(
(%� Ωtij )

)2 ≥ ((%� Ωhij
)
)2

and
(
(%� Ωtij )

)℘ ≥ ((%� Ωhij
)
)℘

.
Therefore, −

(
5li=1(%� Ωtij )

)℘ ≤ − (5li=1(%� Ωhij
)
)℘

.

Hence,

1

2
×


[(

℘

√
1−5li=1

(
1− ((%� Ξti))

℘
)δi)2

+ 1−
(
5li=1((%�Ψti))

℘
)2]

+

[(
℘

√
1−5li=1

(
1− ((%�Υti))

℘
)δi)2

+ 1−
(
5li=1((%� Ωti))

℘
)2]


≤ 1

2
×


[(

℘

√
1−5li=1

(
1− ((%� Ξhi))

℘
)δi)2

+ 1−
(
5li=1((%�Ψhi))

℘
)2]

+

[(
℘

√
1−5li=1

(
1− ((%�Υhi))

℘
)δi)2

+ 1−
(
5li=1((%� Ωhi))

℘
)2]
 .

Hence, IVT ℘− rungNWA (01,02, ...,0l) ≤ IV T℘− rungNWA (W1,W2, ...,Wl).

4.2 IVT ℘-rung WG

Definition 4.6. Let 0i = 〈(([(%�Ξi), (%�Υi)], [(%�Ψi), (%� Ωi)]))〉 be the IVT ℘ -rung Ns. Then ℘NWG
(01,02, ...,0l) = 5li=10

δi
i .

Corollary 4.7. Let 0i = 〈(([(% � Ξi), (%�Υi)], [(% � Ψi), (%� Ωi)]))〉 be the IVT ℘ -rung Ns. Then IVT
℘-rung WG (01,02, ...,0l)

=

 5li=1(((%� Ξi))
℘)δi ,5li=1(((%�Υi))

℘)δi

℘

√
1−5li=1

(
1− ((%�Ψi))℘

)δi
,

℘

√
1−5li=1

(
1− ((%� Ωi))℘

)δi
 .

Corollary 4.8. (i) Let 0i = 〈(([(%�Ξi), (%�Υi)], [(%�Ψi), (%� Ωi)]))〉 be the IVT ℘ -rung Ns and all are
equal. Then ℘NWG(01,02, ...,0l) = 0.
(ii) It has other properties, including boundedness and monotonicity, as well as having ℘NWG.
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4.3 Generalized IVT ℘-rung WA (GIVT℘NWA)

Definition 4.9. Let 0i = 〈(([(%� Ξi), (%�Υi)], [(%�Ψi), (%� Ωi)]))〉 be the IVT ℘ -rung N. Then GIVT

℘-rung WA (01,02, ...,0l) =
(
4li=1 δi0

χ
i

)1/χ
.

Theorem 4.10. Let 0i = 〈(([(%� Ξi), (%�Υi)], [(%�Ψi), (%� Ωi)]))〉 be the IVT ℘ -rung Ns. Then GIVT
℘-rung WA (01,02, ...,0l)

=



(
℘

√√√√ 1−5li=1

(
1−

(
((%� Ξi))

℘
)℘)δi )1/℘

,

(
℘

√√√√ 1−5li=1

(
1−

(
((%�Υi))

℘
)℘)δi )1/℘

,

℘

√√√√1−

(
1−

(
5li=1

(
℘

√
1−

(
1− ((%�Ψi))℘

)℘)δi )℘)1/℘

,

℘

√√√√1−

(
1−

(
5li=1

(
℘

√
1−

(
1− ((%� Ωi))℘

)℘)δi )℘)1/℘


.

Proof. To illustrate this, we may first show that,

4li=1δi0
℘
i =


℘

√√√√ 1−5li=1

(
1−

(
((%� Ξi))

℘
)℘)δi

, ℘

√√√√√√√ 1−5li=1

(
1−

(
((%�Υi))

℘
)℘)δi

5li=1

(
℘

√
1−

(
1− ((%�Ψi))℘

)℘)δi
, 5li=1

(
℘

√
1−

(
1− ((%� Ωi))℘

)℘)δi


.

Put l = 2, δ101 4 δ202

=



℘

√√√√√√√√√√

(
℘

√
1−

(
1−

(
((%� Ξ1))℘

)℘)δ1 )℘
+

(
℘

√
1−

(
1−

(
((%� Ξ2))℘

)℘)δ1 )℘

−

(
℘

√
1−

(
1−

(
((%� Ξ1))℘

)℘)δ1 )℘
·

(
℘

√
1−

(
1−

(
((%� Ξ2))℘

)℘)δ1 )℘

, ℘

√√√√√√√√√√

(
℘

√
1−

(
1−

(
((%�Υ1))℘

)℘)δ1 )℘
+

(
℘

√
1−

(
1−

(
((%�Υ2))℘

)℘)δ1 )℘

−

(
℘

√
1−

(
1−

(
((%�Υ1))℘

)℘)δ1 )℘
·

(
℘

√
1−

(
1−

(
((%�Υ2))℘

)℘)δ1 )℘,
(

℘

√
1−

(
1− ((%�Ψ1))℘

)℘)δ1
,

(
℘

√
1−

(
1− ((%�Ψ2))℘

)℘)δ1
,

(
℘

√
1−

(
1− ((%� Ω1))℘

)℘)δ1
,

(
℘

√
1−

(
1− ((%� Ω2))℘

)℘)δ1



=


℘

√
1−52

i=1

(
1−

(
((%� Ξ1))℘

)℘)δi
,

℘

√
1−52

i=1

(
1−

(
((%�Υ1))℘

)℘)δi
52
i=1

(
℘

√
1−

(
1− ((%�Ψi))℘

)℘)δi
,52

i=1

(
℘

√
1−

(
1− ((%� Ωi))℘

)℘)δi
 .

Hence,
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4li=1δi0
χ
i =


℘

√
1−5li=1

(
1−

(
((%� Ξ1))℘

)℘)δi
,

℘

√
1−5li=1

(
1−

(
((%�Υ1))℘

)℘)δi
5li=1

(
℘

√
1−

(
1− ((%�Ψi))℘

)℘)δi
,5li=1

(
℘

√
1−

(
1− ((%� Ωi))℘

)℘)δi
 .

If l = l + 1, then4li=1δi0
χ
i + δl+10

χ
l+1 = 4l+1

i=1δi0
χ
i .

Now,4li=1δi0
χ
i + δl+10

χ
l+1 = δ10

χ
1 4 δ20

χ
2 4 ...4 δl0

χ
l 4 δl+10

χ
l+1

=


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℘
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+

(
℘

√
1−

(
1−

(
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−
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℘
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(
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℘
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·

(
℘

√
1−

(
1−
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(
℘
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1−

(
1− ((%�Ψi))℘

)℘)δi
,

(
℘

√
1−

(
1− (Ψl+1)℘
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(
℘
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

4l+1
i=1δi0

℘
i =


℘

√
1−5l+1

i=1

(
1−

(
((%� Ξ1))℘

)℘)δi
, ℘

√
1−5l+1

i=1

(
1−

(
((%�Υ1))℘

)℘)δi
5l+1
i=1

(
℘

√
1−

(
1− ((%�Ψi))℘

)℘)δi
,5l+1

i=1

(
℘

√
1−

(
1− ((%� Ωi))℘

)℘)δi
 .

(
4l+1
i=1δi0

χ
i

)1/χ
=



(
℘

√√√√ 1−5l+1
i=1

(
1−

(
((%� Ξi))

℘
)℘)δi )1/℘

,

(
℘

√√√√ 1−5l+1
i=1

(
1−

(
((%�Υi))

℘
)℘)δi )1/℘

℘

√√√√1−

(
1−

(
5l+1
i=1

(
℘

√
1−

(
1− ((%�Ψi))℘

)℘)δi )2)1/℘

,

℘

√√√√1−

(
1−

(
5l+1
i=1

(
℘

√
1−

(
1− ((%� Ωi))℘

)℘)δi )2)1/℘



Corollary 4.11. (i) If ℘ = 1, then IVT ℘-rung WA operator is used instead of the GIVT ℘-rung WA operator.
(ii) If all 0i = 〈(([(%� Ξi), (%�Υi)], [(%�Ψi), (%� Ωi)]))〉 and all are equal.
Then GIVT ℘-rung WA(01,02, ...,0l) = 0.
(iii) The GIVT ℘-rung WA operator meets both boundedness and monotonicity constraints.
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4.4 Generalized IVT ℘-rung NWG ( GIVT ℘-rung NWG)

Definition 4 .12. Let 0 i = 〈(([(% � Ξi), (% � Υ(i)], [(% � Ψi), ()% � Ωi)]))〉 be the IVT ℘-rung Ns.
Then GIVT℘-rung NWG (01, 02, ..., 0l) = 1 5li=1 (χ0i)

δi .

Corollary 4.13. Let 0i = 〈(([(%� Ξi), (%�Υi)], [(%�Ψi), (%� Ωi)]))〉 be the IVT ℘-rung Ns.
Then GIVT℘-rung NWG(01,02, ...,0l)

=



℘

√√√√1−

(
1−

(
5li=1

(
℘

√
1−

(
1− ((%� Ξi))℘

)℘)δi )℘)1/℘

,

℘

√√√√1−

(
1−

(
5li=1

(
℘

√
1−

(
1− ((%�Υi))℘

)℘)δi )℘)1/℘

(
℘

√√√√ 1−5li=1

(
1−

(
((%�Ψi))

℘
)℘)δi )1/℘

,

(
℘

√√√√ 1−5li=1

(
1−

(
((%� Ωi))

℘
)℘)δi )1/℘


.

Corollary 4.14. (i) When χ = 1, the GIVT ℘-rung WG is converted to the ℘-rung NWG.
(ii) GIVT℘-rung NWG operators satisfy the boundedness and monotonicity characteristics.
(iii) If all 0i = 〈(([(%�Ξi), (%�Υi)], [(%�Ψi), (%� Ωi)]))〉 are equal. Then GIVT℘-rung NWG(01,02, ...,0l) =
0.

5 Conclusion:

This work presents novel weighted operators, such as geometric and averaging operators. Boundedness, idem-
potency, commutativity, associativity, and monotonicity are some of the characteristics of these operators. To
describe the weighted vector, we looked at a number of common metrics. Many aggregation operator criteria
have been studied. Some findings have been made after a few aggregating techniques for these IVT ℘ -rung
Ns have been examined.
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