Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 2 (2025)

Extension and Generalization of Banach Contraction in Metric and in
Menger Space

Ajay Kumar Chaudhary!, Chet Raj Bhatta?, and Uday Kumar Karn®"
1Department of Mathematics, Tri-Chandra Multiple Campus, Tribhuvan University, Kathmandu, Nepal
2Central Department of Mathematics, Kirtipur, Tribhuvan University, Kathmandu, Nepal
3Department of Mathematics, Patan Multiple Campus, and PhD Scholar of Tribhuvan University, Kathmandu, Nepal
*Corresponding e-mail: udaykarn984@gmail.com

Article History: Abstract:

Received: 21-07-2024 The root of metric fixed point theory is Stefen Banach's contraction mapping, a research

source for shrinking the distance between two points in space. As a source, many authors

have introduced many contraction mappings as extensions and generalizations of Banach

Accepted: 14-09-2024 contraction and established fixed point theorems under the property that each such mapping
in complete metric and Menger space has a unique fixed point.

Revised: 01-09-2024

This article presents updated results of Banach contraction generalization and extension
forms in metric and Menger space which helps the comparative and interrelationship study
in these spaces.

Keywords: Banach contraction, distribution function, Triangular norm and Menger space.

1. Introduction

In the nineteenth century, existence theorems emerged in analysis when basic mathematical facts were
considered critically. The first mathematician to demonstrate the existence of a theorem for differential
equation systems with analytic right-hand sides was A. L. Cauchy [9]. E. Picard [43] suggested the
method of successive approximations to prove the existence of the theorems. In 1922, Birkhoff and

Kellogg[4] gave proof of the classical existence theorem for the equation Z—z = f(x,y) in function

spaces. However, the most elementary and by far the most fruitful method for proving theorems on the
existence and uniqueness of solutions is the principle formulated and proved by S. Banach [1]1920 in
his PhD thesis published in 1922. Although the idea of successive approximations in some concrete
situations (solving differential and integral equations) appears in some works of E. Picard, R.
Caccioppoli, et al. [10], it was Banach who placed it in the right abstract setting, making it suitable for
awide range of applications. This principle results from the geometric interpretation of Picard's method
of successive approximations. Several generalizations of this principle have appeared and many
authors have done their comparative study see references [[35], [43], [44], [48]] in metric space.

Menger [38] introduced the probabilistic metric space in 1942 to generalize Frechet's [25] metric space
by replacing the distance function with the distribution function. It helps to solve uncertainty cases
regarding the distance between two points in space. This probabilistic metric space became active for
mathematicians after the great contribution in this space from Schweizer and A. Sklar. [49]
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In 1966, Sehgal [50] introduced the first generalized form of Banach contraction in probabilistic metric
space and established the fixed point theorem in complete Menger probabilistic metric space [51], and
Hicks [32] defined another contraction in 1983. After that many authors worked in this space and
introduced different variants of contraction in this space, see references [[13 — 17], [20], [26], [28],
[39], [41]].

In this paper, we shall update the study of various general contractive results to the Banach contraction
principle. Each mapping has a property to establish unique fixed points in complete metric and Menger
space.

2. Preliminaries:

Definition 2.1 [25]: Let X be an abstract set and d be a distance function from X x X - R*. Then,
an ordered pair (X, d) is said to be metric space if d satisfies the following conditions for all

x,Y,Z € X:

(i) d(x,y) = 0;

(i) d(x,y) =0 ifandonlyif x = y;

(iii) d(x,y) = d(y,x); and

(iv)  d(x,y)<d(xz)+d(zy)

Here, (i) and (ii) guarantee that the distance between any two points of X is always positive and only

zero when the points coincide. (iii) assures that the order of measurement of the distance between two
points is insignificant. (iv) is a statement of the familiar triangular inequality.

Definition 2.2 [15]: A mapping F: R —» R*is said to be a distribution function if it is

non-decreasing and left continuous with infyecg F (x) = 0, and sup,er F (x) = 1, where R”
denotes the set of non-negative real numbers.

Definition 2.3 [15]: Let X be a non-empty setand F: X x X — L (set of all distribution functions)
be a distribution function. Then, a pair (X, F) is said to be a Probabilistic metric space (abbreviated
as Pm-space) if the distribution function F (x, y), also denoted by F, ,, satisfies the following
conditions:

(1) E.,(t) =1foreveryt > Oifandonly if x = y;,

(i)  F,(0) =0 forevery x,y € X,

(iii)  F.,(t) = E,,(t) foreveryx,y € X;and

(ivy FE,(p+q) =1lifandonlyifF ,(p) =1andE,,(q) = 1.

Example 2.1: Let (X, d) be metric space where X = [0, 5]with usual metric d(x,y) = |x — y| and
distribution function F defined as:

eyl
E.,(t) = {e Ot ’ifl]tci O> 0, forall x,y € X. Then, (X, F) be Pm space.

Definition 2.4 [28]: A function T : [0,1] x [0,1] — [0, 1] is referred to as a Triangular norm

https://internationalpubls.com >4



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 2 (2025)

(shortly T-norm) if it satisfies the following conditions:
Ti:  T(0,0) = 0;
T2: T(a,1)=a foralla €0,1];
Ts: T (a,b) = t(b,a)foralla,be [0,1];
Ta: ifa <cb < dthenT (a,b) < T(c,d) and
Ts: T(t(a,b),c)=T (a, t (b, c)), where a, b, c,d € [0,1].

Definition 2.5. [17] A triplet (X, F, T) is said to be Menger space, where X is a non-empty set, F be a
distribution function, and T is a t-norm such that the following are satisfied

foreveryt,s > 0&x,y,z € X:
(i) E.,(t) = 1foreveryx > Oifandonlyif x =y,
(i)  Fy(0)=0;
(iii)  F,(t) = E, ,(t), and
(V) Fe (t+5) 2 T(F,y (), F,.(s)).

Definition 2.6.[36] Let T:X — X be a mapping in metric space (X,d). Given x € X, 0(x) =
{f™n € N3}, 0(x) be its closure. A point x € X is said to be regular for T if diam 0(x) < co.

Given, x,y € X, let m(x,y) = max{d(x,y),d(x, fx),d(y, fy),d(x, fy),d(y, fx)},
And d(x,y) = diam{0O(x) U 0(y)}.

Definition 2.7.[1] Let (X, d) be a metric space. Then, a mapping T:X — X is said to be contraction
mapping if there exists a number A € [0,1) such that for every x,y € X, we have

d(Tx,Ty) < Ad(x,y). (Contraction, in 1922)
Example 2.2 [16]: Let function f:[0,2] — [0,2] be defined by

_ Oforx€[0,1]
fe) = 1 forx € (1,2]

Then, f2 is a contraction but f is not a contraction.
3. Various generalizations and extensions of Banach contraction are:
Definition 3.1. A mapping T: X — X of a metric space (X, d) is said to be contractive if
d(Tx,Ty) < d(x,y), forevery x # y € X. (Edelstein in 1962, [24])
It is extended forms as:

(1 d(Tx, Ty) < m(x,y) (Rhodes in 1977, [48])
(i) If x and y are regular, d(Tx,Ty) < é(x,y). (Park in 1980, [43])
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Remark 1. A contractive map is continuous; if such a mapping has a fixed point, then this fixed point
is unique. While the condition d(Tx,Ty) < d(x,y) is sufficient to assure that T has a fixed point but
it is too weak to guarantee the existence of one as will be seen from the following examples:

Example 3.1. Let T: R - R be defined by T(x) = x + g — Tan™x

Since Tan™x < %for every x, the operator T has no fixed point although T is a

1

14+x2 <l

contractive map for T'(x) = 1 —

Example 3.2. Let T: R —» R be defined by T(x) = In(1 + e%),

Differentiating, we obtain

ex
1+e*

T'(x) = <1

i.e. T is a Contractive mapping, and it is easy to see that T has no fixed point.

Definition 3.2. Let T:X — X be a mapping of a metric space (X,d). And a(= a[or (x,y) =
ad(x,y)]:[0,) — [0,1] be a monotone decreasing function. Then, T is a Rakotch contractive
mapping if, for every x # y € X, we have d(Tx,Ty) < ad(x,y). (Rakotch in 1962, [45])

Definition 3.3. A mapping T: X — X in metric space (X, d) is said to be Caristi contractions if there
is @:X — [0, ) lower semi-continuous function such that d(x, Tx) < @(x) — T (x).

(Caristi in 1966, [8])
Note that every Banach contraction T satisfies Caristi contractions if for some A € [0,1),

d(x, Tx)
1—2
Definition 3.4. Let T: X — X be a contractive mapping of a metric space (X, d). Then, T is said to

D(x) =

be Kanan contraction if there exists a € (0, %) such that, we have
d(Tx,Ty) < a[d(x,Tx) + (y,Ty), forevery x,y € X (Kanan in 1968, [37])
The following example shows that T is not continuous but T is a Kanan contraction at a = % :

Example 3.3: Let X = R be a usual metric and mapping T: X — X be defined by
0, for x € (=0, 2]

T = {%, for x € (2, +0).

Bianchini extends the Kanan contractions as:

Definition 3.5. A mapping T: X — X in metric space (X, d) is said to be Bianchini contractions if
d(Tx,Ty) < rmax {(d(x, Tx),d(y, Ty)}forall x,y € X,and r € [0,1).

(Bianchini in 1972, [6])
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Definition 3.6. A mapping T:X — X in metric space (X,d) is said to be Reich contractions if
d(Tx,Ty) <ad(x,Tx) + b d(y, Ty)+ cd(x,y), where a, b, c are nonnegative and satisfy a + b +
c<1 andforall x,y € X. (Reich in 1971, [46])

Note that a = b = 0 yields Banach's fixed point theorem, while a = b, ¢ = 0 yields Kannan's theorem.
Definition 3.7. Let T: X — X be a contractive mapping of a metric space (X, d). Then, T is said to
be Chatterjee contraction if there exists @ € (0, %) such that, we have

d(Tx,Ty) < a[d(x,Ty) + (y,Tx), forevery x,y € X (Chatterjee in 1972, [12])

Definition 3.8. Let T: X — X be a contractive mapping of a metric space (X, d). Then, T is said to
be T. Zamfirescu contraction if there exist real numbers a, b, ¢ satisfying0 < a < 1,0 < b,c < % such
that for every x,y € X, at least one of the following is true: (Zamfirescu in 1972, [57])

(i)  d(Tx,Ty) < ald(x,y);
(i) d(Tx,Ty) < b[d(x,Tx) + (y,Ty)];
(i)  d(Tx,Ty) < cl[d(x,Ty) + (y, Tx).

Definition 3.9. A mapping T: X — X in metric space (X, d) is said to be Sehgal contractions if, for
every x,y € X,x # y, we have

d(Tx,Ty) < max {d(x,Tx),d(y,Ty),d(x, y)} (Sehgalin 1972, [52])

Definition 3.10. A mapping T: X — X in metric space (X, d) is said to be Rhodes contractions if, for
eachx,y € X,x # vy,

Q) d(Tx,Ty) < max {(d(x, Ty),d(y, Tx)}. (Rhodesin 1977, [48])
(i)  d(Tx,Ty) < max {(d(x, Ty),d(y, Tx),d(x,y) }. (Rhodes in 1977, [48])
(i)  d(Tx,Ty) < max {(d(x, y),d(x, Tx),d(y,Ty),d(x, Ty),d(y, Tx)}

(Rhodes in 1977, [48])

Definition 3.11. A mapping T: X — X in metric space (X, d) is said to be Ciric contractions if there
exists a non-negative number q(x,y),r(x,y),s(x,y), and t(x,y) such that

sup {q(x,y) + r(x,¥),+s(x,y) + 2 t(x,y)} < 1

x,yEX
And d(Tx, Ty) < q(x,y) d(x,y) + r(x,y) d(x, Tx) + s(x,y) d(y, Ty) + t(x,y) d(x, Ty) + d(y, Tx)
forevery x,y € X. (Ciricin 1971, [19])

Definition 3.12. A mapping T:X — X in metric space (X,d) is said to be Hardy and Roger
contractions if there exists a, b, c, e, f monotonically decreasing function from [0, ) to (0,1), and

a+b+c+e+ f <1suchthat
d(Tx,Ty) <ad(x, TX)+b d(y, Ty)+c d(x, Ty)+ed(y,Tx) + fd(x,y), for every x,y € X,with
a= a(d(x,y)),b = b(d(x,y)),c = c(d(x,y)),e = e(d(x,y)),f = f(d(x, y))

(Hardy and Roger in 1973, [31])
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The Browder contraction [7] was extended as follows:

Definition 3.13. Let (X,d) be a metric space and T: X — X be a mapping.

There exists a non-decreasing right continuous function ¢ : [0,00) — [0, o) such that
¢(t) < tfort > 0and, forany x,y € X,

(i) d(Tx,Ty) < ¢(d(x,y)) (Browder [7])

(i)  d(Tx,Ty) < ¢(m(x,y)) (Danes [21])

@iii) d(Tx,Ty) < ¢(6(x,y)) if x,y are regular (Kasahara [36])

Definition 3.14. Let (X, d) be a metric space, and let T: X — X be a mapping. Then, T is said to be
Meir Keeler's contraction if for any € > 0,38 > 0, such that

e<d(x,y)<e+dimpliesd(Tx, Ty) < eforall x,y € X withx # y.
(Meir Keeler in 1969, [40])
Its extended forms are as:

(i) e<m(x,y) <e+6impliesd(Tx,Ty) < ¢;
(ii) e<8(x,y)<e+bimpliesd(Tx, Ty) < &. (Park in 1980, [43])

Definition 3.15. Let (X, d) be a metric space, and let T: X — X be a mapping. Then, T is said to be
Park contraction if for any € > 0,3¢, < €, and §, > 0 such that for any x,y € X,

(i) e <d(x,y) <e+d,impliesd(Tx, Ty) < €,. (Park in 1980, [43])

(i) e <m(x,y) < €+, implies d(Tx, Ty) < €,. (Park in 1980, [43])

(iii) € <6(x,y) <€+, impliesd(Tx, Ty) < €,. (Hegedlis-Szilagyi [29]).

Definition 3.16. Let (X,d) be a metric space. Then a mapping T: X — X is said to be contractive if
there exists a, § > Owitha + B < 1 satisfying

d(,Ty)(1 + d(x,Tx))

d(Tx,Ty) < a T+ d0y)

+ Bd(x,y),Vx,y € X. (Das and Gupta in1975, [22])

Definition 3.17. A mapping T: X — X is said to be contractive in metric space (X, d) if forall x,y €
X,x #yandsome a,f € [0,1)witha + f < 1 satisfying

d(Tx, Ty) < a%ﬁy'”H Bd(x,y) (Jaggiin 1977, [33])

Definition 3.18. Consider a right upper semi-continuous function y: P — [0, o) satisfying

Y(t) < tforallt € P\ {0}, where P is the range of d. A mapping T:X — X in metric space
(X,d) is said to be Boyd-Wong contractions if d(Tx, Ty) <y (d(x, y)) for every x,y € X. (Boyd-
Wong in 1969, [5])

Definition 3.19. A mapping T: X — X in metric space (X, d) is said to be Singh contractions if there
exists a positive number m and a number a € (0, %), for each x,y € X, we have

d(f™ (), f" ) < ald(x, f™(0) + d(y, f™ ().  (Singh in 1969, [53])
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Definition 3.20. A mapping T: X — X in metric space (X, d) is said to be Yen contractions if there
exists a positive integer m and n and a number a € (0,1), such that for each x,y € X, we have

d(F™(x), f* () < ad(x,y). (Yenin 1972, [56])

Definition 3.21. A mapping T: X — X in metric space (X, d) is said to be Guseman contractions if
there exists a positive integer m and a number a € (0,1), such that for each x,y € X, we have

d(f™(x), f™(y)) < ad(x,y). (Guseman in 1970, [27])

Definition 3.22. A mapping T: X — X in metric space (X, d) is said to be Bailey contractions if there
exists a positive integer m and 0 < d(x,y), such that for each x,y € X, we have

d(f™x), f"(¥) < d(x,y). (Bailey in 1966, [2])

Definition 3.23. A mapping T: X — X in metric space (X, d) is said to be Berinde contractions if
there exists a € [0,1),and A = 0 such that for each x,y € X, we have

d(Tx,Ty) < ad(x,y) + Ad(y, Tx) (Berinde weak contractions in 2004, [3])

Definition 3.24. A mapping T: X — X in metric space (X, d) is said to be a contractive mapping for
every x,y€X, @(d(Tx,Ty)) < ¢(d(x,y))—0(d(x,y)), where ¢,0:[0,00) > [0,00) are
continuous, non-decreasing, and ¢ ~1({0}) = ¢~1({0}) = {0}. (Dutta and Choudhury in 2008,
[23])

Definition 3.35. Let (X,d) be a metric space and T: X — X be a mapping. Define a non-increasing
function 6:[0,1) - (, 1] by

1, if0 <r < ﬁz'l,
9(7'): 1
(1 —nr2 if\/g_ls r< 272

2
1
1+ n0tif2z <r < 1.
Assume that there exists r € [0,1) suchthat 8(r) d(x, T x) < d(x,y) implies
d(Tx,Ty) < rd(x,y)forall x,y € X. (Suzuki contraction in 2008, [54])

Definition 3.36. A mapping T: X — X in metric space (X, d) is said to be F contractions if there
exist T > 0 such that for every x,y € X, d(Tx,Ty) > 0 implies T + F (d(Tx,Ty)) < Fd(x,y),
Where F: R, — R be a mapping satisfying:

Q) F is strictly increasing i.e. forall @, § € R, suchthat a < B,F(a) < F(B);
(i) For each sequence {x,},n € N of positive numbers lim x,, = 0 if and only if

n—-oo
lim F(x,) = —oo;
n—-oo
(ili)  There exists k € (0,1) such that lirzz+akF(a) =0.
a—

(F Contractions Wardowaski in 2012, [55])
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Definition 3.37. A mapping T: X — X in metric space (X, d) is said to be 6-contraction if there exist
k € (0,1) such that for every x,y € X, d(Tx,Ty) #0 = 0(d(Tx,Ty)) < [0(d(x, )],
Where 6: (0, ) — (1, o) is a function satisfying the following conditions:

Q) 0 is non-decreasing;
(i)  for each sequence,{t,} c (0, ), lim 6(t,) = lif and only if lim t,, = 0%;
n—-oo n—-oo

(iii) B is continuous on (0, );
0()-1 _

L.
( Jleli and Samet in 2014, [34])

(iv)  thereexistr € (0,1),and ! € (0, oo]such that gir(r)1+

Definition 3.38. Let (X, d) be a metric space, and T: X — X be a mapping. Then for all x, y € X, we
denote

m(Tx,Ty) = ad(x,y) + bmax{d(x,Tx),d(y,Ty)} + c[d(x,Ty) + d(y,Tx)],
where a, b, and c are non-negative reals suchthat a + b + 2c = rwithr € [0,1).
Now, we consider the following generalized contractive condition:
0(r) min{d(x,Tx),d(x,Ty)} < d(x,y) impliesd(Tx,Ty) < m(Tx,Ty).
(Chandra, Joshi, and Joshi in 2022, ]11])
4. Generalization of contraction mapping in Menger Space:
Sehgal [50] first defined probabilistic contraction in his PhD dissertation in 1966 as:

Definition 4.1: Let (X, F) be a probabilistic metric space. A mapping T: X — X is a probabilistic
contraction or Sehgal contraction if there exists k € (0,1) such that Fr, r,(kt) = F, 4(t)

forall p,g € X,and t > 0.
Hicks [32] defined another contraction mapping in probabilistic metric space in 1983:

Definition 4.2: A mapping T:X — X in probabilistic metric space (X,F) is said to be Hicks
contraction or C-contraction if there exists k € (0,1) such that for every p,q € X, and every t > 0:
E,q(t) >1—t= Frp rq(kt) > 1—kt.

A weaker form of Hicks contraction was introduced by D. Mihet [39] in 2005 as:

Definition 4.3: A mapping T: X — X is said to be weak - Hicks contraction (w-H contraction) if
there exists k € (0,1) such that, for all p,q € S.

(w—H):t€(0,1), F,,(t) >1—t= Frp rq(kt) >1—kt.

Example 4.1: Let X =[0,%),and F,,(t) =$‘;—E’;‘g,vnq €X, p#q.Then, (X,F,T) be a

complete Menger space under triangular norm T = T, > T,. It can be seen that the mapping g: X —
X, 90 = {1135

1,if x>0

isaw — H contraction for k € (0,1).
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4.1 Generalized form of probabilistic contraction:

A probabilistic (m, k) contraction is a generalization of Sehgal contraction, where m > 1 and k €
(0,1) and is defined as:

Definition 4.1.1: [16] If (X,F) isaPM - space, m > 1 and k € (0,1), a function f: X — X is called
probabilistic (m, K)-contraction if for any p,q € X there is an i with 1 < i < m such that for every
t>0,

Frip rig(k't) = F, (1),
Ifm = 1and k € (0,1) then a probabilistic (1, k)-Sehgal contraction, f is a probabilistic
Sehgal contraction.
Following is a generalization of Hicks C-contraction:

Definition 4.1.2: [16] If (X, ¢) isaPM - space, m > 1 and k € (0,1), a function f: X — X is called a
(m, k)-C-contraction if for any p,q € X there is an i with [ < i < m such that for every t > 0.

Fpq@®) >1—t=Fup . (k't)>1—k't,

p.flq
Ifm = 1and k € (0,1) then a probabilistic (1, k)-C-contraction f is a probabilistic C-contraction.

Definition 4.1.3: [26] Let f, g be two mappings defined on a Menger space (X, F, T) with values into
itself, and let us suppose that g is bijective. The mapping f is called a probabilistic g-contraction
with a constant k € (0,1) if

t>0and Fg(x),g(y)(t) > 1 —t impies Ff(x),f(y) (kt) > 1 — kt.

Conclusion: This study discusses only Banach contraction's extended and generalized form in
complete metric space and Menger space so that each mapping establishes unique fixed point
theorems. It helps in comparative studies and may solve many related open problems.

Acknowledgment: Authors are grateful to the anonymous referees for their precise remarks, and
suggestions which led to the improvement of the paper. And the corresponding author is highly grateful
for their financial support for researchers.

References:

[1] Banach S. (1922), Sur les operations dans les ensembles abstraits et leur applications aux equations integral. Fund.
Math. 3, 133-181.

[2] Bailey D. F. (1966), Some theorems on contractive mappings, J. London Math. Soc. 41, 101-106.

[3] Berinde V. (2004), Approximating fixed points of weak contractions using the Picard iteration, Nonlinear Anal.
Forum 9, 45-53.

[4] Birkhoff, G.D., Kellogg, O.D. (1922), Invariant points in function space. Trans. Am. Math. Soc. 23, 96-115.

[5] Boyd D., and Wong J. (1969), On nonlinear contractions, Proc. Amer. Math. Soc. 20, 458-464.

[6] Bianchini, R. M. T. (1972)., Su un problema di S. Reich riguardante la teoria dei punti fissi, Bolletrino U.M.I. (4) 5,
103-108.

[7] Browder E. (1968), On the convergence of successive approximations for nonlinear functional equations, Indag.
Math. 30, 27-35.

[8] Caristi J. (1976), Fixed point theorems for mappings satisfying inwardness conditions. Trans. Amer. Math. Soc. 215,
241-251.

https://internationalpubls.com 61



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 2 (2025)

[9] Cauchy A. L. (1884), A. I., lecons de calcul di_erentiel et de calcul intgral, vol. 2, Mallet-Bachelier, Paris.

[10] Caccippoli R. (1930), Un teorema generale sull’eslstenza di elementi uniti in um trasformazione funzionale, Atti
Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 11, 794-799.

[11] Chandra N., Joshi B., and Joshi M. C., Generalized fixed point theorems on metric spaces, Mathematica Moravica
26(2) (2022)85-101

[12] Chhaterjea S. K. (1972), Fixed point theorems, Comptes rendus del” Academie bulgare des Sciences, Tome 25 (6),
727-730.

[13] Chaudhary A.K., Manandhar K.B., Jha K., and Murthy, P. P. (2021), A common fixed point theorem in Menger space
with compatible mapping of type (P), International Journal of Math. Sci. & Engg. Appls., 15(2), 59-70.

[14] Chaudhary A.K., Manandhar K.B., and Jha K. (2022), A common fixed point theorem in Menger space with
compatible mapping of type (K), Advances in Mathematics: Scientific Journal, 11(10), 883-892.

[15] Chaudhary A.K., Occasionally weakly compatible mappings and common fixed points in Menger space, Results in
Nonlinear Analysis 6 (2023) No. 4, 47-54.

[16] Chaudhary A. K., and Jha K., Contraction conditions in Probabilistic Metric Space, American Journal of Mathematics
and Statistics (2019), 9(5), 199-202.

[17] Chaudhary A. K., A Common Fixed Point Result in Menger Space, Communications on Applied Nonlinear Analysis,
vol 31, 5s, 458-465.

[18] Ciric Lj. (1974), A generalization of Banach's contraction principle, Proc. Amer. Math. Soc. 45, 267-273.

[19] Ciric Lj (1971)., On contraction type mappings, Math. Balkanika, 1, 52-57.

[20] Ciric, Lj. B. (1975), On fixed points of generalized contractions on probabilistic metric spaces, Pub. Inst. Math.
Beograd, 18(32), 71-78.

[21] Danes J. (1976), Two fixed point theorems in topological and metric spaces, Bull. Austral. Math. Soc. 14, 259-265.

[22] Dass B.K., and Gupta S. (1975), An extension of Banach contraction principle through rational expressions, Indian J.
Pure Appl. Math., 6 (1975) 1455-1458.

[23] Dutta, P. N., and Choudhury, B.S. (2008), A generalization of contraction principle in metric spaces. Fixed Point
Theory Appl 2008, 8.

[24] Edelstein, M. (1962)., On fixed and periodic points under contractive mappings, Journal London Math. Sot., 37, 74-
79.

[25] Frechet, M., Sur quelques points du calcul fonctionnel, Rendic. Circ. Mat. Palermo (1906),1-74.

[26] Golet I. (2004) On Contractions in Probabilistic Metric Space, Radovi Mathematic Ki., 13, 87-92.

[27] Guseman L. F., Jr (1970), Fixed point theorems for mappings with a contractive iterate at a point,

[28] Proc.A mer.M ath. Soc.2 6 (1970)6, 15-618, M R 42, 919.

[29] Hadzic O and Pap E (2010) Probabilistic Fixed-Point Theory in Probabilistic Metric Space. Kluwer Academic
Publisher, London. 536

[30] Hegediis M, A new generalization of Banach's contraction principle, Acta. Sci. Math. (Szeged), (to appear).

[31] Hegediis M. and Szilagyi T., Equivalent conditions and a new fixed point theorem in the theory of contractive type
mappings, Math. Sem. Notes, (to appear).

[32] Hardy, G. E. & Rogers, T. D. (1973)., A generalisation of a fixed point theorem of Reich, Canad. Math. Bull. VVol. 16
(2), 201-206.

[33] Hicks T.L. (1983), Fixed Point Theory in Probabilistic Metric Spaces, Review of research faculty of Novi Sad 13,
63-72.

[34] Jaggi D. S. (1977), Some unique fixed point theorems, Indian J. Pure Appl. Math. 8, 223-230.

[35] Jleli M. and Samet B. (2014), A new generalization of the Banach contraction principle, Journal of Inequalities and
Applications 38 (2014), 8 pages.

[36] KincsesJ, and Totik V. (1990), Theorems and counter examples on contraction mapping, Mathematic Balkanica, new
series vol 4, Fasc 1.

[37] Kasahara S., Generalizations of Hegedus' fixed point theorem, Math. Sem. Notes, 7(1979), 107-111.

[38] Kanan, R. (1969), Some results on fixed points-11, Amer. Math. Monthly 76,405-408.

[39] Menger K. (1942) Statistical Matrices, Proceedings of National Academy of Sciences of USA, 28, 535-537.

[40] Mihet D (2005), Weak Hicks Contractions, Fixed Point Theory 6(1)71-78.

[41] Meir A and Keeler E. (1969), A theorem on contraction mappings, Math. Anal. Appl.28, 326-329.

https://internationalpubls.com 62



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 2 (2025)

[42] Mishra S.N. (1991), Common fixed points of compatible mappings in probabilistic metric space, Math.Japon.36, 283-
289.

[43] Picard E. (1890), Memoire sur la theorie des equations aux derivees partielleset la methode des approximations
successives, Journal de Math_ematiques pures et appliquees 6, 145-210.

[44] Park S. (1980), On general contractive type conditions, Journal Korean Mathematical Society, Vol. 17, 1, 131-140.

[45] Park S. (2024), Improving many metrics fixed point theorems, Letters in Nonlinear Analysis and its Applications 2,
No. 2, 35-61.

[46] Rakotech E. (1962), A note on contractive mappings, Proc. Amer. Marh. Sot. 13, 459-465.

[47] Reich, S. (1971)., Kannan’s fixed point theorem, Bollettino U.M.I. (4) 4, 1-11.

[48] Reich, S. (1971)., Some remarks concerning contraction mappings, Canad. Math. Bull., Vol. 14 (1). 121-124.

[49] Rhoades B. E. (1977), A comparison of various definitions of contractive mappings. Trans.

[50] Amer. Math. Soc. 226, 257-290.

[51] Sklar A and Schweizer B (2005) Probabilistic Metric space. Dover Publications, INC, Mineola, New York.

[52] Sehgal V. M. (1966), Some common fixed point theorem in functional analysis and probability, PhD Thesis, Wayne
State University, USA.

[53] Sehgal V.M. and Bharucha-Reid A.T. (1972), Fixed Point contraction mapping in Probabilistic Metric Space. Math
System Theory, 6, 97-102.

[54] Sehgal, V.M(1972), On fixed and periodic points for a class of mappings, J. London Math. Sot. (2) 5, 571-576.

[55] Singh S. P. (1969), Some results of fixed point theorems, Yokohama Math. J. 17, 6 1-64. MR

[56] 41, 2488

[57] Suzuki T. (2008), A generalized Banach contraction principle that characterizes metric completeness, Proc. Amer.
Math. Soc. 136 1861-1869.

[58] Wardowski D. (2012), Fixed points of a new type of contractive mappings in complete metric spaces, Fixed Point
Theory and Applications 2012(94).

[59] Yen C. L. (1972), Remark on common fixed points, Tamkang J. Math.3,9 5-96.

[60] Zamfirescu, T. (1972), Fix point theorems in metric spaces, Arch. Math. (Basel) 23, 292-298.

https://internationalpubls.com 63



