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Abstract

This paper presents a new method to generate cotangent trigonometric (α, β) spherical fuzzy 
sets (SFS). The SFS and (α, β) SFS are extended by this. This article will lead to a discus-
sion of the concepts of of COTT spherical fuzzy weighted averaging (SFWA), COTT spheri-
cal fuzzy weighted geometric (SFWG), generalized COTT spherical fuzzy weighted averag-
ing (GCOTTSFWA) and generalized COTT spherical fuzzy weighted geometric (GCOTTS-
FWG). Furthermore, idempotency, boundedness, commutativity, and monotonicity charac-
terize the COTTSFN method.

Keywords: COTTSFWA; COTTSFWG; GCOTTSFWA and GCOTTSFWG.

1 Introduction

Numerous uncertain theories, such as fuzzy set (FS),1 intuitionistic FS (IFS),2 Pythagorean 
FS (PFS)3 and spherical FS (SFS),4 have been proposed to deal with the ambiguities. Sub-
sequently, Atanassov introduced the idea of an IFS that is separated into categories using 
non-membership grade (NMD), which cannot exceed one.2 An FS is a set of objects with 
membership grade (MD) in the provided set values from zero to one. When both the MD and 
NMD scores are larger than one, only one problem may be communicated to the decision-
making (DM). According to Yager,3 PFS is defined as an IFS with a  value l ess than one 
and a square sum of MD and NMD less than one. The three parameters that Cuong et al.5

established comprise the picture FS concept: positive MD, neutral MD, and negative MD. It 
offers some benefits over PFS and IFS as a c onsequence. Liu et al.6 investigated an exten-
sion of picture FS with AOs. Liu et al.7 have presented a generalized PFS based on AO and 
its applications. PFS and interval values-based AO characteristics.8 Liu et al.6 introduced 
an AO-based image FS. The total of the positive, neutral, and negative MD values in the
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DM approach challenge rarely ever goes beyond one. Ashraf et al.4 introduce the idea of 
SFS, which ensures that the square sum of the positive, neutral, and negative grades does 
not exceed 1. Fatmaa et al. investigated the idea of SFS.9

Aggregation operators are essential to solving MADM problems (AOs). According to Xu 
et al.,10 there are IFS averaging operators that may be used to average IFS data. Recently 
many authors discussed the new research and its aggregating operators11-.20 Furthermore, 
weighted, ordered weighted, and hybrid operators are examples of geometric operators de-
rived from IFSs that were developed by Xu et al.21 GOWs, or generalized ordered weighted 
averaging operators, were suggested by Li et al.22 in 2002. Zeng et al.23 explained how AOs 
and distance measurements are used to compute ordered weighted distances. Under PFS 
weighted, ordered weighted, and weighted power circumstances, Yager3 produced several 
averaging and geometric AOs. Peng et al. examined a basic PFS based on the characteristics 
of AOs.24 Liu et al. developed a generalized PFS under AOs.7 Fuzzy spherical Dombi AOs 
were established by Ashraf et al.2526, 27 has further details on SFSs and T-SFSs. Temel et al.
(2022)28 discussed how to apply it to MADM using Muirhead power normal SFS. Al Hus-
band et al.29-38 deals that concepts of Fuzzy logical and its generalization. Peng et al.39 use 
TOPSIS and MABAC techniques to investigate neutrosophic sets using MADM. Zhang et 
al. discussed the TOPSIS-based generalization of PFS.40 Numerous algebraic structures and 
aggregation operations with applications were recently covered by Palanikumar et al.4146

Recently, many authors interacted the concept including neutrosophic sets and its exten-
sion.47-51 For the rest of this work, I will hold myself to the format indicated below. Section 
1 for an introduction. Section 2 included a discussion of PFS and SFS. Part of the opera-
tions on (α, β) SFNs are covered in Section 3. Thus, the paper’s primary conclusions are as 
follows:

1. To define the ED, HD, and score values for COTTSFSs.

2. By using COTT (α, β) SFN, COTT (α, β) SFWA, COTT (α, β) SFWG, GCOTT
(α, β) SFWA and GCOTT (α, β) SFWG operators are developed.

2 Background

This section contains a number of important definitions that we must review for our further
learning.

Definition 2.1. 8 Let X be an universal. The PIVFS ` =
{
℘,
〈

ΞT
` (℘),ΞF

` (℘)
〉∣∣∣℘ ∈ X},

where ΞT
` ,Ξ

F
` : X → Int([0, 1]) denote the MD and NMD of ℘ ∈ X to the set `, respec-

tively, and 0 ≤ (ΞT
` (℘))2 + (ΞF

` (℘))2 ≤ 1. For convenience, ` =
〈[

ΞT
` ,Ξ

T
`

]
,
[
ΞF
` ,Ξ

F
`

]〉
is

called a Pythagorean interval-valued fuzzy number (PyIVFN).

Definition 2.2. The NS ` =
{
x,
〈
ΞT
` (℘),ΞI

`(℘),ΞF
` (℘)

〉∣∣℘ ∈ X}, where ΞT
` ,Ξ

I
` ,Ξ

F
` : X →

[0, 1] is denote the positive MD, neutral MD and negative MD of ℘ ∈ X , respectively and
0 ≤ (ΞT

` (℘)) + (ΞI
`(℘)) + (ΞF

` (℘)) ≤ 2. For M =
〈
ΞT
` ,Ξ

I
` ,Ξ

F
`

〉
is called a neutrosophic

number (SFN).
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Definition 2.3. The Pythagorean NS ` =
{
℘,
〈
ΞT
` (℘),ΞI

`(℘),ΞF
` (℘)

〉∣∣℘ ∈ X}, where

ΞT
` ,Ξ

I
` ,Ξ

F
` : X → [0, 1] is denote the positive MD, neutral MD and negative MD of ℘ ∈ X ,

respectively and 0 ≤ (ΞT
` (℘))2 + (ΞI

`(℘))2 + (ΞF
` (℘))2 ≤ 2. For M =

〈
ΞT
` ,Ξ

I
` ,Ξ

F
`

〉
is

called a Pythagorean neutrosophic number (PyNSN).

Definition 2.4. 9 The SFS ` in X is given by ` =
{
℘,
〈
ΞT
` (℘),ΞI

`(℘),ΞF
` (℘)

〉∣∣℘ ∈ X},

where ΞT
` ,Ξ

I
` ,Ξ

F
` : X → [0, 1] denote the truth, indeterminacy and falsity membership

grade of ℘ ∈ X to `, respectively and 0 ≤ (ΞT
` (℘))2+(ΞI

`(℘))2+(ΞF
` (℘))2 ≤ 1. For all ℘ ∈

X ,
√

1− ((ΞT
` (℘))2 + (ΞI

`(℘))2 + (ΞF
` (℘))2) is called the grade of refusal of membership

of ℘ in `. For convenience, ` =
〈
ΞT
` ,Ξ

I
` ,Ξ

F
`

〉
is called a spherical fuzzy number (SFN).

Definition 2.5. 10 Let `1 = (a1, b1) ∈ Nand `2 = (a2, b2) ∈ N . Then the distance between

`1 and `2 is defined asD(`1, `2) =
√

(a1 − a2)2 + 1
2
(b1 − b2)2, whereN is a natural number.

3 Operations for COTT (α, β) SFN

We discuss the concept of cotangent trigonometric (α, β) spherical fuzzy number (COTT
(α, β) SFN). As a result, the COTT (α, β) SFN and its operations were defined.

Definition 3.1. The (α, β) SFS ` =
{
℘,
〈(

cot2(π/4 ·ΞT
` )(℘), cot2(π/4 ·ΞI

`)(℘), cot2(π/4 ·

ΞF
` )(℘)

)
, (α, β)

〉∣∣∣℘ ∈ X}, where cot2(π/4·ΞT
` ), cot2(π/4·ΞI

`), cot2(π/4·ΞF
` ) : X → [0, 1]

denote the PMD, neutral MD and NMD of ℘ ∈ X to `, respectively and 0 ≤ (cot2(π/4 ·
ΞT
` )(℘))α + (cot2(π/4 · ΞI

`)(℘))lcm(α,β) + (cot2(π/4 · ΞF
` )(℘))β ≤ 1. For convenience,

` =
〈(

cot2(π/4 ·ΞT
` ), cot2(π/4 ·ΞI

`), cot2(π/4 ·ΞF
` )
)
, (α, β)

〉
is represent a COTT (α, β)

SFN.

Definition 3.2. Let ` = 〈(cot2(π/4 · ΞT ), cot2(π/4 · ΞI), (cot2(π/4 · ΞF ))), (α, β)〉, `1 =
〈((cot2 π/4·ΞT

1 ), (cot2 π/4·ΞI
1), (cot2 π/4·ΞF

1 )), (α, β)〉 and `2 = 〈((cot2 π/4·ΞT
2 ), (cot2 π/4·

ΞI
2), (cot2 π/4 · ΞF

2 )), (α, β)〉 be any three COTT (α, β) SFNs, and 0 > 0. Then

1. `1
⊕

`2 =


α

√
((cot2 π/4 · ΞT

1 ))α + ((cot2 π/4 · ΞT
2 ))α

−((cot2 π/4 · ΞT
1 ))α · ((cot2 π/4 · ΞT

2 ))α
,

lcm(α,β)

√
((cot2 π/4 · ΞI

1))
lcm(α,β) + ((cot2 π/4 · ΞI

2))
lcm(α,β)

−((cot2 π/4 · ΞI
1))

lcm(α,β) · ((cot2 π/4 · ΞI
2))

lcm(α,β)
,

((cot2 π/4 · ΞF
1 ))13 · ((cot2 π/4 · ΞF

2 ))13

 ,

2. `1 � `2 =


((cot2 π/4 · ΞT

1 ))11 · ((cot2 π/4 · ΞT
2 ))11 ,

lcm(α,β)

√
((cot2 π/4 · ΞI

1))
lcm(α,β) + ((cot2 π/4 · ΞI

2))
lcm(α,β)

−((cot2 π/4 · ΞI
1))

lcm(α,β) · ((cot2 π/4 · ΞI
2))

lcm(α,β)
,

β

√
((cot2 π/4 · ΞF

1 ))β + ((cot2 π/4 · ΞF
2 ))β

−((cot2 π/4 · ΞF
1 ))β · ((cot2 π/4 · ΞF

2 ))β


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3. 0 · ` =


α

√
1−

(
1− (cot2 π/4 · (ΞT )α

)0
,

lcm(α,β)

√
1−

(
1− (cot2 π/4 · (ΞI)lcm(α,β)

)0
,

((cot2 π/4 · (ΞF )β)0

 ,

4. `0 =


((cot2 π/4 · (ΞT )α)0,

lcm(α,β)

√
1−

(
1− (cot2 π/4 · (ΞI)lcm(α,β)

)0
,

β

√
1−

(
1− (cot2 π/4 · (ΞF )β

)0
 .

4 AOs based on COTT (α, β) SFN

Here we describe the AOs using COTT (α, β) SFWA, COTT (α, β) SFWG, GCOTT (α, β)
SFWA, and GCOTT (α, β) SFWG.

4.1 COTT (α, β)SFWA

Definition 4.1. Let `i = 〈(((cot2 π/4 ·ΞT
i ), (cot2 π/4 ·ΞI

i ), (cot2 π/4 ·ΞF
i ))), (α, β)〉 be the

COTT (α, β) SFNs, W = ($1, $2, ..., $n) be the weight of `i, $i ≥ 0 and
⊕n

i=1$i = 1.
Then COTT (α, β) SFWA (`1, `2, ..., `n) =

⊕n
i=1$i`i.

Theorem 4.2. Let `i =
〈 (

((cot2 π/4 · ΞT
i ), (cot2 π/4 · ΞI

i ), (cot2 π/4 · ΞF
i ))
)
, (α, β)

〉
be

the COTT (α, β) SFNs. Then COTT (α, β)SFWA(`1, `2, ..., `n)

=


α

√
1−

⊙n
i=1

(
1− ((cot2 π/4 · ΞT

i ))α
)$i

,

lcm(α,β)

√
1−

⊙n
i=1

(
1− ((cot2 π/4 · ΞI

i ))
lcm(α,β)

)$i
,⊙n

i=1(((cot2 π/4 · ΞF
i ))β)$i

 .

Proof. If n = 2, then COTT (α, β) SFWA(`1, `2) = $1`1
⊕

$2`2, where

$1`1 =


α

√
1−

(
1− ((cot2 π/4 · ΞT

1 ))α
)$1

,

lcm(α,β)

√
1−

(
1− ((cot2 π/4 · ΞI

1))
lcm(α,β)

)$1

;

(((cot2 π/4 · ΞF
1 ))β)$1



$2`2 =


α

√
1−

(
1− ((cot2 π/4 · ΞT

2 ))α
)$2

,

lcm(α,β)

√
1−

(
1− ((cot2 π/4 · ΞI

2))
lcm(α,β)

)$2

;

(((cot2 π/4 · ΞF
2 ))β)$2

 .
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Now,

$1`1
⊕

$2`2 =



α

√√√√√√√√√√√√

(
1−

(
1− ((cot2 π/4 · ΞT

1 ))α
)$1
)

+(
1−

(
1− ((cot2 π/4 · ΞT

2 ))α
)$2
)

−
(

1−
(

1− ((cot2 π/4 · ΞT
1 ))α

)$1
)
·(

1−
(

1− ((cot2 π/4 · ΞT
2 ))α

)$2
)
,

lcm(α,β)

√√√√√√√√√√√√

(
1−

(
1− ((cot2 π/4 · ΞI

1))
lcm(α,β)

)$1
)

+(
1−

(
1− ((cot2 π/4 · ΞI

2))
lcm(α,β)

)$2
)

−
(

1−
(

1− ((cot2 π/4 · ΞI
1))

lcm(α,β)
)$1
)
·(

1−
(

1− ((cot2 π/4 · ΞI
2))

lcm(α,β)
)$2
)
,

(((cot2 π/4 · ΞF
1 ))β)$1 · (((cot2 π/4 · ΞF

2 ))β)$2



=


α

√
1−

(
1− ((cot2 π/4 · ΞT

1 ))α
)$1
(

1− ((cot2 π/4 · ΞT
2 ))α

)$2

,

α

√
1−

(
1− ((cot2 π/4 · ΞI

1))
lcm(α,β)

)$1
(

1− ((cot2 π/4 · ΞI
2))

lcm(α,β)
)$2

,

(((cot2 π/4 · ΞF
1 ))β)$1 · (((cot2 π/4 · ΞF

2 ))β)$2


Hence, COTT (α, β)SFWA(`1, `2)

=


α

√
1−

⊙2
i=1

(
1− ((cot2 π/4 · ΞT

i ))α
)$i

,

lcm(α,β)

√
1−

⊙2
i=1

(
1− ((cot2 π/4 · ΞI

i ))
lcm(α,β)

)$i
;⊙2

i=1(((cot2 π/4 · ΞF
i ))β)$i

 .
It valid for n ≥ 3,
Thus, COTT (α, β)SFWA(`1, `2, ..., `l)

=


α

√
1−

⊙l
i=1

(
1− ((cot2 π/4 · ΞT

i ))α
)$i

,

lcm(α,β)

√
1−

⊙l
i=1

(
1− ((cot2 π/4 · ΞI

i ))
lcm(α,β)

)$i
;⊙l

i=1(((cot2 π/4 · ΞF
i ))β)$i

 .
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If n = l + 1, then COTT (α, β) SFWA (`1, ̀ 2, ..., ̀ l, ̀ l+1)

=



α

√√√√√√√√√√√√√√√√

l⊕
i=1

(
1−

(
1− ((cot2 π/4 · ΞT

i ))α
)$i)

+(
1−

(
1− (ΞT

l+1)
α
)$l+1

)
−

l⊙
i=1

(
1−

(
1− ((cot2 π/4 · ΞT

i ))α
)$i)

·(
1−

(
1− (ΞT

l+1)
α
)$l+1

)
,

lcm(α,β)

√√√√√√√√√√√√√√√√

l⊕
i=1

(
1−

(
1− ((cot2 π/4 · ΞI

i ))
lcm(α,β)

)$i)
+(

1−
(

1− (ΞI
l+1)

lcm(α,β)
)$l+1

)
−

l⊙
i=1

(
1−

(
1− ((cot2 π/4 · ΞI

i ))
lcm(α,β)

)$i)
·
(

1−
(

1− (ΞI
l+1)

lcm(α,β)
)$l+1

)
,⊙l

i=1(((cot2 π/4 · ΞF
i ))β)$i · ((ΞF

l+1)
β)$l+1 ,



=



α

√√√√ 1−
l+1⊙
i=1

(
1− ((cot2 π/4 · ΞT

i ))α
)$i

,

lcm(α,β)

√√√√ 1−
l+1⊙
i=1

(
1− ((cot2 π/4 · ΞI

i ))
lcm(α,β)

)$i
,⊙l+1

i=1(((cot2 π/4 · ΞF
i ))β)$i


.

Theorem 4.3. Let `i =
〈 (

((cot2 π/4 · ΞT
i ), (cot2 π/4 · ΞI

i ), (cot2 π/4 · ΞF
i ))
)
, (α, β)

〉
be

the COTT (α, β) SFNs. Then COTT (α, β) SFWA (`1, `2, ..., `n) = ` (idempotency property).

Proof. Since (cot2 π/4 · ΞT
i ) = (cot2 π/4 · ΞT ) , (cot2 π/4 · ΞI

i ) = (cot2 π/4 · ΞI) and
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(cot2 π/4·ΞF
i ) = (cot2 π/4·ΞF ) and

⊕n
i=1$i = 1. Now, COTT (α, β)SFWA(`1, `2, ..., `n)

=


α

√
1−

n⊙
i=1

(
1− ((cot2 π/4 · ΞT

i ))α
)$i

,

lcm(α,β)

√
1−

n⊙
i=1

(
1− ((cot2 π/4 · ΞI

i ))
lcm(α,β)

)$i
;⊙n

i=1(((cot2 π/4 · ΞF
i ))β)$i



=


α

√
1−

(
1− (cot2 π/4 · (ΞT )α

)⊕n
i=1$i

,

lcm(α,β)

√
1−

(
1− (cot2 π/4 · (ΞI)lcm(α,β)

)⊕n
i=1$i

;

((cot2 π/4 · (ΞF )β)
⊕n
i=1$i ,



=


α

√
1−

(
1− (cot2 π/4 · (ΞT )α

)
,

lcm(α,β)

√
1−

(
1− (cot2 π/4 · (ΞI)lcm(α,β)

)
,

(cot2 π/4 · (ΞF )β


= `.

Theorem 4.4. Let `i =
〈 (

((cot2 π/4 · ΞT
i ), (cot2 π/4 · ΞI

i ), (cot2 π/4 · ΞF
i ))
)
, (α, β)

〉
be

the COTT (α, β) SFNs. Then COTT (α, β) SFWA(`1, `2, ..., `n)

where ΞT︸︷︷︸ = min(cot2 π/4 ·ΞT
ij),
︷ ︸︸ ︷
(cot2 π/4 · ΞT ) = max(cot2 π/4 ·ΞT

ij), (cot2 π/4 · ΞI)︸ ︷︷ ︸ =

min(cot2 π/4·ΞI
ij),
︷ ︸︸ ︷
(cot2 π/4 · ΞI) = max(cot2 π/4·ΞI

ij), (cot2 π/4 · ΞF )︸ ︷︷ ︸ = min(cot2 π/4·

ΞF
ij),
︷ ︸︸ ︷
(cot2 π/4 · ΞF ) = max(cot2 π/4 · ΞF

ij) and where 1 ≤ i ≤ n, j = 1, 2, ..., ij . Then,〈
(cot2 π/4 · ΞT )︸ ︷︷ ︸, (cot2 π/4 · ΞI)︸ ︷︷ ︸, ︷ ︸︸ ︷

(cot2 π/4 · ΞF )
〉

≤ COTT (α, β)SFWA(`1, `2, ..., `n)

≤
︷ ︸︸ ︷
(cot2 π/4 · ΞT ),

︷ ︸︸ ︷
(cot2 π/4 · ΞI), (cot2 π/4 · ΞF )︸ ︷︷ ︸]〉.

(Boundedness property).

Proof. Since, (cot2 π/4 · ΞT )︸ ︷︷ ︸ = min(cot2 π/4 ·ΞT
ij),
︷ ︸︸ ︷
(cot2 π/4 · ΞT ) = max(cot2 π/4 ·ΞT

ij)

and (cot2 π/4 · ΞT )︸ ︷︷ ︸ ≤ (cot2 π/4 · ΞT
ij) ≤

︷ ︸︸ ︷
(cot2 π/4 · ΞT ).

Now, (cot2 π/4 · ΞT )︸ ︷︷ ︸ = α

√
1−

⊙n
i=1

(
1− ((cot2 π/4 · ΞT )︸ ︷︷ ︸)α)$i

≤ α

√
1−

⊙n
i=1

(
1− ((cot2 π/4 · (cot2 π/4 · ΞT

ij)))
α
)$i

≤ α

√
1−

⊙n
i=1

(
1− (

︷ ︸︸ ︷
(cot2 π/4 · ΞT ))α

)$i
=
︷ ︸︸ ︷
(cot2 π/4 · ΞT ).
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Since, (cot2 π/4 · ΞI)︸ ︷︷ ︸ = min(cot2 π/4 · ΞI
ij),

︷ ︸︸ ︷
(cot2 π/4 · ΞI) = max(cot2 π/4 · ΞI

ij) and

(cot2 π/4 · ΞI)︸ ︷︷ ︸ ≤ (cot2 π/4 · ΞI
ij) ≤

︷ ︸︸ ︷
(cot2 π/4 · ΞI).

Now, (cot2 π/4 · ΞI)︸ ︷︷ ︸ = lcm(α,β)

√
1−

⊙n
i=1

(
1− ((cot2 π/4 · ΞI)︸ ︷︷ ︸)lcm(α,β)

)$i
≤ lcm(α,β)

√
1−

⊙n
i=1

(
1− ((cot2 π/4 · ΞI

ij))
lcm(α,β)

)$i
≤ lcm(α,β)

√
1−

⊙n
i=1

(
1− (

︷ ︸︸ ︷
(cot2 π/4 · ΞI))lcm(α,β)

)$i
=
︷ ︸︸ ︷
(cot2 π/4 · ΞI).

Since, (cot2 π/4 · (ΞF )β︸ ︷︷ ︸ = min((cot2 π/4 · ΞF
ij))

β ,
︷ ︸︸ ︷
(cot2 π/4 · (ΞF )β = max((cot2 π/4 ·

ΞF
ij))

β and (cot2 π/4 · (ΞF )β︸ ︷︷ ︸ ≤ ((cot2 π/4 · ΞF
ij))

β ≤
︷ ︸︸ ︷
(cot2 π/4 · (ΞF )β .

We have, (cot2 π/4 · (ΞF )β︸ ︷︷ ︸ =
⊙n

i=1((cot2 π/4 · (ΞF )β︸ ︷︷ ︸)$i ≤⊙n
i=1(((cot2 π/4·ΞF

ij))
β)$i ≤⊙n

i=1(
︷ ︸︸ ︷
(cot2 π/4 · (ΞF )β)$i =

︷ ︸︸ ︷
(cot2 π/4 · (ΞF )β .

Therefore, 

(
α

√
1−

n⊙
i=1

(
1− ((cot2 π/4 · ΞT )︸ ︷︷ ︸)α)$i

)2

−

(
lcm(α,β)

√
1−

n⊙
i=1

(
1− ((cot2 π/4 · ΞI)︸ ︷︷ ︸)lcm(α,β)

)$i)2

+1−
(⊙n

i=1((
︷ ︸︸ ︷
(cot2 π/4 · ΞF ))β)$i

)2



≤



(
α

√
1−

n⊙
i=1

(
1− ((cot2 π/4 · (cot2 π/4 · ΞT

ij)))
α
)$i)2

−

(
lcm(α,β)

√
1−

n⊙
i=1

(
1− ((cot2 π/4 · ΞI

ij))
lcm(α,β)

)$i)2

+

+1−
(⊙n

i=1(((cot2 π/4 · ΞF
ij))

β)$i
)2



≤



(
α

√
1−

n⊙
i=1

(
1− (

︷ ︸︸ ︷
(cot2 π/4 · ΞT ))α

)$i)2

−

(
lcm(α,β)

√
1−

n⊙
i=1

(
1− (

︷ ︸︸ ︷
(cot2 π/4 · ΞI))lcm(α,β)

)$i)2

+

+1−
(⊙n

i=1((cot2 π/4 · ΞF )︸ ︷︷ ︸)β)$i
)2


.

Hence,〈
(cot2 π/4 · ΞT )︸ ︷︷ ︸, (cot2 π/4 · ΞI)︸ ︷︷ ︸, ︷ ︸︸ ︷

(cot2 π/4 · ΞF )
〉

≤ COTT (α, β)SFWA(`1, `2, ..., `n)

≤ 〈
︷ ︸︸ ︷
(cot2 π/4 · ΞT ),

︷ ︸︸ ︷
(cot2 π/4 · ΞI), (cot2 π/4 · ΞF )︸ ︷︷ ︸〉.
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Theorem 4.5. Let `i = 〈((cot2 π/4 · Ξt
T
ij 

), (cot2 π/4 · Ξt
I
ij 

), (cot2 π/4 · Ξt
F
ij 

)), (α, β)〉
and Wi = 〈((cot2 π/4 · Ξh

T
ij 

), (cot2 π/4 · ΞI
hij 

), (cot2 π/4 · Ξh
F
ij 

)), (α, β)〉, be the COTT 
(α, β) SFWAs. For any i, if there is (cot2 π/4 · Ξt

T
ij 

)2 ≤ (cot2 π/4 · Ξh
T
ij 

)2 and (cot2 π/4 · 
Ξt
I
ij 

)2 ≤ (cot2 π/4 · ΞI
hij 

)2 and (cot2 π/4 · Ξt
F
ij 

)2 ≥ (cot2 π/4 · Ξh
F
ij 

)2 or `i ≤ Wi. Prove that 
COTT (α, β)SFWA(`1, ̀ 2, ..., ̀ n) ≤ COT T (α, β)SFWA(W1, W2, ..., Wn), where (i = 
1, 2, ..., n); (j = 1, 2, ..., ij ) (monotonicity property).

Proof. For any i, (cot2 π/4 · Ξt
T
ij 

)2 ≤ (cot2 π/4 · Ξh
T
ij 

)2.

Therefore, 1− ((cot2 π/4 · ΞT
ti

))2 ≥ 1− ((cot2 π/4 · ΞT
hi

))2.

Hence,
⊙n

i=1

(
1−

(
(cot2 π/4 · ΞT

ti
)
)2)$i ≥⊙n

i=1

(
1−

(
(cot2 π/4 · ΞT

hi
)
)2)$i

and α

√
1−

⊙n
i=1

(
1−

(
(cot2 π/4 · ΞT

ti)
)α)$i ≤ α

√
1−

⊙n
i=1

(
1−

(
(cot2 π/4 · ΞT

hi
)
)α)$i .

For any i, (cot2 π/4 · ΞI
tij

)lcm(α,β) ≤
(

(cot2 π/4 · ΞI
hij

)
)lcm(α,β)

.

Therefore, 1−
(
(cot2 π/4 · ΞI

ti
)
)lcm(α,β) ≥ 1−

(
(cot2 π/4 · ΞI

hi
)
)lcm(α,β).

Hence,
⊙n

i=1

(
1−

(
(cot2 π/4 · ΞI

ti
)
)lcm(α,β)

)$i
≥
⊙n

i=1

(
1−

(
(cot2 π/4 · ΞI

hi
)
)lcm(α,β)

)$i
.

This implies that lcm(α,β)

√
1−

⊙n
i=1

(
1−

(
(cot2 π/4 · ΞI

ti)
)lcm(α,β)

)$i
≤ lcm(α,β)

√
1−

⊙n
i=1

(
1−

(
(cot2 π/4 · ΞI

hi
)
)lcm(α,β)

)$i
.

For any i,
(

(cot2 π/4 · ΞF
tij

)
)2
≥
(

(cot2 π/4 · ΞF
hij

)
)2

and(
(cot2 π/4 · ΞF

tij
)
)β
≥
(

(cot2 π/4 · ΞF
hij

)
)β

.

Therefore, 1−
(⊙n

i=1(cot2 π/4 · ΞF
tij

)
)β
≤ 1−

(⊙n
i=1(cot2 π/4 · ΞF

hij
)
)β

.



(
α

√
1−

n⊙
i=1

(
1− ((cot2 π/4 · ΞT

ti))
α
)$i)2

−

(
lcm(α,β)

√
1−

n⊙
i=1

(
1− ((cot2 π/4 · ΞI

ti
))lcm(α,β)

)$i)2

+1−
(⊙n

i=1((cot2 π/4 · ΞF
ti

))β
)2



≤



(
α

√
1−

n⊙
i=1

(
1− ((cot2 π/4 · ΞT

hi))
α
)$i)2

−

(
lcm(α,β)

√
1−

n⊙
i=1

(
1− ((cot2 π/4 · ΞI

hi
))lcm(α,β)

)$i)2

+1−
(⊙n

i=1((cot2 π/4 · ΞF
hi

))β
)2


.

Hence, COTT (α, β)SFWA (`1, `2, ..., `n) ≤ COTT (α, β)SFWA (W1,W2, ...,Wn).
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4.2 COTT (α, β) SFWG

Definition 4.6. Let `i =
〈 (

((cot2 π/4 · ΞT
i ), (cot2 π/4 · ΞI

i ), (cot2 π/4 · ΞF
i ))
) 〉

be the

COTT (α, β) SFNs. Then (α, β)SFWG (`1, `2, ..., `n) =
⊙n

i=1 `
$i
i .

Theorem 4.7. Let `i =
〈 (

((cot2 π/4 · ΞT
i ), (cot2 π/4 · ΞI

i ), (cot2 π/4 · ΞF
i ))
)
, (α, β)

〉
be

the COTT (α, β) SFNs. Then COTT (α, β) SFWG (`1, `2, ..., `n)

=


⊙n

i=1(((cot2 π/4 · ΞT
i ))α)$i ;

lcm(α,β)

√
1−

⊙n
i=1

(
1− ((cot2 π/4 · ΞI

i ))
lcm(α,β)

)$i
,

β

√
1−

⊙n
i=1

(
1− ((cot2 π/4 · ΞF

i ))β
)$i

 .

Proof. Based on Theorem 4.2, the following results follow.

Theorem 4.8. Let `i =
〈 (

((cot2 π/4 · ΞT
i ), (cot2 π/4 · ΞI

i ), (cot2 π/4 · ΞF
i ))
)
, (α, β)

〉
be

the COTT (α, β) SFNs and all are equal. Then (α, β)SFWG(`1, `2, ..., `n) = L.

Proof. Based on Theorem 4.3, the following results follow.

Remark 4.9. It has other properties, including boundedness and monotonicity, as well as
having (α, β)SFWG.

Proof. Based on Theorem 4.4 and 4.5, the following results follow.

4.3 Generalized COTT (α, β) SFWA (GCOTT(α, β)SFWA)

Definition 4.10. Let `i =
〈 (

((cot2 π/4 · ΞT
i ), (cot2 π/4 · ΞI

i ), (cot2 π/4 · ΞF
i ))
)
, (α, β)

〉
be the COTT (α, β) SFN. Then GCOTT (α, β) SFWA (`1, `2, ..., `n) =

(⊕n
i=1$i`

0
i

)1/0
.

Theorem 4.11. Let `i =
〈 (

((cot2 π/4 · ΞT
i ), (cot2 π/4 · ΞI

i ), (cot2 π/4 · ΞF
i ))
)
, (α, β)

〉
be

the COTT (α, β) SFNs. Then GCOTT (α, β) SFWA (`1, `2, ..., `n)

=



(
α

√√√√ 1−
n⊙
i=1

(
1−

(
((cot2 π/4 · ΞT

i ))α
)α)$i

)1/α

,

(
lcm(α,β)

√√√√ 1−
n⊙
i=1

(
1−

(
((cot2 π/4 · ΞI

i ))
lcm(α,β)

)lcm(α,β)
)$i

)1/lcm(α,β)

,

β

√√√√1−

(
1−

(
n⊙
i=1

(
β

√
1−

(
1− ((cot2 π/4 · ΞF

i ))β
)β)$i

)β)1/β


.
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Proof. We can prove this first by demonstrating that,

⊕n
i=1$i`

α
i =



α

√√√√√√ 1−
n⊙
i=1

(
1−

(
((cot2 π/4 · ΞT

i ))α
)α)$i

;

lcm(α,β)

√√√√ 1−
n⊙
i=1

(
1−

(
((cot2 π/4 · ΞI

i ))
lcm(α,β)

)lcm(α,β)
)$i

;

n⊙
i=1

(
β

√
1−

(
1− ((cot2 π/4 · ΞF

i ))β
)β)$i

,


.

Put n = 2, $1`1
⊕

$2`2

=



α

√√√√√√√√√√√√√√√√√√√√√

(
α

√
1−

(
1−

(
((cot2 π/4 · ΞT

1 ))α
)α)$1

)α

+(
α

√
1−

(
1−

(
((cot2 π/4 · ΞT

2 ))α
)α)$1

)α

,

−

(
α

√
1−

(
1−

(
((cot2 π/4 · ΞT

1 ))α
)α)$1

)α

·(
α

√
1−

(
1−

(
((cot2 π/4 · ΞT

2 ))α
)α)$1

)α

,

lcm(α,β)

√√√√√√√√√√√√√√√√√√√√√

(
lcm(α,β)

√
1−

(
1−

(
((cot2 π/4 · ΞI

1))
lcm(α,β)

)lcm(α,β)
)$1

)lcm(α,β)

+(
lcm(α,β)

√
1−

(
1−

(
((cot2 π/4 · ΞI

2))
lcm(α,β)

)lcm(α,β)
)$1

)lcm(α,β)

,

−

(
lcm(α,β)

√
1−

(
1−

(
((cot2 π/4 · ΞI

1))
lcm(α,β)

)lcm(α,β)
)$1

)lcm(α,β)

·(
lcm(α,β)

√
1−

(
1−

(
((cot2 π/4 · ΞI

2))
lcm(α,β)

)lcm(α,β)
)$1

)lcm(α,β)

(
β

√
1−

(
1− ((cot2 π/4 · ΞF

1 ))β
)β)$1

·

(
β

√
1−

(
1− ((cot2 π/4 · ΞF

2 ))β
)β)$1

,



=



α

√
1−

⊙2
i=1

(
1−

(
((cot2 π/4 · ΞT

1 ))α
)α)$i

;

lcm(α,β)

√
1−

⊙2
i=1

(
1−

(
((cot2 π/4 · ΞI

1))
lcm(α,β)

)lcm(α,β)
)$i

;

⊙2
i=1

(
β

√
1−

(
1− ((cot2 π/4 · ΞF

i ))β
)β)$i

;


.

Hence,
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⊕l
i=1$i`

0
i =



α

√
1−

⊙l
i=1

(
1−

(
((cot2 π/4 · ΞT

1 ))α
)α)$i

;

lcm(α,β)

√
1−

⊙l
i=1

(
1−

(
((cot2 π/4 · ΞI

1))
lcm(α,β)

)lcm(α,β)
)$i

;

⊙l
i=1

(
β

√
1−

(
1− ((cot2 π/4 · ΞF

i ))β
)β)$i

;


.

If n = l + 1, then
⊕l

i=1$i`
0
i +$l+1`

0
l+1 =

⊕l+1
i=1$i`

0
i .

Now,
⊕l

i=1$i`
0
i +$l+1`

0
l+1 = $1`

0
1

⊕
$2`

0
2

⊕
...
⊕
$l`

0
l

⊕
$l+1`

0
l+1

=



α

√√√√√√√√√√√

(
α

√√√√ 1−
l⊙

i=1

(
1−

(
((cot2 π/4 · ΞTi ))α

)α)$i )α
+

(
α

√
1−

(
1−

(
(ΞTl+1)

α
)α)$1

)α
,

−

(
α

√√√√ 1−
l⊙

i=1

(
1−

(
((cot2 π/4 · ΞTi ))α

)α)$i )α
·

(
α

√
1−

(
1−

(
(ΞTl+1)

α
)α)$1

)α

lcm(α,β)

√√√√√√√√√√√√√√√√√√√√√√√

(
lcm(α,β)

√√√√ 1−
l⊙

i=1

(
1−

(
((cot2 π/4 · ΞIi ))lcm(α,β)

)lcm(α,β)
)$i )lcm(α,β)

+

(
lcm(α,β)

√
1−

(
1−

(
(ΞIl+1)

lcm(α,β)
)lcm(α,β)

)$1
)lcm(α,β)

,

−

(
lcm(α,β)

√√√√ 1−
l⊙

i=1

(
1−

(
((cot2 π/4 · ΞIi ))lcm(α,β)

)lcm(α,β)
)$i )lcm(α,β)

·

(
lcm(α,β)

√
1−

(
1−

(
(ΞIl+1)

lcm(α,β)
)lcm(α,β)

)$1
)lcm(α,β)

l⊙
i=1

(
β

√
1−

(
1− ((cot2 π/4 · ΞFi ))β

)β)$i
·

(
β

√
1−

(
1− (ΞFl+1)

β
)β)$1

,



l+1⊕
i=1

$i`
α
i =



α

√
1−

⊙l+1
i=1

(
1−

(
((cot2 π/4 · ΞT

1 ))α
)α)$i

;

lcm(α,β)

√
1−

⊙l+1
i=1

(
1−

(
((cot2 π/4 · ΞI

1))
lcm(α,β)

)lcm(α,β)
)$i

;

⊙l+1
i=1

(
β

√
1−

(
1− ((cot2 π/4 · ΞF

i ))β
)β)$i


.

(⊕l+1
i=1$i`

0
i

)1/0
=
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

(
0

√√√√ 1−
l+1⊙
i=1

(
1−

(
((cot2 π/4 · ΞT

i ))α
)α)$i

)1/α

;

(
lcm(α,β)

√√√√ 1−
l+1⊙
i=1

(
1−

(
((cot2 π/4 · ΞI

i ))
lcm(α,β)

)lcm(α,β)
)$i

)1/lcm(α,β)

;

β

√√√√1−

(
1−

(
l+1⊙
i=1

(
β

√
1−

(
1− ((cot2 π/4 · ΞF

i ))β
)β)$i

)2)1/β

,


Remark 4.12. An operator modified from the GCOTT (α, β) SFWA operator to the COTT
(α, β) SFWA operator is performed if 0 = 1.

Theorem 4.13. If all `i =
〈 (

((cot2 π/4 · ΞT
i ), (cot2 π/4 · ΞI

i ), (cot2 π/4 · ΞF
i ))
)
, (α, β)

〉
and all are equal. Then GCOTT (α, β) SFWA(`1, `2, ..., `n) = `.

Proof. There is a proof based on the Theorem 4.3.

Remark 4.14. In the GCOTT (α, β) SFWA operator, boundedness and monotonicity are
satisfied.

Proof. There is a proof based on the Theorem 4.4 and Theorem 4.5.

4.4 Generalized COTT (α, β)SFWG ( GCOTT (α, β)SFWG)

Definition 4.15. Let `i =
〈 (

((cot2 π/4 · ΞT
i ), (cot2 π/4 · ΞI

i ), (cot2 π/4 · ΞF
i ))
)
, (α, β)

〉
be the COTT (α, β) SFNs. Then GCOTT(α, β)SFWG (`1, `2, ..., `n) = 1

0

(⊙n
i=1(0`i)

$i

)
.

Theorem 4.16. Let `i =
〈 (

((cot2 π/4 · ΞT
i ), (cot2 π/4 · ΞI

i ), (cot2 π/4 · ΞF
i ))
)
, (α, β)

〉
be

the COTT (α, β) SFNs. Then GCOTT(α, β)SFWG(`1, `2, ..., `n)

=



α

√√√√1−

(
1−

(
n⊙
i=1

(
α

√
1−

(
1− ((cot2 π/4 · ΞT

i ))α
)α)$i

)α)1/α

;(
lcm(α,β)

√√√√ 1−
n⊙
i=1

(
1−

(
((cot2 π/4 · ΞI

i ))
lcm(α,β)

)lcm(α,β)
)$i

)1/lcm(α,β)

;

(
β

√√√√ 1−
n⊙
i=1

(
1−

(
((cot2 π/4 · ΞF

i ))β
)β)$i

)1/β


.

Proof. Based on Theorem 4.11 the following results follow.
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Remark 4.17. There is a conversion that takes place when 0 = 1, which converts the 
GCOTT (α, β) SFWG into the (α, β)SFWG.

Remark 4.18. Boundness and monotonicity properties that are satisfied by GCOTT(α, β)SFWG 
operators.

Proof. Based on Theorem 4.4 and 4.5, the following results follow.

Theorem 4.19. If all `i =
〈 (

((cot2 π/4 · ΞT
i ), (cot2 π/4 · ΞI

i ), (cot2 π/4 · ΞF
i ))
)
, (α, β)

〉
are equal. Then GCOTT(α, β)SFWG(`1, `2, ..., `n) = `.
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