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GENERALIZED o-ADMISSIBLE ALMOST
z-CONTRACTIONS INVOLVING SIMULATION
FUNCTIONS IN A METRIC SPACE
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ABSTRACT. In this paper, we present some fixed point results in com-
plete metric spaces using generalized a-admissible mappings embedded
in the simulation function. These results serve to generalize and unify
several related fixed point results found in the existing literature. To
validate our findings, we provide a specific example illustrating the ap-
plication of these results.

1. INTRODUCTION

Let Ng = NU {0}, where N represents the set of positive integers. As
usual R indicates the set of all real numbers. Furthermore, we set R(J{ =
[0,00). Khojasteh et al.[I4] introduced the notion of z-contraction by using a
new class of auxiliary function called simulation function. They [I4] proved
several fixed point theorems and showed that many results in the literature
are simple consequences of their obtained results.

Definition 1. [14] A function ¢ : [0,00) X [0,00) = R is called a simulation
function if ¢ satisfies the following conditions:
(&) €(0,0) =0.
((2) C(t,s) < s—t, forallt,s > 0.
((3) If{tn}, {sn} are sequences in (0,00) such that lim, .o t, = limp—00Sn
=1 € (0,00), then limy, o sup ((tn, sn) < 0.

In [14], the following unique fixed point theorem is established.
Theorem 2. [14] Let (X,d) be a metric space and T : X — X be a z-

contraction with respect to a simulation function C, that is
¢(d(Tz, Ty),d(z,y)) = 0
for all x,y € X. Then T has a unique fixed point.

It is worth mentioning that the Banach contraction is an example of z-
contractions by defining ¢ : [0, 00) x [0,00) — R via((t,s) = As — ¢, for all
s,t € [0,00), where A € [0,1). Argoubi et al. [2] modified D efinition (1) as
follows.

Definition 3. [2] A simulation function is a function ¢ : [0, 00)x[0,00) — R
that satisfies the following conditions:
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(1) ((t,s) < s—t, for all s,t > 0;
(i3) If {tn} and {sn} are sequences in (0,00) such that lim, ,o0t, =
limp—oosn =1 € (0,00), then lim, o sup ((tn, $n) < 0.

It is clear that any simulation function in the sense of Khojasteh et al.
[14] (Definition [1]) is also a simulation function in the sense of Argoubi et al.
[2] (Definition The converse is not true. Very recently many fixed point
results by using simulation functions have been provided. We have used
some important article related to this paper [I], 4, 9] 10, 12} 15| 16} 17, 19].

In 2012, Samet et al.[20] introduced the concept of a-contraction and
a-admissible and established various fixed point results for such class of
mapping defined on complete metric space. There after the existence of
fixed point of a-admissible contraction type mappings in different metric
spaces have been studied by several authors (see [8, 9] [10 [16, [18]) and
references cited there in.

Definition 4. [20] Consider two mappings f: X — X and a: X x X —
[0,00). Then f is called a-admissible mapping if for all x,y € X with
a(z,y) > 1 implies o fz, fy) > 1.

In this paper, we introduce the concept of generalized a-admissible almost
z-contraction with respect to(. We also establish the existence of fixed point
for this class of mappings in complete metric spaces. The presented theorems
extends, generalizes and improve many existing results in the literature, in
particular the results [3 [7, 1T}, 13} 17].

2. MAIN RESULTS

Here we put forward the notion of Geraghty functions and Geraghty con-
tractions were discussed by Geraghty [11].

Definition 5. [II] A function 5 : [0,00) — (0, 1) is called Geraghty function
if {rn} C [0,00) and limy,_,o B(rn) = 17 implies r,, — 07 as n — oo.

Definition 6. [I1] A mapping T : X — X is called Geraghty contraction if
there exists a Geraghty function 8 such that d(Txz,Ty) < B(d(z,y))d(z,y),
forall x,y € X.

The concept of Geraghty contraction mapping has been used in many
works for example (see[3], 8 [18]). Berinde [5, 6] extended the class of con-
tractive mappings, introducing the notion of almost contractions as follows.

Definition 7. Let (X, d) be a metric space. A self mapping T on X is called
an almost contraction if there are constants X\ € (0,1) and 6 > 0 such that
d(Tx,Ty) < Xd(z,y) + 0d(y, Tz) for all z,y € X.

Berinde [5, 6] proved that every almost contraction mapping defined in
a complete metric space has at least one fixed point. Subsequently, many
authors [7, 19, 13] demonstrated that almost contractions type mappings have
a unique fized point in different metric spaces.

By using the concept of Geraghty function (8) and almost contractions,
we introduce the following:
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Definition 8. Let (X, d) be a metric space, f : X — X be a self mapping,
there exists ¢ € Z and a : X x X — [0,00). Then continuous mapping f
1s called generalized a-admissible almost z-contraction with respect to ¢ and
B € G and L > 0 such that for all x,y € X,

Clalz, fz)aly, fy)d(fz, fy), K(z,y)) = 0 (2.1)
for all distinct x,y € X, where  is a simulation function in the sense of
Definition 1.

Also
K(z,y) = B(E(z,y))E(z,y) + LN(z,y), (2.2)
where
E(z,y) =d(z,y) + |d(z, fz) — d(y, fy)]
and

N(z,y) = min{d(z, fz),d(y, fy),d(z, fy),d(y, fz)}.
Now we prove our main result.

Theorem 9. Let (X,d) be a complete metric space, f is a generalized o-
admissible almost z-contraction with respect to  furthermore, we suppose
for all x,y € X such that:
(i) f is a-admissible;
(7i) there exists xg € X such that a(xo, frg) > 1;
(i7i) for every sequence {x,} € X such that oz, fr,) > 1 for alln €
NU{0} and {z,} converges to x, then a(z, fx) > 1;

() a(z, fr) > 1 for all x € Fix(f).
Then f has a unique fixed point z* in X.
Proof. On account of (i7), there is a point zy € X such that a(zo, fzo) > 1.
There exists x,, € X such that z, = fx,_1 for all n € N. Since f is a-
admissible, we obtain a(fzg, fr1) = a(x1,z2) > 1 implies a(fx1, fre) =
a(xg,x3) > 1. By induction, we get

a(Tp,Tpy1) > 1, for all neNU{0}. (2.3)

If z,, = 41 for some n € NU {0}, then z,, = z,41 = fx,, and hence z,, is
a fixed point of f.
Therefore, we can assume that z, # z,y1 for all n € N. Then we get

d(xp, Tny1) > 0, so by , we have
0 < ((a(n, fon)a(Tn-1, frn—1)d(fTn, fTn-1), K(Tn,Tn-1))
= C(Ol(l‘n, mn—&-l)a(xn—la l'n)d(xn—i—l) an), K(l'na xn—l))

< K(zp,xn-1) — a(xn, Tpe1)a(Tp_1, Tn)d(Tnt1, Tn), (2.4)
where K(xp, xn—1) = B(E(zn, Tn—1))E(xn, xn—1) + LN (Zp, Tp—1).
Also,
N(xp,xn—1) = min{d(zy, frn), d(@n-1, fTn-1),d(Xn, frn_1),
d(Zn—1, frn)}
= min{d(zn, Tnt1), d(Tn—1,Tyn), d(Tn, Ty),
d(xp—1,Tn4+1)} =0,
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and

E(zp,xn-1) = d(@n,xn-1)+ |d(xn, frn) — d(Tpn-1, frn_1)]|
= d(zp,Tn-1) + |d(Tn, Tnt1) — d(Tp—1,2n)| = d(Tn, Tnt1)-
Therefore,
K(2n, vp—1) = B(d(2n, Tnt1))d(Tn, Tni1),
from , we get
0 < B(d(@n, Tn+1))d(Tn, Tnt1) — @(Tn, Tnt1)(Tn—1, Tn)d(Tnt1, Tn)
which implies that

d(Tn, Tnt1) < B(d(Tn, Tnt1))d(@n, Tnt1) < d(Tn, Tnt1), (2.5)
a contradiction. Consequently, we deduce that
d(xn, Tpt1) < d(xp—1,2,) for each neN.

Thus, we conclude that the sequence {d(z,—1,%,)} is a monotonically de-
creasing sequence of non-negative reals and bounded from below by zero.
So, there is some r > 0 such that lim, ,c d(xp_1,2,) = 7. It is ev-
ident that lim, oo F(Zn—1,2,) = r. As a next step, we will show that
limy, 00 d(zp, xn—1) = 0. We assert that » = 0. Suppose, in contrast that
r # 0, then since f is generalized a-admissible almost z-contraction with
respect to ( € Z therefore by ((3) and equation (2.5)), and taking limit as
n — oo, we have

0< nh_}n;o sup C(a(n, Tpt1)(Tp—1, n)d(Tpit1, Tn), K(2n, 2p_1)) < 0.

Therefore
lim B(E(xn—1,2n)) =1= lim E(zp_1,2,) =0.

Attendantly, » = 0 and also
r= lim d(zp,2n-1) =0. (2.6)

n—oo
Now, we will show that sequence {z,} is a Cauchy sequence. Assume that
{zy,} is not a Cauchy sequence, then there exists ¢ > 0 and sequences {zy, },
{Zm,} : mp > ni > k such that d(zy,,, zn,) > € and d(zy,,—1, 2, ) < € for
all m,n, k € N. Therefore, by the triangle inequality, we have that

€< d(xmk7xnk) < d(xmk7xmk*1) + d(xﬂ%*hxnk)

< d(zpm,, Tmy—1) + € (2.7)
Letting k — oo, using (2.6) and (2.7)), we get
nh_)rréo d(xpm,, Tn,) = €. (2.8)

Since f is a generalized a-admissible almost z-contraction with respect to

¢
0< C(O‘(l'mkfla xmk)a(mnk*h LL‘nk)d(l’mk ) 137%)7 K(Lvmk*l’ mnkfl))
It follows from condition ((2), we get

0 < K(mmkflvxnkfl)_a(xmkflvxmk)a(xnkflvxnk)d(xmkvxnk)

d(xmk7$nk) - d(fmmk—lafxnk—l) < K<1’mk—17xnk—1>- (29)
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Also,
K(zm,—1,%n,-1) = B(E(@mp—1,Tne—1))E(@my—1, Tn,—1)
+LN (T, —1, Tnj—1), (2.10)
where
N(zmp—1,Zn,—1) = min{d(@me—1,%m,), d(Tn,—1,Tny)s A(Tmyp—1,Tn, ),
d(xp,—1,%m,)}
and

E($mk71,xnk71) = d(mmkfhxnk*l) + |d(mmk*17mmk) - d(xnkfl’xnk”-

Letting k — oo, using (2.6 and (2.8)), we get

Im K(2m,—1,Tn,—1) = €. (2.11)
k—ro0

By (2.8)), (2.9), (2.11)) and the condition ((3), we get
0< nlggo sup C((O‘(xmk—lv xmk)a<xnk_17 xnk)d(xmk7mnk)7 K(xmk_17 xnk_l)) <0.
This is a contradiction. Hence {x,} is a Cauchy sequence. Thus limy, oo

d(xp, xm) exists and is equal to zero. Since (X, d) is complete, there exists
z* € X such that

lim d(z,,z") =0. (2.12)

n—o0

Now we shall show that fax* = x*. Since f is continuous, we drive the
desired results obviously, that is

fm* _ f( lim xn) = lim f(;cn) = lim Tpt1 = ¥
n—o00 n—00 n—0o0
Suppose we have (ii7),

0= mlrlllgloo d(xpm, xn) = nlggo d(xp,z") = d(z*, z*)

and a(z*, fz*) > 1. Moreover,
0 < ((a(wn, frn)a(z®, fa*)d(frn, fz*), K(Tn, 2"))
= C(Oé(.’l]n, xn+1)a($*, fx*)d(xn-i-h fIB*), K(xTM ‘T*))
< K(xp,z") — oz, tne1)a(z”, fo*)d(zpt1, f2©), (2.13)
where
K(xp,z") = B(E(xp, 2%))E(zy, x*) + LN (2, 2").
Also,

N(xp,z*) = min{d(zn, fz,),d(z, fa*), d(x,, fo*),d(z", fx,)}

= min{d(zn, Tnt1),d(@", fx*),d(zy, fo*),d(x*, zpe1)} = 0. (2.14)
And
E(zp,z*) = d(xn,z") + |d(zy, fr,) —d(z, fo*)]

= 0410 —d(z", fo*)| = d(z*, fz*), as n — o0o.(2.15)
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By , and , we get
d(@nyr, f2*) = d(fn, f27)
< al@n, engr) (@, fot)d(fen, fr7)
<d(z*, fx"). (2.16)
By letting n — oo in , together with the observation above, we have
0< nl;rrgo supC(a(zy, frn)a(z, fo*)d(frn, fx*), K(z,,2")) < 0.

This is a contradiction. Hence, therefore z* is a fixed point of f i.e. faz* =

x*

Suppose that z* and u* be two fixed points of f and hence z*,u* € Fix(f)
which is a generalized a-admissible almost z-contraction self mappings of a
metric space (X, d). By (2.1)), we have that

0 < {(a(z®, fo")a(u®, fu™)d(fz*, fu*), K(z*, u")), (2.17)
where
K(z*,u*) = B(E(x*,u"))E(xz*,u*) + LN (2*,u"). (2.18)
Also
E(z*,u*) =d(a*,u") + |d(z*, fo*) — d(u*, fu™)| = d(z*,u") (2.19)
and
N(z*,u*) = min{d(z*, fz*),d(u”, fu*),d(z", fu*),d(u*, fx*)} = 0. (2.20)
Therefore, from (2.17)), (2.18)), (2.19) and we get that

0 < ({(a(z*, fo")a(u®, fu)d(fz*, fu*),d(z",u"))
= ((a(z", 2" a(u*,u*)d(z",u"),d(z*,u")).

This is a contradiction. Thus, we have x* = u*. Hence f is a unique fixed
point. O

Theorem 10. Let (X,d) be a complete metric space, f is a generalized
a-admissible almost z-contraction with respect to . Assume that
(i) f is a a-admissible,
(79) there exists xo € X such that a(xo, fro) > 1,
(131) X is a reqular and for every sequence {x,,} in X such that a(xy, Tpi1)
> 1 for alln € NU{0} and we have oy, xyn) > 1 for allm,n € N
with m < n,
() a(x,y) > 1, for all x,y € Fix(f).

Then f has a unique fixed point x* in X.

Proof. By (i), let xg € X such that a(xg, fxo) > 1. There exist 2, € X such
that z, = fx,_1 for all n € N. We have by Theorem @ {z,} is a Cauchy
sequence such that limy, oo d(Zp2n+1) = 0. Thus limy, n—y00 d(Tn, Tp,) exists
and is equal to 0. Since (X, d) is complete, there exists * € X such that
lim d(x,,z") =0, (2.21)

n—o0
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then

m}érgoo d(Tpm, ) = nh_)rgo d(zp, ") =d(z*,z") = 0.

Since X is regular, therefore there exists a subsequence {x, } of {z,} such
that a(zp,,x*) > 1 for all k& € N. Therefore

0 < ((a(zn,, fon,)alz™, fo*)d(frn,, fz*), K(zn,,x"))
= ((alzny, Tn,, ) o(z®, fo)d(2n,, ,, fr*), K(zy,,17))

< K(xnka x*) - O‘(xnmxnkﬂ)a(x*a fx*)d(xnk+17 f:L'*), (2-22)

where
K(zp,,z") = B(E(xn,,2"))E(zp,,x*) + LN (zp,, x¥). (2.23)
Also
E(xn,, ") = d@n,,2") + |d(@n,, fon,) —d@", fz7)]
= d(Tn,, 2") + |d(zn,, Tny ) — d(z", fz7)]
= d(z*, fz*) for large Kk, (2.24)
and

N(zy,,2") = min{d(zy,, frn,),d", fx¥),d(xn,, f£*),d(z", fz,,)}

= min{d(xn,,, Tn, ., ), d(x", f2*),d(Tn,, f2"),d(z", 0, )} = 0.(2.25)

Therefore K (zp,,x*) = d(z*, fo*). Consequently, we have
d(@ny11, f27) = d(fan,, [27) < al@n,, fan,)o(z”, fa")d(frn,, f27)

<d(z*, fx*) for all keN. (2.26)

By , (2.26) and the condition ({3), we get
0< limn—)oosuPC(a(xna f.%'n)Oé(.%'*, f.%'*)d(f.%'n, f$*), K(Z’n, x*)) <0.

This is a contradiction. Hence, therefore x* is a fixed point of f. Suppose
that z* and u* be two fixed points of f and hence z*,u* € Fiz(f) which is

a generalized a-admissible almost z-contraction self -mappings of a metric
space (X, d). By (2.1), we have that

0 < {(a(z®, fo")a(u®, fu™)d(fz*, fu*), K(z*, u")), (2.27)

where K(z*,u*) = d(z*,u*), by using (2.18)), (2.19) and (2.20). This to-
gether with (2.27)) shows that

0 < ({(a(z, foe")a(u®, fu)d(fz*, fu*), K(z*,u"))
= ((a(z", 2% a(u*, u")d(z",u"), d(z*,u")).

This is a contradiction. Thus, we have * = u*. Hence f has a unique fixed
point. O
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Corollary 11. Let (X,d) be a complete metric space, f : X — X be a
self-mapping, there exists ( € Z and o : X x X — [0,00) be a function with
alz,y) =1 for all z,y € X such that

Cld(f, fy), K(z,y)) = 0
for all distinct x,y € X, where

K(z,y) = B(E(z,y))E(z,y) + LN (2, y)
and
E(z,y) = d(z,y) + |d(z, fz) — d(y, fy)|
and
N(z,y) = min{d(z, fz),d(y, fy),d(z, fy),d(y, fz)}.
Then f has a unique fixed point z* in X.

Example 12. Let X = [0, 1] endowed with metric d(x,y) = |x — y| for all
x,y € X. Let ((t,s) = s—t and considering 3 : [0,00) — [0,1) as 5(t) = %th
forallt >0 and L > 0. Let f : X — X be defined by f(x) = 5 for all

z €[0,1] and o : X x X — [0,00) be defined by
_f L i w2y el01];
oz,y) = { 0, otherwise.

Note that f is an a-admissible if a(x, fz) > 1 implies a(fx, f?z) > 1. Now
by definition of o and x,y € [0,1], we have o(z, fx) = oz, 5) = 1. Simi-
larly a(y, fy) =1 for all z,y € X.

From above, it is clear that f is a generalized a-admissible mapping. Now

C(d(fz, fy), K(z,y)) = K(z,y)—d(fz, fy)
= BB y)B(e,y) + LN () - 5lz —yl

E(z,y) 1
% L LN — |z —

5

2d(z,y) 1

3 ’
307 L IN(z,y) — -]z —

5

3lz =yl 1
B3I LN(z,y) — =l —y| > 0.

Therefore, f is generalized a-admissible almost z-contraction with respect
to ¢ € Z. Hence all the assumptions of Theorem [ and Corollary are
satisfied and hence f has a unique fized point.
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