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Abstract:

In this paper we study the transfer of zip property between filtered (graded) rings and affine
graded (filtered) structure schemes. Under some conditions, the zip property of filtered
(graded) rings is preserved under their graded and filtered affine schemes. One may apply
these results up to the formal level as in [8].

Introduction: Consider a zariskian filtered ring S such that the associated graded ring

G(S) =8 % = % is commutative Noetherian domain; [10]. This includes many more
n—1

geometric applications, i.e. this situation is general in the sense that it allows application of

the results to most of the important examples. The topological base space T will be Spec9d

of G(S). The canonical element of degree one in § =@ E,S = Y ,,c, F, SX™ < S[X, X" '] is

the 1 € F;Sin S, we write itas X.

For moment let S be a graded ring. For a homogenous element a € S, the annihilator ideal
ann9(a) = {s € S:sa = 0} is a homogenous ideal, as is the ideal annihilator ann?(4) =
{seS:sA=10}; AcS a set of homogenous elements and as is the ideal annihilator
annd(I) = {s € S:sl = 0}; I < S an ideal of homogenous elements.

A graded ring S is said to be zip if vV A S S: ann9(4) = 0= 3 4, C A, finite subset of
homogenous elements: ann9(4,) = 0. In this definition, we can equivalently need to use
that A is a graded ideal of S. We need only zip expression of commutative case.

For elementary notions, conventions and generalities, which we need here in this paper we
refer to the list of references.

Objectives: In this paper, we study the transfer of zip property from filtered (graded) rings
to the graded and filtered structure affine schemes.

Results: According to the work of Leroy and Matczuk ([4] , Theorem 3.2(1) ), who
investigated the behavior of the zip property for a localization of a ring , we extend this result
for graded and filtered affine schemes.

Conclusion: In this research, we investigate the zip property of filtered (graded) rings is
preserved under their graded and filtered affine schemes. In the forthcoming work, we hope
to come back to introduce the same results on the formal level, one may make this by [8].
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1. Introduction

Throughout the paper S will denote a zariskian filtered ring such that the associated graded ring G(S) =

@%5% iIs commutative Noetherian domain; [10]. This includes many more geometric
n-I

applications, i.e. this situation is general in the sense that it allows application of the results to most of
the important examples. The topological base space T will be Spec9 of G(S). The canonical element
of degree one in S =@ E,S = Y,z E, SX™ < S[X,X '] isthe I € F,Sin S, we write it as X.

For moment let S be a graded ring. For a homogenous element a € S, the annihilator ideal ann9(a) =
{s € S:sa = 0} is a homogenous ideal, as is the ideal annihilator ann9(A) = {s € S:sA=0};Ac S
a set of homogenous elements and as is the ideal annihilator ann9(I) = {s € S:sI = 0};1 < S an
ideal of homogenous elements.

Agradedring Sissaidtobezipifv A € S: ann9(4) = 0= 3 A, € A, finite subset of homogenous
elements: ann9(A4,) = 0. In this definition, we can equivalently need to use that A is a graded ideal of
S. We need only zip expression of commutative case.

2. Zip graded affine schemes

A graded sheaf 07 of graded rings, over a topological space T, is zip graded sheaf over T if locally is
zipsheafie. VPET = Qﬂp is zip graded ring.

As in section one, we consider T = Spec9 (G (S)), the graded prime spectrum of G (S). Write 8 for the
basis of the Zariski topology on T consisting of the basic open sets T(f) ={P €T;f € P}; f
homogenous element. We may define graded structure sheaf on T': we may associate to T (f) the graded
ring Q;ﬁ’(G(S)) = Sf" - G(S); just, by inverting the homogenous set Sy = {7, f, f?,-+-} of G(S) in the
classical way and we obtain the graded structure sheaf Q7 on T having as the stalk at P € T the graded
local ring Q7 (G(S)) = Sp' - G(S); Sp = h(G(S) — P).
Proposition 1. With the same consideration
If S is zip commutative filtered ring, then S is zip commutative graded ring.

Proof: Follows from [4], [5] just at the filtered (graded) level.

Proposition 2. Under the assumption and notation mentioned above we have:
I. G(S) and /(] ~X)§ are zip graded rings.

ii. Q7 (G(S)) is zip graded ring; f € G(S).

iii. Q7 (G(S)) is zip graded ring; P € T.

Proof: i. By assumption, since G(S) and 5/(1 are commutative Noetherian domains.

-X)§

ii. or iii. This is an adaptation of Theorem 3.2. (1) of [4]; indeed, this theorem is phrased for ring theory
but the fact that we work with graded objects. The proof of Theorem 3.2. (1) of [4] then carries over
after the common modifications of graded nature.

https://internationalpubls.com 405



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 2s (2025)

Now, we come the first main result of this paper which comes directly from definition and the above
proposition.

Proposition 3. With conventions notation as before:
(T,07) is zip graded affine scheme.

Also, we may define the graded structure sheaf Q;?I on T: we may associate to T(f); f € G(S)
S

an), where Sz, is the homogenous image of Sy in S

i -1
homogenous element, the graded ring Sf(n) (

and we obtain Q;f’T on T having as stalk at P € T, the graded local ring Qg(n) (S/Xng ) =

1 (§
Sit (*yng )
Proposition 4. Under the same assumptions:

If S is zip domain, thenvV n € Z*, 5:/ = S:(n) zip graded ring.

xn§
Proof. Itis easily checked that, if [(n) < [ S(n): ann9 (f(n)) = 0;I(n) = I/x"5;T < IS .Then
annd(I) = 0;. in S . Then there exists [, < I(finite) : ann9(I)) = 0. Then there exists I,/X™S =

I, < I:ann9(I,) = 0 and we have $(n), vn, is zip.

Proposition 5. (Graded version of Theorem 3.2.(1) in [4])
Under the same consideration: Q¢ (S) is zip graded ring.

Again, we can mention the second main important result of this paper which comes directly from
definition and the above proposition.

Proposition 6. With conventions and notations as before:

If S is zip domain then the graded structure affine scheme (T,07,), ¥ n € Z*, is zip graded affine
scheme.

A similar result holds in case of the Rees graded micro-localization rings Q']’f(f) Se={f.f%}in
G(S). Thatis

Q7 (8) =1im? Q¢ (5(w) =lim? (F(m))™'(Sm));:5(n) = S/ g - see [1] and [9].

e U Al & g(i*Y — p * — N9 U U _ & _ N9 (&
Now, if T¥< Q¥(S) such that annd (I¥) =0, It =07, (1) and ¥ < S(n) = NG

representing i]‘! at a level n in the inverse limit. Hence ann9< (T;‘)) = 0 and there exists

)
O ny
=M = = - -
I,(n) < S(n) (as above) finite such that ann9 (Q}?(n) (Io(n))) = (. Then there exists I(’)‘f < I}’!

(finite) such that ann¥ (fé‘f) = ( and Q']i-‘ (S) is zip ring. It is noted that one may start the argument at

any m larger than n.
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Now, associating to an open set X (f) the micro-localizations Q]é‘ (S), res. Q}‘ (S) we obtain sheaf 0% ,
res. Oy having as the completed stalks at P € Spec9(G(S)) (or T = Proj9 G(S) the ring @, (S),res.

Q5 (S), see [9]. Note that Oy is a sheaf of zariski rings and the X —adic completion

. ~ura 3 )

0 A . 111']1;:19 Qf (S) . . Q}l; (S)

QT.P X= hmg n1-d AR(G = llmg llmg W
n X }zlm Qf (S) n J D ¢ Qf (S)

— 1 : Al & _— AMcE
= 11%1‘9 llr?g Qrmy (9 = Qp(S)
, the micro-localization at 2(G(S) — P).

As above, at a level n, obtaining @, (S) from @, (S) and one may easily prove that @, (S), res. Q5 (S),
are zip rings.

Hence the following result holds:

Proposition 7.

i.(T, OF) is zip graded affine scheme.
ii.(T, 0f) is zip filtered affine scheme.
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