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1. Introduction

The LIL is a widely recognized theorem in probability that complements two other fundamental
theorems: the central limit theorem (CLT) and the law of large numbers (LLN). While the LLN
describes the tendencies of the average of independent random variables with increasing sample size,
and the CLT outlines the distribution of these sums, the LIL provides insights into the fluctuations of
these sums, especially concerning their bounds. The LIL emerged from Khintchine's [1]
investigations, in which he sought to ascertain the precise rate of convergence of normal numbers.
Kolmogorov [5] later generalized this result to include independent random variables. Since its
inception, the LIL has developed into a fundamental theorem with extensive applications spanning
various areas of mathematics and statistics. A similar LIL has been developed across different fields,
including harmonic functions [7], martingales [10], [12], g-lacunary series [8], random walks,
stochastic processes, and more.

In the realm of mathematics, Salem and Zygmund [8] were the first to introduce a LIL for the sums
of g-lacunary trigonometric series. Erdos and Gal [6] subsequently obtained a comparable outcome
for a particular category of g-lacunary series. In this LIL, only the sum of the first n-terms of the
lacunary series was considered as in Kolmogorov's LIL. Subsequently, M. Weiss [4] obtained an LIL
for g-lacunary series analogous to Kolmogorov's LIL. Additionally, in the same paper, Salem and
Zygmund [8] introduced another LIL for g-lacunary series, as stated below:

Theorem 1 (Salem and Zygmund) Let Sy = ¥, (a; cosn;0 + b; sinn;0) with % >g>1and
c? = a? + b} satisfy ¥.2, c¢? < oo. Define By, = Y2, ¢Z and Cy = max |c;|. Assume that B, <
12
52

and C% < Ky, (1 =8 > where K,, approaches to 0 and M approaches to infinity. Then

nin=—
Bm
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limsup

<1
Mow B2 In
ZBMlnlngM

In this LIL variant, the focus lies on the sums beyond the initial n-terms, specifically on the tail sums
of the series. Consequently, this version is often referred to as the "tail LIL" because of its emphasis
on the tail sum aspect. Salem and Zygmund only derived the upper bound in this tail LIL. Under
similar conditions, S. Ghimire and C.N. Moore [9] established the converse of the aforementioned
result. Their result is:

for a.e. @ in the unit circle.

Theorem 2. Assuming the same notation and hypotheses as stated in the preceding theorem, we have

Sy(@
limsup S >1

N-ooo 52 i -
/ZBN Inln B

Now Theorem 2, when combined with Theorem 1 give the conclusion

Sn(6
limsup # =1

N—-oo =2 i
/ZBN Inln B

for a.e. 6 in [0, 2r]. A similar LIL for summation of signum functions was recently obtained by S.
Ghimire [11] showing that the convergence rate of summation of the functions is controlled by the
tail sums of the square function as in the LIL introduced by Salem and Zygmund. The one-sided
version of S. Ghimire's LIL is as follows:

fora.e. 6in [0, 2x].

Theorem 3. Suppose {u;} is a sequence of signum functions defined by u;(t) = sgn (sin 2ixt) and
{b;}72, where b; € R satisfies Y72, b? < co. Then

| XiZn+1 bitki (8)]

0 1
2% b In ln( . b?)
=n+1"i

limsup

n—»,oo

forae. t € [0,1).

Here, we obtain the lower limit version of the LIL for the summation of signum functions. Our main
result is:

Theorem 4. Suppose {u;} is a sequence of signum functions defined by u;(t) = sgn (sin 2xt) and
{b;}2, where {b;} is a square integrable real-valued sequence with B, = 2. b? and assume

b2
lim = = 0. Then

n—oo Bn
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> b (t
limsup | 22n 1 bt (O] =1

n—-oo 1
/ZBn In lnB—n

Note that if the sequence {|b;|} is non increasing, or more generally, if lim

1—>00

forae. t € [0,1).

b;

> 1, then for large

i+1
n, we have

b2 b2 1

—<—" <

B2 ® b n+1

i=m"vi

and assumption in the theorem is satisfied. The proof consists of stopping time argument with
application of certain estimates. To prove our main result, we first utilize sub-Gaussian type
estimates for the summation of signum functions followed by the application of both versions of
Borelli lemma. In what follows, we use measure space (I = (0,1), B, u) and |. | stands for probability
measure u restricted on I. To establish our main result, we begin by introducing some definitions and
obtaining estimates.

2. Preliminaries
Let's revisit the definition of a general signum function:

l1ift=0;
sgn(t) = {_1];” < 0.

In constructing a sequence, we define u;(t) = sgn(sin2iwt) on the interval (0,1). We say A4,
happens infinitely often, abbreviated as A4,, i.o., if for all n there is m > n such that 4,,, is true. We
now state Borelli lemma of both versions. Please see [3] for the proof.

Lemma 5 (Borel-Cantelli 1) If {A,} satisfies Y7-;|Ax| < oo, then |{4, i.0.}| = 0.

Lemma 6 (Borel-Cantelli 2) If independent events {4, } satisfies };°-,|Ax| = o, then |{A, i.0.}| =
1.

Next, we state a result on exponential estimate for independent random variables which will be used
in the proof of our main result. For the proof, please see [2].

Theorem 7. Suppose {Y,} is a sequence of random variables on sample spac (I = (0,1), B, u), with
zero mean and variance 7. Let

n n max |Yk|
S”:Z Ye, s,%zZ 0?2 and Z, = X0
k=1 k=1 S‘l’l
Then, for given g > 0, if Z,,(B) is very small and y = y(p) is very large, then
Sn(t
‘{t e (5Ol y}

Sn

2
> exp(—%(1+ﬁ>.

Following, we present a sub-Gaussian type estimate crucial to proving our main result. For a detailed
proof, refer to [11]. We sketch the proof.
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Lemma 8. Let {b;} where b; € R and {u;} be a sequence of signum functions defined by u;(t) =
sgn (sin 2imt). Then for all @ > 0 and for a fixed number n, we have

%) sz
Z biui(t)| > a }| < 12exp <—>
i=m+1 2 XiZps1bi

Proof: Let M > n and we write g;(t) = X% _; biu,(t). Then using Levy's inequality, we get

|{t € I:sup

mz2n

2.1 [{t € 1: max 1gm(®) = ga(®O] > @ }| < It € L: lgu(®) = ga(®)] > @}
Using Lemma 1 in [11], we get
aZ
(2.2) {t € 1:max|g,(®) — ga(®)] > a J| < 6exp <—>
m2n 2 Zl n+1 l

Using (2.1) in (2.2), we get

aZ
|{t €1 sup |gu(t) — gD > a }‘ < 12 exp <—>
M=mz=n 2 Zl n+1 l

Then continuity property gives

< lim |{t€]: sup 1ga(t) = gm(D)] > @ }|

M=m=n

|{t € I:suplg(t) — g (D) > a }

mz=n
<1209 (75 7)
= exp—.
2211’1+1l

Thus we have

2

*® a
z biui(t)| >« }| < 12exp <—>
i=m+1 2 Zl n+1%i

3. Main Result: Proof of Theorem 4

|{t € I:sup

mz2n

Let 8 be very large and 0 < < € < 1. We next choose 0 < a < 2 in such a way that (1 —e?)(1 +
a) > 1. Define stopping times by

o 1
nj=min(n:z b? <—)
i=n+1 6/

We have

o0 o0 1
(3.1) 1- 62)2 p? < Z b2 < —
i=le i=n]-+1 9]
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By definition of n;,
1 [ee]
(3.2) (1-€)— < (1—€?) Z p?
9] i=nj
So from (3.1) and (3.2), we get,

1 oo 1
1- 2—.<z b? <—
=G < L™ <o

Thus we have

3 41 b?
(3.3) > (1-€?)

i=nj+1+1 i

This gives

t €l: sup

o 21+ a) 1
Z bu(t)| —Z p? Inln | oo
nznjyq i=n+1 i=nj+1 i=nj+1 bl

( V1
, 21+ 41 b?
“lier su |Zl n+1bul(t)| >\/ ( a)zl =n; lnln( 1 )f

\ n>n]+1 ’ ® n]+1+1b12 0 ?on]_,,l+1bl2 fon]+1blz
(
leer sup 22 n+1bui(t>|jz<1+a>

/ 1 )
> 0 b?
\ n n]+1 it blz l =n;+1 %1
© 1
= |{t €1I: sup Z biui(t)| > | 20+ a)(1 —€?) Z b Inln| oo——
nznj+1 i=n+1 i= TL]+1+1 i= n +1 bl
co n
=Kt €l: sup z b;u;(t) — Z biui(t)|
n2nj4q i=1 i=1

1
21+ a)(1 —€2?) Z b? Inln <—2>
i=nji,+1 i=n +1bl

Using Lemma 8, we have

IA

6(1 — ez)lnln<
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[o] n
Z, bu;(t) — z biui(t)|
i=1 i=1
1
201+ a@)(1 - €2) Z b? Inln (—2>
i=nji+1 i=n +1bl

t€l: sup

1’1211]'+1

20+ a)(1—€?) X2 n+1+1b lnln(_l )\

<24 / Zzoon +1 z
exp
k 2 Zl =N+l l
1

-(1+a)(1-€?)
( l =n;+1 l ))

(1+a)(1-€?)
24 ( )
<<t \ingy
Thus,
© 21+ a) 1
t €I: sup Z bu(t)| —Z b} Inln| oo——
n=nj4q i=n+1 i=nj+1 i=nj+1 bl
(1+a)(1—6 )
< 24 < )
In 6/
Define A = {t € I: sup |£2,,, b ()] > 2“*"‘) 2 a1 b? nIn (o
N20Nj4q Z:i =nj+1 b;
Hence
24 1
|A| < (ln 9)(1+a)(1—62)j(1+a)(1—62)'
Set

oo n rlr(laxlbkukl
<
Sy = Z biu;, s2= Z b? and Z, =-2—
i=n+1 i=m Sn

Fix g > 0 and choose Z, (f) and y(B) accordingly. Suppose n; is sufficiently large. Then for this n;,
Theorem 7 gives

(

)
it el | Xisns1 i ()] S )’j > exp <_V2(1+IB)>.
D ’
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@D | in | —=—— | where @ > 0. Clearly for large n;, y is large as needed in
(1+5) 241 b}
-

Choose y =

Theorem 7. Thus,

{t - |Z7i1=nj+1 biui(t)| - (2 - 0()1 1 /

l / ?=nj+1bi2 (1+ﬁ)nn\ ;”nljﬂbl?)}

S —(Z—a)l | 1 1+pB)
exp| ———1Inln
(1+B) > 2 2
i=n;+1~i
1
2 7=a
(GIn@ +1In(1 —€2)) 2

Therefore for large n;, we have

( )
i=n+1 bit; (t)l 1 1
{te]: >1;> 5T 7«
(JInB) 2
n 2 (2—(1) 1
i=nj+1 D gy I I v b?
L L=n]-+1 14 J
This gives
( \
T2 b (® = X2 b ®|  [@-w || 1 1
<t€el: > > —

2048 (| 2¢meys
2yn b? Inln

l=nj+1 2

1
2
2l‘oinj+1 bi

\ J

Using (3.1) for n = n;, 4, we have

ST ey wra-gogmzy B <1—€2—1>
i=n]-+1 ' i=n]-+1 ! i=n+1 T 91 9]+1 - i:nj+1 ¢ 9

Then this gives
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( )
|Zl =n; +1b U; () — Zl n+1b ui(t)| (2 —a) 1 1
{tel: > - -
2(1 +'B) (]ln 9) 2
2220 41 (1—62——) Inln 1
oy ? S
\ j )
i.e.
( )
1
l n;j +1b Ui (t) Zl n+1biui(t)| (2 - a) (1 — €2 — 5) 1 1
<tel > > -
2(1 +B) (]111 9) 2
1
221 =n;+1 l 7 Inln Zfon +1b12
. J
Define
( )
b; b 2 1 2 1
o) b —ebeo|  fe-o(i-e—5)|
; . 2(1+p8)
221 =n;+1 l 7 Inln : >
\ J+1bl J
Consequently, |B| 2% -—. Next define
(jlng) z
C = I |Z?o=nj+1+1 byu;(t) — Z?inj+1 biui(t)| 2-a) (1 —€2— %) , (1 — €?) .
=<tel: > 2(1+B) _ ; ( +0()
2 Z;";njﬂ b?Inln <+ )
\ =n;+1"1

Using triangle inequality, we have BNA€ c C. So we have |B — A| < |C|. Thus, we have

24

1
IC| = z

2 ey (Ine)-edae

Since @ € (0,2) and (1 —€2)(1 + a) > 1, for large j,
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r 24
3G In 9)(2;0{) ~ (jlIng)1-eHa+d)
This gives
1
IC| = =
6(jln6) 2

Now summing over all j we have,
(

5 <tel.z;’zmﬂﬂbmi(t)—z;’injﬂbmi(w|
j=1

2y b?Inln

l=le+1 i

i=n-+1bi2
\ ]
\
(2—(){)(1—62—%) (1— €2)
>\/ 20+ 5) -2 7 1+a);
J

© 1 1 © 1
Zz ) = z ew ~
j=17

-~ o~ ()
J=16(jIn @) 2 6(Ing) = J

Here we note that {Z{“;nﬁlbiui(t) — Z?’:njﬂﬂbiui(t)} 1is a sequence of independent random

1=

variables. Apply Lemma 5 for a.e. t, there exists an infinite sequence n; < n, < nz < --- such that,

1+ a)

S s b (8) = £ 1 b)) > j(z —o(1-e-1) 2 \/(1 S
20+ B) 6

1

2y b?Inln

i=n;j+1"%i
J I?i‘n]+1bl2
By triangle inequality, we have
1 bitti (0] a1 bty (0]
_|_

2Y%. .. b?Inl - 2¥%®. .. b?Inl -
i=ny+1 00 U T i=ny+1 00 I o3
l=n]-+1 L L=n]-+1 l
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2—a)(1—€2-2 _
(3.4) >\/( a)( ‘ 9)—2\/(1 EZ)(1+a).

2(1+pB) 0

We have

|Al = Kt € I: sup

1’1211]'+1

b 21+ «a 1
G E oy Y e R gty
i=n+1 i= nj+1 i= nj +1 bl

24 1
< (In §)@+a)(1-€?) j(1+a)(1-€2)’

So

oo %) 2(1+a) 1
2]'=1 t €l: sup |2i=n+1 biui(t)l > \/ 9"’“ l =n;+1"i (1 - 62) Inln <Z‘?° b2>
L n]+1 L

nan+1

°° 24 1 24 1
< Zj=1 (ln 9)(1+a)(1—62)j(1+a)(1—62) - (]n 9)(1+a)(1—62) j=1j(1+a)(1—62) < ®

Applying Lemma 6, for a.e. t, we get

= 201 + 1
z bu()| jwz b2(1 — €2) lnln<—2>
i=n+1 i= n]+1 i=n;+1 bL

sup
nan+1
i.e.
«© Y _ 22
(3.5) sup [2iznss biti(0)] S\/(l € ;(1+a)

nan+1 5 1
e n+1bl 2Inln —?°n 07

for sufficiently large j > N (say). Thus from (3.4) and (3.5), for a.e. t we getn; <n, <nz <
such that,

RG]

1

Zfo‘l’l]+1blz
>\/(2—6{)(1—52—%)_3\/(1_62)(1+a)

2072 n 41 b?Inln

200+ B) 9

Consequently, for a.e. t
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| X241 biwi ()] 2-a) (1 —€2— %) (1—€?)
2a+p | 8 ot

1
0 2
1} i=n+1bj

Letting 8 / oo, €,a, N 0, we get

2% .1 b?Inln

|1 XiZns1 b (0] > 1
2y, 1b?Inln
bl b2
i=n+1"~1
Thus,
2 1 biu;(t
limsup [Zizn1 Ditti (O] > 1.
n—-oo
2Y%2 . .1 b Inln
ol b2
i=n+1~1
This gives

21 b (t
limsup |21_n+1 iui (O] >1

n-oo 1 -
/2 B, In lnB—n

fora.e. t € (0, 1). This completes the proof of the main theorem.

Conclusion

When we combine the result of Theorem 3 with result obtained in Theorem 4, we have
. | X041 Diwi (0]
limsup =1

—00 1
n /2 BnlnlnB—n

fora. e. t € (0,1). This completes the law of the iterated logarithm for the summation of the signum
functions.

References

[1] A. Khintchine, Uber einen Sat: der Wahrscheinlichkeitsrechnung, Fundamenta Mathematica, 6(1924), 9-20.

[2] A.Zygmund, Trigonometrical Series, Cambridge University Press, Cambridge, 1959.

[3] H.L. Royden and P.M. Fitzpatrick, Real Analysis, Fourth Edition, Prentice Hall of India, 2010.

[4] M. Weiss, The Law of the Iterated Logarithm for Lacunary Trigonometric series, Transaction of American
Mathematical Society, 91 (1959), 444-469.

[51 N. Kolmogorov, Uber des Geset: des iterierten Logarithmus , Mathematische Annalen 101 (1929), 136-139.

[6] P. Erdos and I.S. Gal, On the law of the iterated logarithm, Proceedings of the Koninklijke Nederlandse Akademie
van Wetenschappen A, 58 (1955), 65-84.

[71 R.Banelos and C. N. Moore, Probabilistic Behaviour of Harmonic Functions, Birkhasaur Verlag, 1991.

https://internationalpubls.com 365



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 2 (2025)

[8] R. Salem and A. Zygmund, La loi du logarithme itre pour les series trigopnometriques lacunaires, Bulletin des
Sciences Mathématiques, 74 (1950), 209-224.

[9] S. Ghimire and C.N. Moore, A lower bound in the tail law of the iterated logarithm for lacunary trigonometric
series, Proceeding of American Mathematical Society, 142(2014), 3207-3216.

[10] S. Ghimire, One-sided law of the iterated logarithm for dyadic martingale using sub-Gaussian estimates, Open
Journal of Mathematical Analysis, 6(1) (2022), 1-6.

[11] S. Ghimire, One-sided version of the law of the iterated logarithm for summations of signum functions, Journal of
Mathematics, 2023 (2023), 1-7.

[12] W. F. Stout, A martingale analogue of Kolmogorov's law of the iterated logarithm, Zeitschriftfr
Wahrscheinlichkeitstheoire Und Verwandte Gebiete, 15(4)(1970), 279-290.

https://internationalpubls.com 366


https://www.sciencedirect.com/journal/bulletin-des-sciences-mathematiques
https://www.sciencedirect.com/journal/bulletin-des-sciences-mathematiques

