Communications on Applied Nonlinear Analysis

ISSN: 1074-133X
Vol 32 No. 2 (2025)

An Introduction to Ternary I' —Semirings

G. Chandrasekhar!?, D.Madhusudana Rao?,P.Siva Prasad*
! Research Scholar, Department of Mathematics, Acharya NagarjunaUniversity,Guntur, A. P.,India.
2 ecturer in Mathematics, Government College (Autonomous), Rajahmundry, A. P., India.
3Professor of Mathematics, Government College For Women(A), Samba Siva Peta Rd, Opp: AC College, Samba Siva

Pet, Guntur, Andhra Pradesh, India,mailid:dmrmaths@gmail.com

4Associate Professor, Department of Computer Science Engineering School of Computing& Informatics, VFSTR
Deemed to University, Vadlamudi,Guntur,A.P,India, mailid:pusapatisivaprasad@gmail.com

Article History:
Received: 07-08-2024
Revised: 17-09-2024
Accepted: 25-09-2024

Abstract:

In this research article has to introduce the concept of ternary I'-semirings.We first consider
the congruences and ideals of ternary I'-semirings then we construct a new ternary I'-semiring
and to be discussed formation of ideals on this ternary I'-semiring. Also with the help of
congruences induced by homomorphism of a ternary I'-semiring.After that we will establish
some of isomorphism theorems and identified the some of commutativity in the diagrams.
particularly some fundamental results of ternary I'-semiring were proved and strengthened.
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1.Introduction:

The notion of I' —semiring was studied by M.K.Rao.as a generalization of I' —ring as well as of
semiring. In the year of 1964 I —ring was introduced by N.Nobusawa There have been a few
definitions for a I' —ring.The concepts of ternary I' —semirings and ternary sub I' —semiring with
left,right,lateral was studied by D.Madhusudana Rao and M.Sajani Lavanya in the year of 2007.T.K
Datta and M.L Das were introduced and studied the ideals ,prime ideals semiprime ideals k-idelas
and h-ideals of a ternary I' —semiring ,regular ternary I" —semiring respectively

2..Priliminaries:

Definition 2.1:Let(T, +) and (I, +) be two additive commutative semigroups then T is known as
ternary I' —semiring if there exist a mapping from T X I' X T X I’ X T to T which maps
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(a,a,b,B,c) - [aabBc] satisfying the following conditions

i)[[ aabﬁc]ydc?e] = [aa[bBcyd]be] = [aabB[cydde]]
i)[(a + b)acBd] = [aacBd] + [bacBd]
ii))[aa(b + c)pd] = [aabBd] + [ aacBd]

iv)[aabB(c + d)] = [aabBc] + [aabBd]for all

ab,c,deT and «a,p,y,6€el
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Definition 2.2: A ternaryl’ —semiring T is said to have a zero element provided 0 + x =x =x + 0
and [0aaBb] = [aa0Bb] = [aabB0] = 0,Va,b,x € T and a, fel’

Definition 2.3: A ternaryl’ —semiring T is known as commutative ternaryl” —semiring T provided
[aabfBc] = [bacBa] = [caafb] = [baafc] = [cabBa] = [aacfb] foralla,b,c € T.

Definition 2.4:Let S be a non empty subset of a ternary I' —semiring T is said to be a ternary sub
I' —semiring of T ifand only if S + S < S and [SaSBS] € S for all a, Berl.

Definition 2.5:Let T be a ternaryl" —semiring and A be a non empty subset of T is said to be a left
ternary I'-ideal of T if i)(a + b) € Aand ii)b,c € T,a € A, a, Bel' = [bacBa] € A.

Definition 2.6:LetT be a ternaryl" —semiring and A be a non empty subset of T is said to be a lateral
ternary I"-ideal of T if i)(a + b) € A and ii)b,ceT,a€

A, a,fel’ = [baafic] € A. Definition 2.7:LetT be a ternaryl” —semiring and A be a non empty
subset of T is said to be a right ternary I"-ideal of T if i)(a + b) € Aand ii)b,c € T,a €

A, a,fel’ = [aabfc] € A.

Definition 2.8:Let T be a ternaryl" —semiring and A be a non empty subset of T is said to be a
ternary I'-ideal of T if and only if it is a left ternary I'-ideal, lateral ternary I"-ideal, right ternary I'"-
ideal of T.

3.ldeals of a ternary I' —semiring

Entire of this research article T be a ternaryl” —semiringunless otherwise specified. The below
theorems are easily to prove.

el
Lemma3.1:Let Abe a non empty index set and { l:}ieape a family of ideals of (T,I").Then zea ’ is

an ideal of (T,I).

Lemma3.2:Let £(T,M)be the set of all ideals of (T,I").Then ET. 1) A V) isa complete lattice

where 1 AdJ=1nJand 'V =(199)is the unique smallest ideal containing 1'VJ .
Theorem 3.3:LetT be a ternary I' —semiring with zero and | be an ideal of (T,I).then
E={p+|/peR}_ o _ _ *:EXFXEXFXE—)E )
| is a ternary I' —semiring with the mapping | | I | defined by
(P+D)*y*@+ D)*y*(r+1)=prayr+1 for gl P9 reRandyel
R
Proof: First we define an operation © on | by P+D@@+ NS+ 1)=p@gSr+1 g4 g
R
P+l a+l gr+l el |tis easy to see that © and * are well defined. Consequently we can verify
R
that (1 ,® [ ;) is a commutative semigroup and we have the following equalities.
Left distributive
582

https://internationalpubls.com



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 2 (2025)

[(p+Da(@+DA((r+ 1)@ (s+1)=[(p+Da(@+1)p(r+s+1)]
=[paqp(r+9)]+1
=[(paqpnN@((paqps)]+]|
=[lpaqprl+l]®[[paqps]+1]
=[(p+DNa(@+ A+ D]S[(p+Da(qg+1)B(s+1)]

Lateral distributive

(p+Dal(r+1)@(s+N1BE+1)=[(p+Da(r+s+1)]B(Q+1)]
=[pa(r+s)+1]p(a+1)
=[pa(r+s)B(q+1)]
=[pa(r+s)Bag+1]
=[[parpa]l®[paspq]+1]
=[[parpa]+11®[[paspq]+1]
=[(p+Na(r+H)p@a+DIS[(p+1a(s+1)B(a+1)]

Right distributive

[(r+ D)@ (s+Dla(p+DA@Q+1) =[r+s)+1]alp+1)p(Q+1)
=[(r+s)appal+I
=[(rappq) @ (sappa)]+1
=[[rappal+11®[[sappal+1]
=[(r+Da(p+ D)@+ DIS[(s+ Nal(p+1)A(q+1)]

R
These shows that isa | ternary I' —semiring.

Theorem 3.4(correspondance theorem): Let R be a ternaryl” —semiring with zero and J an ideal of
J R R

G @[] G @[]

Rsuchthat | €J then | isan ideal of | .Conversely ,if K is an ideal of " |
J

there exist an ideal J of (R:T.[ Dsychthat 1 =J and T )

then

Proof: The proof of this theorem is similar to the above.
4.Commutative ternary I' —semirings and Congruence’s on a ternary [" —semirings

In this entire section R isa commutative ternary I' —semiring.The following theorems are well
known.

Theorem 4.1: The following conditions on an ideal | of a commutative ternary I' —semiring R with
zero are equivalent

1) H®O:N)=MHTT) for all ideals H of (R
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2) HII =Kl implies that (02 1) +H =(0:1)+K for all ideals H and K of (R T30 1) where
(I1:A)={peR/pyraybel,vVa,be Aand y T} fo, anyq)¢ AcR.

Theorem 4.2: Assume that R be a commutative ternary I' —semiring.If | is an ideal of (R,ILL D) ,
®~AcR and 7 €T then the following statements are holds good:

1) lc(:Ac(l:ArAyA) (I : AyAyA),Vy el

2) [IFAclhthen(l:A)=R.

Theorem 4.3: Assume that R be a commutative ternary I' —semiring.If | is an ideal of (R, ]),

If Ac1=((1:a)=(1:A\I)
®#AcR then aeh An equivalence relation @ on (R.T[ 1) js said to

be a congruence if for all P d:F €R7 €T we have

poger = (p+s)0(q+s)e(r +s)

poa = (pyays)o(ayrys)o(ry pys)and (qy pys)o(ryays)o(pyrys)

By R: € ,we mean the set of all equivalence classes of the elements of R with respect to the mapping
0 that is, R:0={0(x)/ xeR}.

Lemma 4.4:Let@ be a congruence relation on (RO D) Then
O(x+y)=0(0(x)+06(y))and (xyyyz) =0(0(xX)y0(y)y6(z)), forall x,y,zeR and y €T.

Proof:First we observe that 2(X+Y) € 0(8(X)+0(Y)) ang O(Xryrz) = 0(0(x)y0(y)r0(2)) By
routine checking, we can easily verify that the above equalities holds.

In the next theorem, we demonstrate how to construct a new ternary I —semiring by using the
congruence relations.

Theorem 4.5: Let € be a congruence relation on (RILD . Define ® onR : 6 by
0(x)®0(y) = 0(x+y) forall X,y € R-rpen (R:60,8.[1) js a ternary I —semiring with the
following mapping I 1(R:0)xI'x(R:0)xT'x(R:0) > (R:6), defined by

ox)0 yO 6y)d y00 8(z) =60(xyyyz),forallx,y,ze R,y eT.

Proof: Let #(X)=0(x)and 6(y) = 0(y)and 0(z) = 0(z) then by lemma 4.4 we have the following
equality
0(x) ® 6(y) = 0(x+y) =6(6(x) +6(y))

=0(0(x)+06(y))

=0(x)®O(y)
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Also we have an additional euality

o()U yU o(y)l yL 6(2) =0(xyyr2z)
=0(6(x)6(y)r0(2))
=0(0(x)y8(y )y6(z)
=0(x)0 y0 6(y)D y0 6(z2)

Thus © and U are well defined.

Hence, the author cam verify that (R:0,8,[1]) is a commutative ternary semigroup. Now we
deduce that
o) vy o(y)l [(0(z)@0(t)]=0(x)L yU 6(y)U O(z+1)

=0(xyyy(z+1))

=0([xyyrzl+[xyyrtl)

=0[xyyyz]®O[xyyrt]

=[0(x)L yU o)l yU 6@]@[0()0 yU 6(y)U ¥ 6(1)]
In that similar way prove that
[00)0 yU [O(y)®0(2)]10 yL o) =[0(x) L yU 6(y)U 6@ [O(x)L yL 8(z)1) O(1)]
[0C)@O(Y)]0 y0 6(z)0 y1 8(t) =[0(x)0 ¥ 8(z)1 ¥y oMIS[E(y)D ¥y ()1 1 6(1)]

also

[[0()0 a0 6()0 B0 6@)]0 y0 6(s)1 50 (1)
—[0()0 a0 [6(y)0 B0 6(2)0 y0 6(s)]0 50 ()]
~[0()7 a0 ()0 B0 [6(2)0 y1 6(s)0 80 O)]]

Therefore R: @ is aternary I' —semiring.

Lemma 4.6: If 1z 'R = R0 s gefined by 1= (¥)=0(X) ang = is the identity function on T,
then Tz 1) :(R.I) = (R:6.T) i an epi-morphism.
Proof: Let %Y € Randy €' Then it is easy to see that

[T (x+y) =0(x+y) =0(x) @ O(y)
= HR (X) @ HR (Y)

[g(xyyrz) =0(xyyyz) =0(x)U yJ (y)U y 6(2)
Also :HR (X)D HR (y)[l HR(Z)

Clearly Iy IS surjective and (g 12) is an epi-morphism.
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5 Congruences and products of ternary I'-semirings

In this section, we show how to use a ternary I'-ideal and a congruence on a ternary I'-semiringRto
construct a new ternary I'-ideal of Rand to find the relationship between them.

Theorem5.1. Let 6 be a congruence on (R, I',[ ]).1f I is a ternary I" —ideal of (R, " ,[ ]), then C,={x €T]|
[xTéra]3a €l}is a ternary I'-ideal of (R, T.,[])and I<C,.

Proof: Clearly 1C,. Let x,yeC,. Then[xI'éT"a]and [yI'6I'b]for some a,bel. On the other hand ,6is a
congruence on Rwhich implies that [(x +y)['or'(a+b)] and x +y €C,. Now, let xeC,,
reRand p€I" . Then, [xI'éT"a]for some a€l.In other words, @ is a congruence on T which implies that
[(XCpArer@rar)]. Thus ,[x I pA r]eC,. Similarly, we can prove that [r I" 1" x] €C,also we will
prove that [ I" X I' r] C,,.. Therefore, C,is an ternary I -ideal of (R, I',[ ]).

By using the standard arguments , we can prove the following theorem.

Theoremb5.2: Let Rbe a ternary I' -semiring with zero and 6 a congruence on (R, I',[ ]). Then, 6 (0) is
an ternary y-ideal of ( R, I',[ ]).In the next two theorems, we state the connections between the ideals
of R,I,[Dand(R:6,T,[].

Theorem5.3.1f | is a ternary I" -ideal of (R, I',[ ]),then 1.0 is an ideal of (R:0, T',[ ]).
Theoremb5.4: If Jis an ternary I'-ideal of (R:6, I',[ ]), then there exists a ternary
I' -ideal I of (R, I',[ ]) such that J=I: #Proof: Define I={xeR/0(x)eJ}. Then Wehave

0(x) €J =x €l=0(x) €l:0,andd(x) €l:0=3a €1,6(x) = #(a) =0(x) = 6(a)eJ.Thus, J=1:6Now, suppose
that x,y€l. Then 6(x),0(y)€J and by Theorem4.5 , we have 6(x+y)=6(x) @6(y)€J. Hence ,x+y€l. Also
, assume that xel, reRand p€I" .Then, we have #(x)eJ and by Theorem 4.5, we have §([x T 1°r]) =
[)O TOO TOH(N] €d. Hence, [x Ty T r] €l. Similarly, we can prove that [r T T x] €l and [
' x T r] €l .Therefore ,lis an ideal of (R ,[,[ ]).

Lemmab5.5: Let Ribe a ternary T semiring(1<i<n). Then, RiX---XRnis a Ternary I' 1x---XI'n-
semiring.The proof is standard and we hence omit the details . It suffices we
define(Xg, -, Xn)+(Y1,--*,Yn)= (X1ty1,,XntYyn),and 0 : (R1X---XRp)X( I" 1%+ I"n)X(RyX:--XRn)——R1XXRy,
by (Xt,=X%n) T o T (Y1, ¥ n) T' o T (Y, yn)=[X1 Tyr T y1 ]....../xn Tyn Tyn],For all
(X2, Xn), (Y1, +,yn) ET1X---xTpand (pa,--,pn)E T 1X....x ['n.

In the next lemma, we investigate the behavior of congruence on the products of ternary I" -semirings.

Lemma 5.6: Let 6; be a congruence on (R;,Ii[ ]) for 1<i<n .T hen 6 is a congruence on (T1x---XTn ,
[1x---x Tp,[]) where (a1,++,an) TOQ TOTOT (bu......bn) if

And only if [ail'i6iTi bi]for all aj,bieTiand 1<i<n.

Proof: If (X1,-++,Xn) ol'io OTio(Y1,"*,Yn), then [Xioliofiol ioyi]for all 1<i<n. Hence (Xi+zi) ol'iobi ol io (YitZi),
for all zi€Tiand 1<i<n. This implies that(xs,--,Xn)+(Z1,":*,Zn) olioBioli(Y1,*-,¥n)+ (21, -*,Zn).AlSO, [Xi
Ii6iTiyi] for all 1<i<n implies that [Xi o[io 710l i0Zi]0Yiol io #ioliozi] for all zi€Ti, pi€yiand 1 <i<n. Hence
[(X1,- - Xn)olio(¥1,"* -, ¥n)olio(Z1, - -,Zn) 1oLi08 olio [(y1,---,¥n) olio(¥1,*,¥n) olio(z1,--+,zn)].Similarly , we
can prove that [(Zl,"',Zn) orio(yl,"',)/n) orio(Xl,"',Xn)] 1oLi00 ol [(Zl,"',Zn) orio(]/l,"',)/n)
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orio(YL"',Yn)]AlSO [(yl,"',yn)orio(}/l,"',)/n) orio(Xl,"',Xn)] 1oli0@  olio [(Zl,"',zn) oLio(y1,+,¥n)
olio(Y1,-+-,yn)] Therefore, 6 is a congruence on (Rix:--XRn,I'yx---xn, [ ]).
6 Homomorphism theorems and isomorphism theorems of a ternary I' —semiring

In the following theorem , we prove an isomorphism theorem of products of ternary I'-
semirings.

Theorem6.1: Let #ibe a congruence on (R;,Ii[ ]) for 1<i<n and 0 the congruence on (R1x ---X Rp,
['yx ---x Tp,[ ]) defined in Lemma 5.6. Then (R1:601)X:--X(Rn:6n), 1% --xT'n ~ =(R1X---XRn:6,
le....XFn).

Proof: By Theorem 4.5 and Lemmas 5.5 and 5.6 , (R1:01)%---x(Rn:6n) and Ryx:--xRn: 0 are
I'1x---xI'y-semirings. Define y:(R1:01)%---X(Rn:0n)—R1X.....XRn:0 by:

W (01(X1), -+, 6n(Xn)=0(X1,...,Xn)),for all XieTi(1<i<n). We can show that (i, Irix--xrn) is an isomorphism
between ((R1:61)X---X(Rn:bh), I'1X---xRp,[]) and (RiX:--XRn:6, I'1x---xIn,[ ]).

We have

O1(x1), "+, On(¥n) &= 01(y1),-+,On(yn)

e 0i(xi)=6i(yi), V1<i<n

=5 xili6iliyi, V1<i<n

e (X1 Xn)Li6Li(y1--yn)

PN O(X1- - Xn)=O(Y1- - -Yn)

=L wo(X1), -, On(Xn)=yO1(y1)," -+, On(yn).

Hence , (v, 1rix.-«xrn) is well-defined and one to one. Clearly (i, 1rix--xrn)is onto. Now, we prove that
(y,T'1x---xI'y) is @ homomorphism. We have

P((01(X1),- -+, On(Xn)) F (O1(y1), -, On(Yn)))= P(O1(X1) B O1(Y1), -+, On(Xn) D On(yn))=
Y(OL(X1ty1), -+, On(Xntyn))= O((X1 + Y1), ,(Xnt Yn))=
O(x- - Xn) D O(Y1- -~ ,yn)=
Y(O1(X1),++, On(*n)) D (01(y1), -, On(yn))-
Also, we have
P((61(x1),"+,0n(Xn))O(71,- -+, 70)0(01(Y1), -+, On(Yn))) = P(OL(x1)) OT O 1 OT O b1(y1), - -+, 0n(Xn) OT O 0 OT

OOn(yn))=#(Or[xaT2y1], -, On[Xnpnyn])=O[X1 2y 1, - X paYn)=0([X1,* - X)) OT O (71, -, )2) OT OO([y1, -+
Ynl)= w(O01(x1),-+,00(Xn)) OT O Ly1%- - xyn(21, -, 70) OT O (B1(y1), - ,0n(Yn)).

Therefore, (y,1,1%---Xyn)is an isomorphism.

In the next theorems, we consider the congruence on the ternary y-semiringsT in- duced by the
homomorphisms and investigate the corresponding results and properties associated with this
congruence on R.
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Theorem6.2. Let (4,2) :(Ri,I's,[ )——(Ra,I'2,[ 1)be a homomorphism . Define the relation g ON
(R1I'1) as follows: [XI'104, o)1yl == d(X)=4(Y).
Then 64 is a congruence on (RiI'1,[ ]).

Proof. Clearly ,6,¢) is an equivalence relation. Suppose that x64,0)y. We have

p(X)=g(y) ==¢(X)+¢(2)= ¢(y)+4(2) ==¢(x+2)= ¢(y+2) for all zER1.Thus [(x+2)I'10.5I1(y+2)]. Also,
we have

$()=4(y)==[¢ (19N 19D I=[¢ (T 19N 16()]==¢(IXT 1T 12])=¢([YI 171 1Z])
for all zeR1and p€l'1. Therefore ,0,g) is a congruence on(Ry,I',[ ]).

Theorem6.3: Let (4,2):(Ri'1,[ ])——(R2,I'2,[ ]) be a homomorphism. Set A= {ISR1|64,<S1xI}and B=
{J|JJSR2}.Then, there exists an 1-1 mapping from A to B.

Proof .Define w :A—B by w(l)=¢(l). Clearly ,y is well-defined.
Suppose that w(l1)=w(12). Then ¢(l11)=¢(l2).Also we can see that

Xeli == ¢(x) €d(l1)=¢(l2) == 3y€El,d(X)=4(y)

== (X.Y) €9 1212
== XEl>
== [1.€12.Similarly,l2€liandsol;=1,and hence, yisone-to-one.

Theorem6.4.Let (R1,I's,[ %1% (R2,T2,[ 1)¥29(Rs,I'3,[ ])be a sequence of
Homomorphisms .Then (y,g):(R1XR2xR3,I'1xI"2xI'3,[ 1)—(R1XR2xR3,I"'1xI"2xI'3,[ ])

Defined by w(X,y)=¢1(x),¢1(y) and g(7,6)=91(7),91(p) for allx, yeR1 and y,f€l1, is a homomorphism
such that w(041,91))S042,02). More- over , if (y1,g1) is on to and (y2,92) is one to one ,then y(
091,91))=092,92)-

Proof. Itis trivial that (y,g) is a homomorphism.Hence,we have

w(a,b)ey(B41,91)).(a,b)Ey1,01) == ya(a)=y1(b)

== waa(a)=yoqy 1(D))

== (y1(a). w1(0))E€by2,92)

== p(a,b)E0w2,92).

Thus, w(0w1,01))S0wr2,02).Now, if (1,01) is surjective and (y2,02) is in-jective, then

we have y( Ow1,01))=0w2,92)1t suffices to prove that Ou2,92)Sw( 6(41,91)) Hence, we have

(t.)EOw2,02)== n  we(D)= we(t)

== Ja,beR, y1(a)=t,y1(b)=t
== (t.)= w(a,b)=(y1(a),ya(b))
N (tL)Ew( Oy1,91)
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This shows that 6(42,92) Sy641,01), and the proof is completed.

Theorem6.5..Let (R1,I'1,[ 1)%19(R2,T2,[ 1)“2%)(Rs,I'3,[ ])be a sequence of

Homomorphism’s. Then Imy1XImy1S60ww2,92) if and only if w20 y1is constant.

Proof. The proof of the necessary part is routine and we only prove the sufficiency part.
(==):Letx,yeR1.Then, (w1(X), w1(y))Elmy1xImy1S6w2,92). Hence,

waw1(X)=w2w1(y). This show that y20y1is a constant.

Finally, by the congruence on the ternary y-semiring induced by homomorphism , we are able to
establish some isomorphism theorems and investigate the commu- tativity of some diagrams.

Theorem6.6. (IsomorphismTheorem) If (y,g):(R1, I'1,[ ])——(R2I"2,[ ]) is an epimorphism,then there
exists an unique isomorphism

(v,2):(R1:0¢,0),I'1,] )~ (R2,I"2,[ 1) Such that the following diagram commutes:

(v.9)

(Rul'n[ 1) (Rul2[ 1)

(ITr1, 1Ry
(v.,9)

'

(R1,:0p.2).1'1,))
Where I1r1,:R1,—R1,: (4.0 is defined by TTr1(X)=6,) (X) for all xeRy,

And1Rrais identity.

Proof. Define w:R1:0(4¢—R2 by yw(64,¢(X))=w(X) for all xER1.Then we havedy ¢(x)=
0.0 (Y)==2x0(4. 9y ==>w(X)=p(y),and hence y is well defined and is a 1-1 mapping.Now,(y,g) is a
homomorphism. We have

(0.9 D0.0)(¥))=y (0.5 (X Y))

=p(x+y)=p(X)+y(y)

=y(04.9(X)) Ty (O.)(Y))-

We deduce that #(0,q)(X) OT © YOI Ob.)(Y)=y 0.0 (xOT OO QyY)

=p(XOTI' OO OY)=¢(x)OI OY(») OT O(Y)=y(0.o(X) OT OINOT Oy (y.(Y)).
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Therefore,(w,g) is @ homomorphism . Also ¢(x) = wbs,q)(X)= wllri(x) and  goly: =g which imply

that the diagram is commutative . Let

(v.8):(R1:0.9), T'1,[ )=—(Rz, I'2,[ ])
Be such that yollri=¢.Then, Wehave

W0(p,0)(X)=yITR1(X)=4 (X)=yI1r1(X)=p0.)(X).
Thus ,(y,g) is unique and the proof is completed.
Theorem 6.7. Let (R1,I's,[ 1) a.01), (R2,v2,[ Dw2.d2)(Rs,ys[]) be a
Sequence of Homomorphism’s .Then ,there exists an unique homomorphism
(1.90):(T1:01,91) Y1) —(T2:042,92). v 2)
Such that the following diagram is commutative:

(¢1,01)
(Ruy1) ™ (Ruy2)
(MR1, 1r1) (Mr2, 1r2)
(R1:60(41,91),v1,[ ] » (R2:0(42,92),v2,[ 1)

Moreover ,if(¢1,91) is on to and (¢2,92) is 1-1,then(y,g1) is an isomorphism.

Proof .Define w: R1: O1,01)R2: O(42,92)bY y(041,91)(X))= Og2,02)p1(X). Then, w is well-
defined.Finally,we need prove that(y1,01) is a homomorphism. We have

P(0(51,91) (X) D Op1,91)(¥))=w(0p1,91) (X+Y))=0(42,92) 1 (X+Y)=0p2,92) $1(X) +¢1(y)
=0(¢2,gz)¢1(x) @0(¢2,g2)¢1(y)

= 90, o, (X)) @ 2(G,, 4, (¥)
Also, we have

Y(041,91) () OT O YOI Op1,91)(V)=y(Op1,91) (XOT OY)
=0(42,92)p1(XOT OY)
=052,92)$1(X)91(»)P1(Y)

=0(¢2,92)$1(X) ©91(») O Oy2,92) ()
= Tip100)(X) O 1Y) OYd ey, g1)(y)-

Therefore, (,g1) is a homomorphism .Also ,we have

https://internationalpubls.com
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wlr1(X)= wb(41,01) (X)= O(42,92)p1(X)= TTr2¢1(X), and g101,1=1,2091.This shows that the diagram is
commutative.

Let(y ,01):(T1:01,91),y1.[ 1)——(T2:60¢2,92),2,[ 1) be a homomorphism which

Makes the diagram commutative. Then, we have

v 061,91) ()= v T ()=Tl2g1(x)=0(2,92) #1(X)=041,91) (X).
Thus, (,g1) is unique and the proof is completed.
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