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1. Introduction

There are numerous health issues that exhibit abrupt shifts in their states. We refer to these abrupt
alterations as impulsive impacts within the system. Impulsive differential equations are those that
incorporate the impact of impulses. These have substantial applications in several real-world situations,
specifically in mechanical systems involving impact, biological systems like heartbeats and population
dynamics, blood flow, ecology, medicine, control theory, and more. Within the current body of
knowledge, there are two distinct categories of impulsive systems. There are two types of systems:
impulsive and non-impulsive. In the impulsive system, the period of abrupt changes is significantly
shorter compared to the overall duration of an evolutionary process, such as shocks, natural disasters,
and non-impulsive events. The duration of these modifications persists throughout a limited time span.
Insulin administration into the bloodstream is an important application of non-impulses is the
administration of insulin into the bloodstream. This involves a sudden shift followed by a gradual
absorption process, with the insulin remaining active for a specific period of time. Some references [1,
10, 14].

Kalman presented the idea of controllability and observability in the year 1960, and it quickly became
a subject of examination for a significant number of researchers immediately after its introduction. In
a general sense, controllability refers to the ability of a control dynamical system to guide itself from
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a state initial to the intended final by making use of a control that is accessible within the system.
Recently, numerous authors have published their research articles [3, 8, 9, 11-13, 15-24].

We design with nonlinear time-varying complete controllability Volterra integro-dynamic Sylvester
matrix system with an impulse control system in Rn

XA(t) = AOX®) + X(OB®) + ftZ(Kl (t,$)X(s) + X(s)K,(t,s))As + (1.1)
COUR +F(6,X@)
X@©=0+D)X(t), j=12.. (1.2)

Where A(t), B(t), C(t), K;(t) and K,(t) are rd-continuous matrices orders n x n. F:I X R™ - R™ is
rd-continuous on Ty. D; € My, (R), X(t) € R™ is state variable. U(t) € R™ is the control input.

Time scale theory incorporates both discrete and continuous theories, as well as a hybrid of the two.
Thus, in contrast to previous findings in the literature, our findings are more applicable to a wider
range of situations. In this paper, the following structure is used: We lay the groundwork, provide some
definitions, state some key lemmas and theorems in Section 2. Section 3 presents the results for
complete controllability with Gramian matrix.

2. Preliminaries

Stefan Hilger’s 1988 doctoral thesis was the first to present the time scales calculus. He is bringing
together the system’s discrete and continuous analysis. A time scale T is defined as a non-empty closed
subset of R. If max T exists, we define T* = T{maxT}. But if that is not the case, T* = T. According,
we define (a,b)y, [a,b)r,(a,b]ly and so on as a time scale interval, where [a,b]y =
{t € T:a < t < b}. With the substitution supT for inf{@}, the forward jump operator ¢: T* - T is
defined as o(t) = inf{s € T:s >t} € T. The operator p: T*¥ - T, which is defined as p(t) =
sup{s € T:s > t} € T, can be expanded with the substitution sup{@} = inf T. At last, for t € T, the
graininess function u(t) follows the equation o (t) — t.

when t = supT, choose 7 such that mapping x from T to R is not left scattered. If £ > 0, then
the generalized delta derivative of x(t), denoted as x“(t), is of the form that. Given that U(t) is a
neighbourhood, it follows that

[[x(a(t) — x(s)] = x2 (@) [a(t) — s]| < ela(t) —s|, fors € U,

The process of mapping x from T to R is known as the generalized delta derivative on time scales
calculus, where x is delta derivative for every t € T.

The right dense points in T are considered to represent the origins of rd-continuous M mapping
from T to R, whereas the left dense points in T are the locations of its finite left sided limits. The set
of rd-continuous functions M is denoted by C,; = C,4(T) = C,4(T,R). Assuming M2(7) = M(t) for
every T € T¥, the mapping from T to R is referred to as the anti- derivative of M from T* to R. We

continue by creating the integral f: m(t)At = M(b) — M(a).

Definition 2.1.[5]: The function M(t) that maps from T to R is regressive is defined asl + u(t)(t) #
0Vt € T. The right dense continuous function # = #(t) = (T, R) is the sum of all regressive
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functions. Likewise, #* = #*(T,R) = (M € ®: 1 + u(t)M(t) > 0,V t € T} denotes all positively
regressive function.

Lemma 2.1.[6]: When M, N € & matrices on T, thus

I. ey (1,5) =
eom(T,5);

ii. eo(t,s) =1 and
e(t,7) =1;

il en(0(1),5) =

(I + u(@M(@))ey(z,s);

iv. ey(t,s) =

en' (5,7) = eSy (5, 7);

V. ey (t,8)ey(t,s) =
eMEBN(T» s);

vi. ey (t,8)ey(s,r) =
en(T,7);

Lemma 2.2.[4]: Consider a matrix M of size n X n on a time scale. Assume that the mapping f from
T to R™ is continuous and right dense. Given that ¢, belongs to the set T and p, belongs to R™, this
implies the initial value problem (I\VP).

p*(t) = M(O)p(t) + L(£), p(to) = Po,
having one and only one solution p mapping from T to R is developed as

p() = fu(t, tpy + j fu(t,o(D)1(T)AT.
to

Theorem 2.1. Let Z(t)=Vec X(t), U(t)=Vec U(t), and f(t,z(t)) = VecF(t,X(t)). Then the
Volterra Integro-dynamic Sylvester matrix with an impulse control system (1.1), (1.2) is equivalent
the system

220 =P)z(t) + j tK(t, s)z(s)As + QT + f(t, z(1)) @D
0

z(t) = [I, ® Ry]z(t/7) (2.2)

Where P(t) = [B*® L, +1, ® 4], Q(t) = [, ® CLK(t,s) = [K; ® ) + I, ®K;) and R; =
(1 + D;) and 1, is the identity matrix.

Proof. We apply the Vec operator to the equation (1.1), (1.2) and using the above properties of
Kronecker product [3], we have

22() = P(®)z(t) + f tK(t, s)z(s)As + QT + f(t, z(1))
0

https://internationalpubls.com 352



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 2s (2025)

2() = [I, ® Ry ]=(t;)
Lemma 2.3 [7]. For the system (2.2) with P € M. >(R) is a constant, there exists a scalar function
Yo(t,S), ..., ¥2_;(t,s) € (T*,R) such that the only one solution has representation.

2_
ep(t,s) = Xpzy' vic(t, s)PX.
Theorem 2.2. Each v t € (s;, th]T,j = 1,2,.., implies the satisfying function is known as the solution
of a system (2.1) represented by

t

z(t) = ¥(t, Sj)[1n®Rj]Z(tj_) + f‘P(t,a(s))K(t, s)z(s)As

t (2.3)
+ f‘l‘(t, O'(T)) [Q(T)ﬁ(r) + f(r,z(r))]Ar,

J

Proof: if t € [ty, t;]r, then there exists an only one solution of (2.1), we have

t t
z(t) = Y(t, ty)zy + f‘l’(t,a(s))K(t, s)z(s)As + f‘P(t,a(r) Q) U(r)At

t
+ f‘l‘(t,a(r)f(r,z(r))Ar
to
Next, j=1 then t € (s,, t,]t we have

z(t) =Y(t, ty)z(s;) + J‘P(t,a(s))K(t, s)z(s)As

+ fst, ¥(t,o(t) Q()U(r)AT + fst] P(t,a(7) f(t,2(x))Ar.

Also, for z(s;) = [I,®R;]z(t;) substitute above equation, we get

t
z(t) = ¥(¢, t))[I,®R;]z(t;) + f‘P(t,a(s))K(t, s)z(s)As

+ fst] ¥(t,0(1) Q()U(r)AT + fst] ¥(t,a(7) f(t,2(z))Ar.

Similarly, we are repeating the above same process for t € (sj, th]T, j=12,..,m, we get

t

2(0) = ¥(6,5) [ OR () + | #(6. 0K DA

Sj
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t

+ [ #(60@) Q@I + £ (2] ar

Sj
Therefore, the equation (2.3) was derived.
3. CONTROLLABILITY

In this section, we provide necessary and sufficient conditions for complete controllability in the
following system.

J z2(t) = P(t)z(¢t) +f K(t,5)z(s)As + QT + f(t,z(1), te€ (s, tj+,]T,j =12,..
0

Z(t) = [In ® Rj]Z(tj_), t € (Sj, tj+1]']I" ] = 0,],
LZ(tg) = Z0, to eET

(3.1)

Definition 3.1: For any z, and z; € R"2, there must be a piece-wise rd-continuous control function

U@): [ty Ty ~ R”z, so that the solution of the system (3.1) satisfies z(t,) = z, and z(T) = z;. This
system is called controllability on [t,), T]y witht, <T.

Definition 3.2: For j = 1,2, ..., m, it is controllable on both [¢,, t,]r and [s;, tj;,]r, then system (3.1)
is known as complete controllable in [t,, ]y with t, < T.

The corresponding Gramian matrices are defined by.

Nyt t)) = f ¥(ty, (1)) Q@ Q" (¥ (£, (1)) At (3.2)

N(sj,ty41) = f .tj”\y(sj,c(r)) QQ ¥ (55,6(0) At,j = 1.2,...,m, (3.3)

If P(t) = P and Q(t) = Q are constant matrices, then

Nt = [ ep(t,0(2)0Qe3 (60, 0()Ac (3.4
]\G(sj, th) = f o ep (sj,c(r)) QQ%ep (sj,c(r)) At,j=12,..,m (3.5)

Here (.)"is represented as transpose of a matrix (.).
We define U(t) as

—Q* (O¥*(tp 0 (1)), t € [ty tl7

0@) =
® {—Q*(t)‘l’*(sk,c(r))CDk, t € (Sjytjss]y) = 1,2, m.

(3.6)

Where
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t;

@) = Ny 1ty t) |z — P(t, )z, + f ‘P(t(),a(s))K(t, s)z(s)As +J I‘P(to,c(r))f(r,z(r))Ar ,

tp
ty

and

D

+ f%’jH ¥ (sj, G(’E)) f(t, z(1)) At |.

We need following the conditions:

Ljvi
i = N7 (s ti00) | @R J2(7) = ¥ (s), t41) 2, + f ¥ (t,0(5) ) K(t 5)z(s)As

(H1): The nonlinear function f:]; X R™ - R”Z,]I = UJL[sj, tj+]r is rd-continuous and there is

exists My > 0 such that ||f(t,z) — f(t,x)|l| < Mfllz— x|,V z,x € R™ ¢ € J;. Also, there is exists

Ly > 0suchthat [|f(t, 2)|| < Ly, Vt € J, and z € R™.

(H2): The function [In®Rj]:= [t;, si]T % R™ - R™ are rd-continuous there is exists M, @r; >0

such that [|[1,®R;]z(tj") — [l.®R;|x(¢])|| < M, er,llz —xll,V z,x € R™,t € I.. Also, there is

exists Lj;, gr,| > 0such that ||[[,®R;|z(t;)|| < Ly, er,) Yt € [jand z € R™,
. — 0 mJ
(H3): M, = Irsr}é)rcn{Mal,M M[1n®R,-]} < 1, were

ap’

My, = LMMet, (1 + IPLYt,5,),

o _ 2 2 P
Mg, = LMy g | + L' LM, 0, T8 + LMM;T (1 + PLGTS;),j = 1,2, ... ,m

For notational accommodation, we get
8o = |5 o DI 6 = [~ (3. ¢+

L= oa?®ts),Lo ="EIQWI, Ly = "EIKE s

Hy = Llzgll + LLxt; + LLgt, + LLyLGt,.
L% = LLoSy(llzoll + L||z,, || + LLxt; + LLst).

j T
H| = LLjgr;| + LLgT + LLT + LLoLpT.

i
L = LLy3, (L[,n®Rj] +1L ”thH + LLitjes + LLtis).

y = max {*%01 ‘%{'L[In@’?j]}'

I1sksm
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Theorem 3.1: Assuming that requirements (H1) - (H3) are satisfied, then there is only one solution to
system (3.1).
Proof: The subset D < PC is defined as the set
D ={z € PC:||z|lpc <V}

Currently, we are defining the function G: D — D, which means that
For, t € [0, t;]y

‘ (3.8)

GO = ¥ty + | V(6K )25

ty

+f ‘P(t,o*(r))(f(r,z(r)) + Q(7))Ar.
to

Fort € (tj, 5], = 1,2,..,m

(G2)(t) = [I.®R;]z(t)), (3.8)
For vt € (Sj, tj+1]']1" ] = 1,2, e, m

t 3.9
G2)(t) = ‘I’(t, sj)[1n®Rj]z(tj") + f.‘l’(t,a(s))l{(t, s)z(s)As (3.9)

J

+ f ‘P(t,a(r)) (f(r,z(r)) + Q(T)U(T)) At.

It is evident that the solution is the Banach fixed point for G. Let us now consider t € (sj, th]T,j =
1,2,...,m,and z € D, we obtain

t
16N < ¥ ORT2E + [ ¥ o)IIKEMzlas
S RCEG)] [ [REAREN] S (310
t
+ [ #om)lio@iiewiar

< LLj@r;) + LLxtjss + LLstjy s + LLoLtj4
<A <y.

Similarly, for t € [0,¢t;]yr and z € D, then
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1GOOI < ¥ t)llllzoll + [ [ (e, a()[[IIKCE $)IMz(s)llAs

)

+ ||‘P(t, a(r))””f(r,z(r))”AT (3.11)

+[ @ o@)lomliemiar

< Lllzgll + LLgt + LLst + LLoLYt
SH)<Y.
Similarly, for t € (s;,t;], and z € D, we get
G lpc < L[In®R]-] =Y. (3.12)
After succinct the above inequalities (3.10) - (3.12), we have

G2 lpc <y
Since, G:D — D, Forany z,x € D, t € (s;, th]T,j = 1,2,..,m, We get

162 ©® = GO < [[¥ (& 5) |1 @R ]2(57) = [ @R;|x(57 )|

+ f et o)K@ )llIz(s) = x()lAs

+ [ (o @) I (2 2@) - £zx) ac

[%(t, s@) Q@I @I (£, (@)
x |17 (s i+ D[ ®Rs|2(57) = [ @Ry ]x (&)

+ f +]”‘P(j'3(3))||||D(D,D)IIIID(D) — (lAD

t
g
;

J

N f%m ||\Il(sj,o'(s))|| |f(s,2(s)) = £ (s,x(s))]||As | AT

t t
< LM[,n®Rj]||z(tj") - x(tj‘)” + LMKf |z(s) — x(s)||As + LMff lz(z) — x(D) AT + LPLG6;
Sj Sj

x J M0 127) = (61| + M f " l2(s) = x(s)lls + M, f " l120s) = x(s)l1As]AT

J J J
< LM[1n®Rj]||Z — X|lpc + LMkllz — x”PC(t - Sj) + LMf”Z - x”PC(t - Sj)

+L2Lg (t — s7)8; Mi1,er,] + LMkt = sP1 |z = xlpc + LMr (s — )] |z = xllpc
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< M, Iz = xllpc < Mgllz = xllp (3.13)
Forany z,x € D,t € [0,t;], we get

(o)) = (O 1)7(D)II
< fIIT(D, )|, e ) = ol
0

+ [ (6 o @) 2@) - £ x@)lae
0
+ [ eCo@)lie@uie @il o)l
0

< |Vt )1 fO (e e @)K CE Nz(s) — x(s)l1As

t;
+j ¥ (si, a)||||£ (s, 2(s)) = £ (5, x(s))||As] AT

< Mg |1z = xllpc < Mgllz = x||pc. (3.14)

Similarly, for ¢ € (s, tj]T, we have

1(62)(8) — (GOl < M, )1z = Xllpc < Mcllz = x|lpc (3.15)
After succinct the inequalities (3.13) - (3.15), for t € I, we have

1062) = (G0)llpc < Mqllz = x|lpc.

Thus, according to Banach's fixed point theorem, there is only one solution to system (3.1). Because
of this, G is a mapping that strictly contracts.

Theorem 3.2: Assuming that requirements (H1) - (H3) are satisfied; the system (3.1) is complete
controllable in [t,, T]y if and only if the matrices N (ty, t;) and N (s;, t;4, ) are invertible.

Proof: Let Vy(ty, t;) and V;(s;, ¢4 ;) are invertible. Then, for the given z,,and z¢,,,» and the input

+1’

control U (t) given by (3.6). Now, put t = t,, in the system (3.1), we have

z(t;) = Y(t;, tp)z +f I‘P(tl,a(s))l((t, s)z(s)As +f I‘P(t],a(T))f(T,z(T))Ar

ty Ly

- f 19 (e, e @) Q@I I (0 0 )| 207
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=‘I’(t1,t0)zo+f I‘I’(tl,a(s))K(t,s)z(s)As+f I‘P(tl,a(r))f(r,z(‘r))AT

ty ty

—W(t,, t)Ny(to t NG (tg, t)) [Z() —Y(ty t1)ze, + f IT(tJ, o(s))K(t,s)z(s)As

0

+.f I‘I‘(to,a(‘r))f(‘r,z(r))ATl

0
=z,

Similarly, for t € (sj, th]T,,j = 1,2,...,m,. we replace t = t;,, in the solution of (3.1), we have

Livl

z(tiss) = Y(tis s 55) [1n®R;]2(8) + f y (th, a(s)) K(t,5)z(s)As

+ ffjﬂ ¥ (tj+1» U(T)) [f(r,z(r)) - Q()Q ()Y (sj' a(r)) Zj] Az
=P (t41,5) [n®R)|2(t7) + ffjﬂql (tj+1,a(s)) K(t, s)z(s)As

J

Uo+r

+f +T(j:+,,j(j))m(j,j(m))m
O

=¥ (41, 5) N (55, 64D (55, j41)

X [In®Rj]z(tj_) — ‘{’(sj, tj+1)th+1 + f " b d (th,a(s)) K(t,s)z(s)As

j
Livl
+ j b (tj+1, a(r)) f(z,z(1))At
Sj
= th+1'
Hence, for in [t,, Ty the system (3.1) is complete controllable

Conversely, on the interval [t,, Ty, we presume that system (3.1) is complete controllable. Therefore,
the matrices Ny (ty, t;) and V;(s;, t;,) are not invertible.

Then, there exists a non-zero vector z,, Zg; € R™ such that
ZoNy(ty, t))ze = 0 and Za;Nj (s;, tj+,)zaj = 0. (3.16)

From the equations (3.2), (3.3) and (3.16), we get

f Z;‘I’(to,G(r))Q(T)Q*(T)‘I’*(tO,0(1))zaAr = 0. (3.17)

to
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L1
f Z;j‘l‘(to, 6(1))Q(Q* ()" (¢y, c(r))zajAr = 0. (3.18)

;
On solving the above equations (3.17) and (3.18), we have
2g¥(tp,0(1))Q(x) = 0,7 € [ty t/]y

Z;j‘l‘ (sj,(s(r)) Q(t)=0,t€ (Sf’tf+1]1r’j =12 ..,m.
Therefore, the system (3.1) is complete controllable on[t,, t;]r,

So, if we choose

t; t;
29 = 2o + P(to )20, — j P(tg, 0(s))K (¢, 5)z(s)As —f ¥(ty 6(1))f (7, 2(1))Ar,

ty 0

in [t,, t;]7. In that case, there exist a piece-wise rd-continuous control U(t) that

zq, = Y(t;, t)) (za + ¥ (tp, t))zq, —f I‘P(to,a(s))K(t, s)z(s)As —f I‘P(to,c(r))f(r,z(r))Ar>
t

0 to
j
t

Which gives z;z, = 0. Similarly, we have

t;
P(ty 0(s))K (L, s)z(s)As + j

0 t

t;
¥(ty,00) (f(z.2() + QWOM) Ar,

Lisl
[In®Rj]z(tj") =z, + ‘I‘(sj, th)thH —J ‘P(to,a(s))K(t, s)z(s)As

J

_f ! ‘{’(to,c(r))f(T,z(T))AT.

j
It can be shown that z,,z,, = 0, which contradicts the fact that zz, # 0,Therefore, the matrices
]Vb(to, t1) and ]\G’(Sj, tj+1) are invertible.

Theorem 3.3: Assuming that requirements (H1) - (H3) are satisfied; the time-invariant case of system
(3.1) is said to be complete controllable in interval [t), T]y if and only if the rank of the matrix

[Q PQ P?Q.. P" Q] =n’? (3.19)
Proof: Assume that system (3.1) is to be complete controllable in [t,, T]y. But the rank of C # n?(-
[@ PQ P2Q ... P¥'~1Q] = (), then there exists non-zero vector z, € R™ such that

Z,P'B=0, i=01,..,n°—1. (3.20)

Furthermore, based on equations (3.4) and (3.5), we can deduce

t
7Nt 62 = [ z2ep(t,0(9)0Q"e3 (15, 0z (3:21)

to
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Za Ny (8, tj11) 20 = ftm Zyep (S,-, G(T)) QQ%ep (Sp G(T)) ZgAT. (3.22)

Jj
Now, we are using Theorem 2.4. and from equation (3.20) in the above equation (3.21) and (3.22), we
have

2
t n<—1
ZagNy(ty, t)zy = f [Z ¥j (to,6(1)zzPQ| Q ep(t9, 0(1) )z AT = 0
ty j=0

Livi W ]
Z;}]\G(sj,tjﬂ)za = f Z Y (Sj,G(T)) zyP'Q|Q%ep (sj,c(r)) ZaAt = 0.
S]' ]:0

Thus, NV,(t, t;) and ]\G(sj,tj+,), are not invertible. Theorem 3.1states that system (3.1) is not
completely controllable. Therefore, it contradicts. The rank of € = n’.

Conversely, the matrices NV, (t,, t;) and J\g-(sj, tis ,), are not invertible and we assume that the rank of
C = n’. the system (3.1) is not to be complete controllable. This means that there exists non-zero

2
vectors z,, z,; € R™, such that

ZpNy(tg, t))ze = 0. (3.23)
and
z;jJ\g-(sj,th)zaj =0j=12..,m, (3.24)
Now, from the equations (3.4), (3.5), (3.23) and (3.24), we have
zgep(ty, t)Q = 0,V t € [ty t/]y (3.29)
and
Z;}ep(sj,th)Q =0 Vte (Sf’tf+1]1r”j =12, ..,m, (3.26)

Now, for j = 1,2, ...,m, the ep(ty,.), ep(s;, . ) are rd-continuous and o ([ty, t;]1), o((sj, tj4,]r) are
density argument [a(ty), o (t;)]r = [to, ti]m (0 (sp), 0 (s )]r = (), tj+s]T, Hence, from the above
equations (3.25) and (3.26), we have

zyep(ty, t)Q = 0,V t € [ty ;] (3.27)
Z;ep(sj, t)Q =0,Vte (Sf’tf+1]1r’j =12 ..,m, (3.28)
At t = ty, an equation (3.27) becomes z,Q = 0. Also, ep(t,,.) is delta differentiable, we get
ent(ty t) = —ep(ty, a(t))P.
Then subsequent derivatives and the density equations of (3.27) give
(—=Dizkep(t, OPIQ = 0,i = 0,1,2,...,n° — 1, t € [ty t;]r- (3.29)
Put t = t, in the above equation (3.29), we have
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Z P10 =0,i=012,..,n°— 1.
Therefore, z;[Q PQ P°Q .. P”2‘1Q] = (), hence, our assumption is wrong: Therefore, it is a
contradictory that the rank of C = n’.Similarly, we iterate the procedure on equation (3.28), yielding
* 2_
z;.|Q PQ P?Q .. PV 71Q] =0

Once again, the contradiction demonstrate that system (3.1) is completely controllable throughout the
time interval [t,, T] .

Example 3.1: The following non-linear Kreneker product of Volterra integro-dynamic with an impulse
control system

t
( Z2(t) = P(t)z(t) +f K(t,5)z(s)As + QU + f(t,2(1)),  t € (s),tj4,]J = 01,2,
0

_ . 3.30
2(t) = [I, ® R)z(t)), te (st =12 (3.30)
Z(t()) =Zy Zy € RZ
z;(t)
t
Where Z(t) = 212&3 yto = Sp = O,t] = 0.8,51 = 09, t, = 2.],52 = 2.2,t3 =T = 3, P(t) = [B* ®
21
Z5,(t)
-2 0 0 0
L+Lea=|0 2 00|
0 0 0 -3
sint 0 0 0
[+ _ | 0 cost 0 0
K(t: S) - [K2 ® In) + (In ® K]) - 0 0 Slnt 0 ]
0 0 0 cost
1 0 1 _Sin(zzz(t))_
2 T 2.,
5¢!(o(0,0) 0 |
W =[L,®C]= ; fezw=5 o |
0
2 (z1,®D)
Il t ’0 COS\ Z;;
25¢ (@(0.0)] T
Z,(tx)
et’+2(1 + it)
z;(ty)
N 1 |etBu+it?) 0 .
[I, ® Rj]z(¢) = % e 1,2.
0 et’+2(1 + it)
0 z;(ty)
et’+3(1 + it?).
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The matrix that provides the fundamental solution to the system (3.30) is

Therefore e?(0,t) =

e™(t,0) 0 0 0
=2
eP(t, 0) — 0 e (t, 0) 0 0
0 0 e (t,0) 0
L o 0 0 et 0l
e?(0,t) 0 0 0
2
0 e’(0,1) 00 . Also we can easily compute
0 0 e3(0,t) 0
0 0 0 e3(0,t)

N(0,6(1)) =¥(0,6()Q®)Q* (¥ (0,6(1))

2
( ~2(0, 0(t))+625) 0 0 0
2
— 0 ( _2(0 c(t))+625) 0 0
0 0 ( 3(0 ( )) n )2 0 ,
Oo\T
’ ’ 0o 7 ( ¢ G(T))+625>
N(spo() =¥(s;,06(0))Q@Q* (¥ (s1,6(1)
2
( Tlsno®) +625) ’ 00
2
_ 0 ( (sl,o(r))+625> 0 0
2 0
0 0 —3(s,, + 2
0 0 ( (s; 0(;)) 625) ( S(s1000) + 625)
N (s2,0(0) = ¥(s2,6()Q@Q* (@)¥(s2,6(1))
2
( T (s200) +625) / 00
2
_ 0 ( 2(52,0(1))+625> 0 0
2 0
0 0 —3(s,, + 2
0 0 ( (s 0(;)) 625) ( (5 000) + 625>
Now consider the following two cases:
Case (1): If T = R, then e%(t, 0) = e%. Therefore,
. 7.2665 0 0 0
No(0,t;) = fN(O'G(T))dT = g 7'2565 .
° 0 0 0 24.156,
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. 16513 0 0 0
2
0 16513 0 0
Wit = [N (50t =
S, (s1,0(2) 0 0 7452 0
0 0 0 74.52
, 53.762 0 0 0
0 53762 0 0
Ny(s0,T) =f N(s5,6(1))dr =
5 (52,0(9) 0 0 13724 0
0 0 0 13724

It follows that the matrices V;(0, t;), N;(s;, t5), and N> (s,, T) are all invertible. In addition, all three
assumptions (H1) — (H3) hold. with M, = max {0.9104, 0.2328, 0.7531, 0.01718} <1. The system
(3.30) is complete controllable, since all the criteria of Theorem 3.2, are satisfied.

Case (2): f T = P;; =U, [2].2) + 1], then e?(t, 0) = (I + a)/e*“~D), Therefore,

t 72665 0 0 0
_ _| o 72665 0 0
0 0 0 24.156]
: 6.781 0 0 0
2
0 6781
Ni(s;, t5) =f N(s;0(0)dr = 0 0 ]5.162 ’ 0
J 0 0 0  15.167]
. 73.2665 0 0 0
0 73.2665 0 0
Mo 1) = | W (52,0())de =
. (52,0(0)) 0 0 82724 0
0 0 0 82724

It follows that the matrices V;(0,t;), N;(s;, t5), and N5(s,, T) are all invertible. In addition, all three
assumptions (H1) — (H3) hold. with M, = max {0.9480, 0.2107, 0.9513, 0.00367} <1. The system
(3.30) is complete controllable, since all the criteria of Theorem 3.1, are satisfied.
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