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1 INTRODUCTION

Nobusawa[5] studied the concept of gamma semiring as a generalization of ring after that Sen
introduced the gamma semigroups as a generalization of gamma groups. Murali Krishna Rao[6] in
1995 introduced the notion of gamma semiring as a generalization of gamma ring, ring, ternary
semiring and semiring.The important reason for development of gamma semiring is a generalization of
results of rings, gamma rings, semirings, semigroup and ternary semirings.

Zadeh[12] studied the notion of fuzzy set theory. Atanassov [2] introduced intuitionistic fuzzy sets as a
generalization of fuzzy sets. In intuitionistic, the sum of membership degree and non-membership
degree should not exceed one. Yager [10] initially introduced the concept of Pythagorean fuzzy sets. In
a Pythagorean fuzzy sets, the sum of the squared membership and non-membership degrees satisfies
the condition. More recently, Yager [10, 11] proposed Pythagorean fuzzy sets as a powerful tool for
effectively managing uncertainty or imprecise information in real-world scenarios. These sets enforce
a constraint where the sum of squares of membership and non-membership degrees is less than or
equal to 1.

Pythagorean fuzzy sets have showcased remarkable efficacy in navigating uncertainties, prompting a
surge of scholarly exploration across diverse research avenues, resulting in significant progress. The
conceptualization of Pythagorean fuzzy sets facilitates a more comprehensive and accurate portrayal
of uncertain information when juxtaposed with intuitionistic fuzzy sets. Across various disciplines,
academics have meticulously examined the algebraic attributes of Pythagorean fuzzy sets, shedding
light on their practical applications and foundational theoretical constructs. Many authors studied the
algebraic structures of Pythagorean fuzzy sets

This paper is structured into three sections. The first and second sections serve as the introduction and
cover basic results pertinent to the paper’s topic. In the third section, we introduce Pythagorean fuzzy
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ideals in semirings and some interesting properties this ideals are discussed.
2 Preliminaries
In this section we present the basic concepts related to this paper.

Definition 2.1 A nonempty set S is said to be a semi-ring with respect to two binary compositions,
addition and multiplication defined on it, if the following conditions are satisfied:

1. (S,+) isacommutative semigroup with zero.
2. (S,.) isasemigroup.
3. for any three elements a, b, c € S, the left distributive law
a.(b+c) = a.b + a.c and the right distributive law (b + c¢).a = b.a + c.a.
4. s.0=0.s,forall s €S.
Definition 2.2 A nonempty subset 7 of a semi-ring S is called an ideal if
1. a,be gimpliessa+beyg
2. a€ g,s€S impliess.ae gand a.s€ 4

Definition 2.3 Let u be a nonempty fuzzy subset of a semi-ring S. Then u is called a fuzzy left(right)
ideal of S ifforall i,j € S.

1. p(+)) = minf{u(d), p()}
2. u(ij) = p()(resp.right) u(ij) = u(i))

A fuzzy ideal of a semi-ring S is a nonempty fuzzy subset of S which is both a fuzzy left ideal and a
fuzzy right ideal of S.

3 Pythagorean fuzzy ideals in semiring
In this section S denotes Semiring(S).
Definition 3.1 Let P = (up,9p) be a Pythagorean fuzzy subset of a semiring S and Vx,y € S.
(@) pp(x +y) = min{up(x), up(¥)}; p(x +y) < max{dp(x), 9p(¥)}
(1)) pp(xy) = min{up(x), up(¥)}; 9p(xy) < max{dp(x),9p(¥)}
Then P = (up,9p) is called a Pythagorean fuzzy subsemiring of R.

Definition 3.2 Let P = (up,9p) of S is called a Pythagorean fuzzy left ideal of S, if P satisfies the
following conditions

(O up(x+y) = min{pp(x), up ()} Ip(x +y) < max{Pp(x), 9p(¥)}

(i) up(xy) = up(y); Up(xy) < 9p(y)

Definition 3.3 Let P = (up,9p) of S is called a Pythagorean fuzzy right ideal of S, if P satisfies the
following conditions

(@) pp(x +y) = min{pp(x), up(¥)}; 9p(x +y) < max{dp(x),9p(¥)}
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(i) up(xy) = pp(x); p(xy) < Ip(x).

Theorem 3.4 Intersection of a non empty collection of Pythagorean fuzzy right (resp. left) ideals is
also a Pythagorean fuzzy right (resp. left) ideal of S.

Proof. Let {P; = (u;,9;)|i € I} be a non empty family of Pythagorean fuzzy right ideals of S and

X,y €S.
Then

Also

Moreover

Finally

ﬂ pi(x+y) = iirelf{ui(x +3)}

i€l
> iiglf{min{lli ), u; ()3}
= mln{litellfﬂi (x), %Iellflli 62);

= min{N;e; u; (%), Nier Hi(Y)}-

Oi(x +y) = sig?{ﬁi(x +¥)}

i€l

< siléql){max{ﬁi ), 9,0}
= max{sup?; (x), supd;(y)}
i€l el

= max{N;e; 9;(x), Nier 9;(¥)}-

ﬂ wi(xy) = infip; (xy)}

i€l
= inf{u; (x)}

= Nier i ().

() G = supoicoy

i€l

< sup{d;(x)}

i€l

= Nier Vi(x).

Hence N;¢; P; is a Pythagorean fuzzy right ideals of S.

Similarly, we can prove the result for Pythagorean fuzzy left ideal also.

Theorem 3.5 Union of a non empty collection of Pythagorean fuzzy right (resp. left) ideals is also a
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Pythagorean fuzzy right (resp. left) ideal of S.
Proof. Let {P; = (u;,9;)|i € I} be a non empty family of Pythagorean fuzzy right ideals of S and

x,y €S.
Then
U pi(x +y) = sup{u;(x + y)}
= el
< ;g?{max{ui(x), w3}
= max{supy; (x), supi; (¥)}
iel el
= max{U;e; #;(x), Uier i(¥)}-
Also
U 9;(x +y) = inffdi (x + )}
iel
> iig{min{ﬁi(x). U, ()}
= min{inf6, (x), inf6; ()}
= min{U;¢; 9;(x), Ui 9;(¥)}.
Moreover
U ui(xy) = sup{u;(xy)}
iel el
< sup{u;(x)}
el
= Ujer ti(x).
Finally

|J o) = infesicon)

i€l
> ,
= inf{d; (x)}
= Uier 9;(%).
Hence U;¢; P; is a Pythagorean fuzzy right ideals of S.
Similarly, we can prove the result for Pythagorean fuzzy left ideal also.

Definition 3.6 Let P, = (u;,9;) and P, = (u,,9,) Pythagorean fuzzy subsets of S. The cartesian
product of P, and P, is defined by

() 1 X o (x,y) = minfu, (x), o (%)}
(i) 9; X 9, (x,y) = max{J;(x),9,(x)}, forall x,y € S.
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Theorem 3.7 Let P; and P, be a Pythagorean fuzzy left ideals of semiring S. Then P; X P, isa
Pythagorean fuzzy left ideal of S X S.

Proof. Let (xl,xZ), (yl!yZ) ESXS.
Then

(1 X w)((x1,x2) + (Y1, ¥2)) = (U X ) (X1 + Y1, %2 + ¥2)
= min{y; (x; +y1), (%2 + ¥2)}
= min{min{u; (x1), 1 (1)}, min{p, (x2), 12 (¥2) 3}
= min{min{y; (x), 42 (x2)}, min{p; (1), 12 (¥2) 3}
= min{(u; X pp) (x1, %2), (1 X t2) V1, ¥2)}-
(1 X 1) ((x1, %2) (Y1, ¥2)) = (1 X o) (X1Y1, X%212)
= min{u; (X1¥1), M2 (x2Y2) }
= min{u; (y1), t2 (¥2)}
= (1 X )1 y2).
(01 X)) ((x1,x2) + (Y1, ¥2)) = (01 X D) (%1 + y1, %2 + ¥2)
= max{9; (x; + y1), 92 (x2 + ¥2)}
< max{max{¥; (x1), 91 (y1)}, max{9, (x2), 9, (y2) }}
= max{max{J; (x1), 9 (x2)}, max{d, (y1), 9. (y2) }}
= max{(9; X 9,)(x1,x2), (1 X 9) (1, ¥2)}-
(01 X 9))((x1, %2) (Y1, ¥2)) = (01 X 9) (x1y1, %2¥2)
= max{9; (x1y1), 92 (x2¥2)}
< max{d; (1), %2(¥2)}

= (01 X 9) (1, ¥2)-
Therefore P, X P, is a Pythagorean fuzzy left ideal of S x S.

Theorem 3.8 Let P be a Pythagorean fuzzy subset of semiring. Then P is a Pythagorean fuzzy left
ideal of S ifand only if P x P is a Pythagorean fuzzy left ideal of S X S.

Proof. Consider P is a Pythagorean fuzzy left ideal of S. Then by Previous theorem P X S.
Conversely P x P is a Pythagorean fuzzy left ideal of S x S, for all x;, x,,y,,y, € S.
Then
min{u(x; +¥1), u(2 + y2)} = p X p(xy + y1, % + ¥2)
= (ux w{lx,x) + (L, y2)}
= min{(u X 1) (x1, %), (4 X 1) (y1, ¥2)}
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= min{min{u(x,), u(x)}, min{u(y), u(y2)}}
Next,we have
min{u(x;y)), n(2y2)} = (U X W) (x1y1, %2¥2)

= (X wW{C,x) L y2)}
= (U x Wy, ¥}
= min{u(y1), u(y2)}

Also
max{d(x; +¥1),9(x2 + ¥2)} = 9 X 9(x; + y1, %, + ¥2)
= (9 x9){(x1, %) + (Y1, ¥2)}
< max{(¥ X 9)(x1,x2), @ X I9)(¥1,¥2)}
= max{max{d(x,), 9 (x;)}, max{d (y,), 9(y2)}}
and

max{d (x,y1), 9(2y2)} = (I X 9)(x1y1,%22)
= (0 x){(x1, %) (Y1, ¥2)}
= (0 x9){y1, ¥}
= max{d(y1),9(y2)}
Hence P is a Pythagorean fuzzy left ideal of S.
Theorem 3.9 If P;, P, be any two Pythagorean fuzzy ideals of semiring S, then P; + P, is also so.
Proof. Consider P;, P, are any two Pythagorean fuzzy ideals of semiring S and x,y € S.

Then

(u +m)(x+y)=sup {min{y(c),1,(d)}}

x+y<c+d

2 sup {min{y, (a; + a3), 42(by + by)}}
x+ys(a1+b1)+(a2+b2)=(a1+a2)+(b1+b2)

= sup{min{y, (a;), 4y (az)}, min{p, (b), u2(b2)}}
=min{ sup {min{yu;(a)),p2(b1)}}, sup {min{u;(ay), 12(b2)}}}

x<a;+b; y<a,+b;

= min{(u; + u) (%), (11 + 1) ()}

Also
(1 +9)(x+y) = inf {max{d (c) I,(d)}}

x+ysc

{max{J,(a; + a,),9,(b; + by)}}

< inf
x+y<(a;+by)+(az+by)=(a;+a)+(by+b3)

< inf{max{?, (a,), ¥,(a,)}, max{,(b,), ¥,(b,)}}
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= max{_inf, {max{9 (@), %2(b)}}__inf, {max(®:(az), 0:(b)}}

= max{(¥; + 9,)(x), (% + %) ()}
Now let as consider P;, P, are Pythagorean fuzzy right ideals and we have

(h + ) (xy) = sup {min{p (c), i (d)}}

x+y<c+

= sup  {min{u; (x;y), ko (x2¥)}}

xXy<(x1+x2)y

= sup  {min{u; (), o (x2)}}

x<(x1+x3)
= (11 + ) (x).
and
@ +8)(y) = inf (max(8,(c), 9:()}}

< inf _ {max{9,(x1y),9,(x:y)}}

T oxys(x+x)y

< inf ){max{ﬂl (x1),92(x2)}}

x<(21+2
= (01 +9,))(x).
Similarly assuming Py, P, are Pythagorean fuzzy left ideal,
we can show that (P, + P,)(xy) = (P, + P,)(y)
Also

(i + ) (x) = sup {min{u, (xy), 1o (x2)}}

X<X1+X)

= sup  {min{u, (1), 2 (y2)}}

xXsysy1ty;

= sup {min{u; (y1), (¥2)}}
y=yi1ty2

= (1 + ) ()
and

9 +9)(x) = xsglfrm{max{ﬁl(xl)'ﬁz(xz)}}

< _inf  {max{¥,(y,),%:(y2)}}

T xsSysyi+y)

= __inf {max{d,(y1),9>(y2)}}
YY1+

=01 +9)»)
Hence P, + P, is a Pythagorean fuzzy ideal of S.
Theorem 3.10 If P;, P, be any two Pythagorean fuzzy ideals of semiring S, then P; o P, is also so.

Proof. Let P;, P, are any two Pythagorean fuzzy ideals of semiring S and x,y € S.
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Then
(Urem)(x+y)= sup {min{y,(c), ur(d)}}

x+ysc+d

= sup {min{u, (¢; + ), up(dy + dy)}}
x+y<(c1di)+(c2dr)<(c1+c2)(d1+dr)

= sup{min{u, (c;), ;1 (¢c2)}, min{u,(d,), 4o (d2)}}
= min{ sup {min{y,(c;), t(d1)}}, Sup {min{y, (c,), u2(d) 13}

xscpd; yscdy

= min{(y; © tp) (%), (1 © u2) ()}
Also

@ o0 +y) = inf {max(9)(c), (DY

< inf {max{J; (¢, + ¢;),9,(d; + d,)}}

x+y<(c1di)+(c2dr)<(c1+c2)(d1+d2)
< inf{max{¥, (¢;),9;(c,)}, max{9,(d,), ¥,(d,)}}
= max{_inf {max{9(c;),9,(d;)}}, inf {max{d(c,),I,(d>)}}}
x<c1dp y<codp

= max{(¥; c 9,)(x), (¥:]circd,) ()}
Now let as consider P;, P, are Pythagorean fuzzy right ideals and we have

(U1 ° ) (xy) = sup {min{y,;(c), u>(d)}}

xys<cd

= sup {min{u; (x;y), ua(x2¥)}}
Xy<(x1%2)y

> sup {mil’l{lh (xl ); 253 (XZ)}}

x<(x1x2)
= (1 © ) (x).
and
(%1 °8)(y) = inf {max(®,(c), 0:(d)3)

< inf  {max{9;(x1y),9,(xxy)}}
xy=(x1%2)y

< inf {max{9;(x;),9,(x,)}}

x<(x1x2)

= (U; 0 9p) (x).
Similarly assuming P;, P, are Pythagorean fuzzy left ideal,
we can show that (P; o P,)(xy) = (P o P5)(y)
Also

(U ° ) (x) = sup {min{u; (x), o (x2)}}

XSX1X)

= sup {min{p,(y1), 1 (v2)}}
XZY<Y1Y2
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= sup {min{ﬂl(Y1);ﬂ2(y2)}}

Ysy1¥2

= (U1 ° ) ¥)
and

(I 9)(x) = xsijfcllfxz{max{ﬁl(xl)»ﬁz(xz)}}

< _inf {max{9,(y)), %)}

XSYSY1Y2

= inf {max{9,(y,),%>(y2)}}
Y12

Yyi
= (¥ °9)(¥)

Hence P, o P, is a Pythagorean fuzzy ideal of S.

Definition 3.11 A Pythagorean fuzzy subset P = (u,9) is called a Pythagorean fuzzy bi-ideal of S,

forall x,y,z € S.

(i) u(x +y) = minf{u(x), u(¥)};9(x +y) < max{d(x),9(y)}
(i) pu(xy) = min{u(x), u(¥)};9(xy) < max{¥(x),9(y)}
(iil) u(xyz) = min{u(x), u(2)},9(xyz) < max{¥(x),9(z)}

Theorem 3.12 Intersection of a non empty collection of Pythagorean fuzzy bi-ideals is also

Pythagorean fuzzy bi-ideal of S.

Proof. Let {P; = (u;,9;)|i € I} be afamily of Pythagorean fuzzy bi-ideals of S and x,y € S.

Then

Finally

() Cey2) = infl ey}

i€l
2 inf{min{s; (x), ui(2)}}
= mln{lilellf,ui (x), lilglflli (2)}

= min{N;e; 4;(x), Nier ui(2)}.

(] 9:Gve) = suptsevy

i€l

< sup{max{¥9;(x), 9;(2)}}

i€l

= max{sup?;(x), supd;(z)}
i€l i€l

= max{N;e; 9;(x), Nier 9i(2)}-

Hence P; is a Pythagorean fuzzy bi-ideal of S.
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Theorem 3.13 Let P; and P, be two Pythagorean fuzzy bi-ideal of S. Then P is a Pythagorean fuzzy

bi-ideal of S.

Proof. Let x,y,z € S

and

Next

and

Also

and

(1 - o) (x +y) = min{p, (x +y), i (x + )}

= min{min{y; (x), u1 (¥)}, minfu, (x), uo (¥) 3}
= min{min{y; (x), p> (x)}, min{; (¥), 2 (¥) }}
= min{(y; - 1) (x), (i1 - ) ()}

I - 9)(x +y) = max{V;(x + ¥),0,(x + ¥)}

< max{max{J; (x), ¥; (y)}, max{9,(x), 9,(y)}}
= max{max{J; (x), ¥,(x)}, max{J; (¥), %, (y)}}
= max{(J; - 92)(x), (¥ - %) (M)}

(w1 - o) (xy) = min{p; (xy), tr (xy)}
= min{min{y; (x), u; ()}, min{u, (x), 12 (¥) 3}
= min{min{y; (x), u ()}, min{u; (¥), 2 (¥) 3}
= min{(u; - (%)), (11 - 2 (¥))}

(01 - 92) (xy) = max{9; (xy), 9, (xy)}
< max{max{J; (x), 9; (¥)}, max{¥,(x), ¥, (y)}}
= max{max{¥; (x), 9, (x)}, max{¥; (), 9, (») }}
= max{(¥; - 92(x)), (9 - D.(¥))}

(1 - ) (xyz) = min{u, (xyz), tr (xyz)}
= min{min{y, (x), u; (2)}, min{p, (x), 2 (2) }}
= min{min{u, (x), u (%)}, min{y, (2), u,(2)}}
= min{(y; - o (x)), (1 - P2 (x))}

(01 - 92) (xyz) = max{9, (xyz),9,(xyz)}
< max{max{¥; (x), 9,(2)}, max{9,(x), ¥,(2)}}
= max{max{J; (x), 9, (x)}, max{J; (2), ¥,(2)}}
= max{(J; - 92(x)), (¥ - ¥2(2))}

Hence P, and P, is a Pythagorean fuzzy bi-ideal of S.

Definition 3.14 The product of P, and P, is a Pythagorean fuzzy subset P; o P,:S — [0,1] by
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(1 © p2)(@) = sup {min{u; (D), pa(€)}}

(80 92)(@) = inf {max{d (b), ()}

Theorem 3.15 If P;, P, be any two Pythagorean fuzzy bi-ideals of semiring S, then P; o

Pythagorean fuzzy bi-ideal of S.

Proof. Let P;, P, are any two Pythagorean fuzzy ideals of semiring S and x,y € S.

Then

(Uiom)(x+y)= sup {mln{ul(C) ta(d)}}

x+ysc+

> sup {min{u;(c; + ¢2), o (d; + da)}}

x+y<(c1di)+(c2dr)=(c1+c2)(d1+dp)

= sup{min{y, (c;), u; (¢1)}, min{u, (d;), ur(d>)}}
= min{ sup {min{y,(c;), 2(d1)}}, Sup {min{u, (c2), 2 (d>)}}}

x<cpdg

= min{(y; © tp) (%), (1 © u2) ()}
Also

(@ro0)(x+y)=_ inf {max{di(c),9,(d)}}

x+ysc+d

< inf {max{J; (¢, + ¢;),9,(d; + d,)}}

x+y<(c1di)+(c2dr)<(c1+c2)(d1+d2)

< inf{max{9, (c,), ¥, (¢,)}, max{¥,(d,), 9,(d,)}}
= max{ mf {max{ﬁl(cl) V,(d;)}},

xscid

= max{(J; ° 9,)(x), (¥1]circd,)(y)}
Now let as consider P;, P, are Pythagorean fuzzy right ideals and we have

(1 ° 42)(xy) = sup {min{u,(c), ux(d)}}

xys<cd

= sup {min{u; (x;y), uo(x2y)}}
xXy<(x1%2)y

= sup {min{u;(x;), 4r(x2)}}

x=(x1%2)

= (1 ° u2) (x).
and

(91 2 02)(xy) = inf {max{8)(©), 92(d)}}

< inf  {max{9;(xy), 9, (xy)}}
xy<(x1x2)y

< inf {max{9;(x;), 9 (x2)}}

x<(x1x2)
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= (9 2 9,) (x).

Similarly assuming P, P, are Pythagorean fuzzy left ideal,

we can show that (P o P))(xy) = (P, o P,)(y)
Also

(U1 o up)(x) = sup {min{u; (x), 4y (x2) }}

and
)

X<X1X)

>  sup {min{u;(y)), (32)}}
XSYSY1Y2

= sup {min{ﬂl (YI ), 5] (yZ)}}
Y=y1y2

= (U1 o))

°¥p)(x) = xsifcllf;cz{max{ﬁl(xl):ﬁz(xz)}}

< inf {max{9,(y1),9.(y2)}}
XSY=Y1Y2

= _inf {max{¥;(y1),9:(y2)}}
Y<y1y,

= @1 °9)®)

Hence P, o P, is a Pythagorean fuzzy ideal of S.
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