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1 Introduction

Estimating functions using generalized Fourier series based on trigonometric polynomials has become
increasingly important in the development of mathematics and engineering fields in recent years. For
instance, a new L’-bassed technique for creating Finit Impulse Response digital filters to obtain an
optimal approximation was devised by Psarakis and Moustakieds [2], utilising the features of
approximation of functions.

In the development of digital filters, LP-space, L>-space, and L”-space are also very important. In the
past few years, numerous researchers have grown interested in the inaccuracy of approximation of
periodic functions belonging to distinct classes using different summability methods. Several scholars,
including Hadish [6], Sonkar and Singh[8], Saxena and Prabhakar [5], Sonkar and Sagwan[7], and
Sachin [9], have studied the following topics: (C, 1)(E, q), double Euler summability, triple E’ Euler
summability, and triple E9-euler summability, respectively. We investigated the approximation of
functions in this direction using the n-Euler E4 product summability approach. The outcomes of [7],
[8], and [9] were generalized by our result.

2 Definitions and Notations

Let g be a Lebesgue integrable function with period 27 on the interval [0,21t]. The Fourier series of a
function g is given by

glx) = % + Y= (apcosnx + b,sinnx) (2.1)

Gx) = Y5 - (bpcosmx — a,,sinmx) (2.2)
with n*” partial sum g,, (x).
The LP[0,2m] — space can be defined as
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21

LP[0,27]: = {g: [0,27] —» R:f lg(x)|Pdx < w},p > 1.
0

Let ¥>_, u, be an infinite series and sequence {s,} is (r + 1) partial sum of given series,
then the series }.7_, u, is said to be (E, q) summable[1] to s
if

q 1 T ™ r—j
tE = - () Js;> s as r - w.
TS Qe 2=0 )47

The series Y._, u, is said to be (E, q)(E, q) summable to s,

if
r ; J
1 n q 7’ i
E9E9 _ I\ . j-h
P v, Dargr 2, () s e v
j=0 h=0
The series Y., u, is said to be (E, q)(E, q)(E, g) summable to s,
if
Bigdgd _ _ sr (MY i (@ vn (B
tr T (4 <I=0 (j)(l+q)f h=0 (h)(1+q)h 1=0 (l)q Si— s as /oo
Similarly,

the series },;_, u, issaid to be (E, q)(E, q)(E, q)...(E, q) summable to s i.e. n-euler EY summable to
S.

if
r ; J ; h ; i
1 r q : q]‘h h g’ ) ’
EYE9..E91 _ i J Z h-1 Z L), i-m
r (1+q)TZ (J>(1+q)fz(h>(1+q)h (l)q T+t (m)q Sm
j=0 h=0 =0 m=0
g S as 1 — ©

We also write,

o [N i o N @ oen (B e a7 (i i\ i sin(m+3)t)]
]r(t)_zﬂ(lﬂl)r =0 _(f)(1+q)f h=0 (h)(1+q)h t=0 (l)q "'(1+q)i{ m=0 (m)ql " sin£2 ]

~ _ 1 [ ™ g™ j ] qi~" h h h— qvt . i . cos(m+lt) |
S (® 2n(l+q)" =0 _(j)(1+q)f h=0 (h) (1+q)h S1=0 (l)q l"'(1+q)i{ m=0 (m) q' m—sin52 ]

dp@) =glx+1t)—2g9() +gx—1)
and

gx+t) —glx—1t)

Yo = :
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3 Main Results

Saxena and Prabhakar[8] obtained novel findings in the domain of function approximation. The triple
E' Summability approach is introduced by Sonkar and Sangwan[7], who used it to generalise the
findings of Saxena and Prabhakar.The triple E4 summability approach was recently introduced by
Devaiya and Sriwastva[9], and they used it to generalise the findings of Sonkar and Sagwan[7]. In this
work, we establish the more broad setting and generalise the findings of Sachin Devaiya and Shailesh
Kumar Srivastava[9].

3.1 Theorem

let p,- be a none increasing positive sequence of real constant such that
Pr=2Xz=0Pz=> S AS T 2>, (31)

and given function ¢ (t) satisfies,

o(t) = [ lpw)ldu = o [@l as t- 0, (3.2)

t

where a(t) is positrive, monotonic and none - increasing function of t.
logr = O0la(r).py],as r—> o (3.3)
The approximation of function g at x = t by n- Eular product means of its Fourier series is given by

|tquqEq...Eq —gx)|=0(),as r—- oo

3.2 Theorem

let p,- be a none-increasing positive sequence of real constant such that
Pr=2z=0Pz—> S aS T >

and given function ¥ (t) satisfies,

P(O) = fy [pldu = o [;] as t- 0%, (34)
o(g)pe
where a(t) is positive, monotonic and none - increasing function of t.
logr = Ola(r).p;l,as r — oo, (3.5)

then approximation of function g at x=t by n- Eular product means of its conjugate fourier series is
given by

|EETEIE-ET _ G(x)| = 0(1),as T — o,

4 lemmas
Here few lemmas are given, Which are useful to prove our theorem

Lemma 4.1 |J,(t)| = 0(r), for 0 <t< =,

Proof. Using sinrt < rt and sin- > —, we have

N | e+
SR
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T\ q"J j ] g/ qvt . i sin(m+1)t
U1 = 2n(1+q)’" j=0 [(]')(H—q)f h=0 (h) (1+q)’1"'(1+q)i{ m=0 (m) g sint
| ™ ¢ o (J\ @ qv-i . i m+
= 2n(1+q)" j=0 l(]) (1+q)] “h=0 (h) (l+q)”"'(1+q)"{ m=0 (m o f[ }”

[( )(1:q)1 ) (Jh) (fi:;h Qi+ 1) (1+q)l{zm 0 (;n) }]
= 4(141rq)r 7 0 C) (Hr-q)f . (Jh) (?J]r:;h ?=0 (?) qh_l(ZZ + 1)]
= 4(1iq)r j=0 C) (1+q)J ; (Jh) ¢/~ Ch+ 1)]

o (r)”<2f+1>]

4n(1+q)7”

= 41+ 2170 [\j
< Z(2r + 1)
=0(r)

Lemma4.2|/.(t)| =0 (é) for% <t<m
Proof. Using sin(rt) < 1 and sin(%) > % , We have

@O =

1 ™ ¢ «j J\ @/ . sin(m+l)t
271'(1+q)’”‘ §=0 [(j)(l+q)f h=0 (h) (I+q)h ™" (1+q) {Zm 0( ) o sin%z

< 27‘[(11+q)r j=0 [C) (?:;;j i:o (Jh) (?—I];:;h"'(?:;i)i{zinzo (;n) gi-m %}]

< m j=0 [(]r) (f:;;j 1o (Jh> (fi;/;h"'(?:;i{Z%:o (;n) qi—m}]

s 2t(11+q)r ;=° [C) (1q-:;;f £=0 (Jh> qj_h]

= 2t(11+q)r ;=° [C) qr_j]

1
2t

-0().

Lemma 4.3 |J(t)| =O(§), foro<t< é

Proof. Using |cos(rt)] < 1, we have

()] =

r—j . P i—h v—i . . ] 1
(Jr ) % =0 (Jh) <71q]>h v (?+q>i { m=0 Cn) " W}l

1 T
2m(1+q)7 [£I=0
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< srvr 2o [() oo () sy gy (B () 0 7))
< v Teo () ity g () 2 (5o (L ) 0]

2t(1+q)rzl =0 (]r) (?J:;])f ;;:0 (Jh) qj_h]

)

- T
2t(1+q)rzl =0 _(j

1
2t

=0()

Lemma 4.4 |J ()| =o(§), for - <t< .

Proof. Appling sinG) > % we have
|]r(t)| =

=i i i aim vt (. N !
()t ()t g i (|

1 r
21(1+q)7 [~T=0

J

N gl
27‘[(1 +q)" Z [ (1 +q)/ Z (Jh) A+9r” (1 + q)t

. qj_h q”—i J i-m,imt
2t(l +q)" Z [ (1 + q)J (2) (1+¢)" " (1+q) Re (‘:n) q e

1 [ | -
1 N q N g et
S2t(1—+qy j=0 (j)(1+CI)th:()(1+Q)h (1+q)lRe{ =0
| r r qr_j J . qJ —h l m im
+m j=t (]')(1+Q)jhz=:()(1+qyz (1+q)lRe{ =0 |

~.

j . .
. qf_h q”‘l J i-m imt
2t(1 +q)TZ (1 +q)12 (]h) 1+t (1 +q)iRe (;n)q le™™|

1 r ™ a7 «j (J\ @7 g’ LY i-m_imt
s o= ()t Sheo () MaZozmsi Tineo (,) 4™

2t(1+q)" J/ (14@)) “h=0 ) (1+g)" """ (1+q)! m
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j .
. q]_h v—i
2t(1+q)rz (1+q)12(]h)(1+q)hmq

o ()]

+2t(11—q)r ;=T C) (?:qj)f =
< s 205 () T () 4
+smvsar e [ () o Zheo () 7]

; g + 2t(1+q)7”21 T() i

2t(1+q)’” Z (]

)
- 2t(11+q)f §=° C) q’

Hence |J,-(t)| = 0(1/¢).
5 Proof of Theorem 3.1

Proof. We have

p(&)sin(r+5)t
519 - 900 = o [ 2

and

tF I E (g;x) — g () = 2ﬂ(Hq)rIZ [( )(1:1; =0 (]h)(;,:)l
Jy ¢ “){ o () " M}]|

= J, o), (®)dt

= [fo% ¢ + f! P(0) + fy”qb(t)] J.(t)dt

Applying Lemma 4.1, condion 3.2 and 3.3 and second mean value theorem is applying for second
term integral , we have

IR < [T [ (O) (O]de
=00 [[7190lat]

=000 (w5s)

=0 (IOLT) =0(1) as r—> o (5.2)
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Apply Lemma 4.2, condition 3.2 and 3.3 and second mean value theorem is appling for second term
integral, We have

IRol < [ 16 @) (Ol

=o[1 191 (3)
oo} + 17 oft)al
-o|ofa), < ()
- 0ot} + 1 o ()

1
0 (:)Pr) +0 < a(rr)pr> f%r 1du
0(1)+0(;)=0(1), as r—ow (5.3)

logr logr

Applying Riemann-Lebesgue theorem and regularity condition of summability, we have
IRs| < I 16 @) (©)ldt
=0(1), as r - w, (5.4)
Collecting (5.1)-(5.4), we get
67 T (g x) - g = 0(D,as T > o0,
Hence complete the proof.
6 Proof of Theorem 3.2

Proof. We have
- ~ 1 P(t)cos r+l t
5 (%) —g(x) = - N %dt
2
and

2E9E9.E9( 4.0 _ & _ 1 r ™ ¢ oj fi qv-i
r (9:%) = §(0) = s Zi=o [(j)(1+q)f h=0 (h)“'(1+q)i

IO { beo (1 )@ M} t]

Slnz

NIGIAGL:
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=@ + 1w + Iy w(t)]l}(t)dt

= ﬁl + RZ + R%,say.
6.1)

Applying 4.3, condition 3.4 and 3.5 and second mean value theorem is applying for second term
integral , we have

Rl < J7 (O @lde
= [Fwoite

=00 [f; w1t

0o ()

=0 (lo;r) =0(l),as r - oo,

(6.2)

Apply Lemma 4.4, condition 3.4 and 3.5 and second mean value theorem is applying for second term
integral, we have

1Bel < I (@) )1t

=0 oI ()]

=0 _{%‘P(t)}z +1 o {77} dtl

=0 _0 {$-Pr} + f; 0 <ﬁ) dtl
~oo {a’(rl)Pr} ’ fg ’ <“£p“> dul
=0 (a(rl)Pr) o <“(j)pr> f; .
=0(5)+0

Applying Riemann-Lebesgue theorem and regularity condition of summability, we have
IRl < [ W@ (Dldt

(lolgr) =0(1), as r — o (6.3)

=0(1), as r - o,
(6.4)

Collecting (6.1)-(6.4), we get
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fquqEq'"Eq(g5 x) — g(x)| =0(1),as r - o

Hence complete the proof.

7 Corollaries
Below some corollaries are given, which are derived from our theorems 3.1 and 3.2
7.1 Corollary

If we take g=1 in theorem 3.1 then n- Eular product summability (E, q) (E, q)(E, q)...(E, q) reduce to

(E,1) (E, 1) (E, 1)...(E, 1), then
677 (g 1) — g()] = 0(1),as 7 > o0,
7.2 Corollary
If we take g=1 in theorem 3.2, then n eular product summaility
(E,q) (E,q)(E,q)...(E,q) reduce to (E, 1) (E,1) (E, 1)...(E, 1), then

[EE'E'E-El(g: x) — G(x)| = O(1),as T — oo.

7.3 Corollary

If we take n=2 in our results 3.1 then n — Euler product summability (E, q)(E,q)(E,q)...

reduces to (E, q)(E, q) double Euler summability,
then

|t£qEq

(g;x) —gx)|=0(1),as r —> w.
7.4 Corollary

If we take n=2 in our results 3.2 then n — Euler product summability (E,q)(E,q)(E,q)...

reduces to (E, q)(E, q) double Euler summability,
then

Ifquq(g; x)—g)|=00),as r—-ow
7.5 Corollary

If we take n=2 and g=1 in our result 3.1, n — Euler product summability (E, q)(E, q)(E, q)...

reduces to (E, 1)(E, 1)
then

|tE'E (g; %) — g(0)| = 0(1),as T -0
7.6 Corollary

If we take n=2 and g=1 in our result 3.2, n — Euler product summability (E, q)(E,q)(E,q)...

reduces to (E, 1)(E, 1)
then

[EE'E' (g;x) — Gx)| = 0(1),as T — .
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7.7 Corollary

If we consider n=3 in our theorem 3.1, n — Euler product summability (E,q)(E,q)(E,q)...(E,q)
reduces to (E, q)(E, q)(E, q) i.e. triple EY summability

then
|tFEE (g3 ) — g()| = 0(1),as 7 = .
7.8 Corollary

If we consider n= 3 in our theorem 3.2, n — Euler product summability (E,q)(E,q)(E,q)...(E,q)
reduces to (E, q)(E, q)(E, q) i.e. triple E1 summability

then

I't“EqEqEq
T

(g;x)—gx)|=0(),as r - w.
7.9 Corollary

If we take n=3 and g=1 in our result 3.1, n — Euler product summability (E,q)(E,q)(E,q)...(E,q)
reduces to (E, 1)(E, 1)(E, 1) i.e. triple E' summability

then
ItE'E'E (gix) — g()| = 0(1),as T >,
7.10 Corollary

If we take n=3 and g=1 in our result 3.2, n — Euler product summability (E,q)(E,q)(E,q)...(E,q)
reduces to (E, 1)(E, 1)(E, 1) i.e. triple E' summability

then

EE'E'E (g5 %) — GOO| = 0(1),as T o
8 Particular case
8.1

In view of Corollary 7.3 and 7.4, theorem 1 and 2 [5] are particular cases of our Theorem 3.1 and 3.2
respectively.

8.2

In view of Corollary 7.5 and 7.6, theorem 1 and 2 [4] are particular cases of our Theorem 3.1 and 3.2
respectively.

8.3

In view of Corollary 7.7 and 7.8, theorem 3.1 and 3.2 [3] are particular cases of our Theorem 3.1 and
3.2 respectively.

8.4

In view of Corollary 7.9 and 7.10, theorem 3.1 and 3.2 [7] are particular cases of our Theorem 3.1 and
3.2 respectively.
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9 Conclusion

The results of the paper are aimed to formulate the problem of approximation of function g and their
conjugates g by iterates of Euler sum of their Fourier series and conjugate Fourier series respectively.
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