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1. Introduction:

Let feL'(R). The fourier transform of f(x, y) is denoted by g(¢, ¢) and is defined by:

1
96.9) = 7= f £, y)exp= G+ dxdy, CeR
R

If £, geL*(R), then the inverse fourier transform of g is defined as::

1
_ (Gx+py)
f(x,y) \/ﬁfR g({, dlexp Yd{d¢

for xeR.

“As we know that several functions such as elementary constant functions sinwt,coswt do not
converge in L1(R) and thus they do not have fourier transforms. But when these functions are
multiplied by characteristic functions , then the resultiong functions converge in L*(R) and have fourier
transforms".

As we know, Lebesgue lemma states that if feL'(R) then éfﬁolg({)l = 0. From which it follows that

“Fourier transform is a continuous linear operator from L*(R) into C,(R), the space of all continuous
functions on R which decay at infinity , i.e. f(x) - 0 as |x| —» o. We say that if feL'(R) , it is not
necessary that g also belongs to L (R).

In the present article, we provide a method for restricting Fourier transform of feL? (R) spaces using
the pointwise convergence of convolution operators for approximate identities.”
Definition 1.1. Let yeL'(R) suct that £(0) = 1. Then yY.(x,y) = e 1y (f%) is called an
approximate identity if
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(i) [ Ye(x,y)dxdy =1

(“) Sup6>0 fR |lp6(x! Y)ldxdy < 0,

(iii) lel_‘l’)TOl flx|>6,|y|>6 |Ye(x,y)|dxdy = 0, forall § > 0"
Proof. We can prove properties (i) and (ii) by following:

f,vesrasay = [ Gy =[0G G3) -

R

For (iii), it follows that:
Xy
| e )dxdy = [ 2y (£.Y) dxdy
|x[>6,ly|>6 I

x|>8|y|>s € ‘€ €

“1 y %1 xvy X y
_L Elp(z,g) dxdy+f_oo El/)(g —) dxdySubstituting z = oy t= =

, We get
s

lim j; W(z, t)dzdt + f  W(z t)dzdt = 0.
€-0 )&
€

— 00

Definition 1.2. “A sequence of functions hy, . such that h, (x,y) = nh(nx, ny) where

1
n=-,n—-»0,&->0
€

is called an approximate identity if
(i) J, hn(x,y)dxdy = 1 foralln,
(ii) supy, [, hn(x,y)dxdy < +oo,
(iii) ill?o flx|>6 h,,(x,y)dxdy = 0 for every § > 0."

By following the above definition , the following proposition can easily prove:

Proposition 1.1. “A sequence of functions hy,_, with h, = 0, h,,(0,0) = 1 is an approximate identity
if for every &> 0 there exists ny,eN so that for all n>n, we have f_gg h,>1-—¢.

Let us consider the class S*(R) of C*-functions on R which are rapidly decreasing i.e. Schwartz class
such that

S*(R) = f:R - R,sup,_g(x, y) o dymf(x y) < oo;n,meNU(0)",
We know that if feS*(R), then geS* and “S*(R) c LP(R)". To prove the denseness of S*(R) c
LP(R), we have neS*(R) = |n(x,y)| <

1+|xy|”

For1l <p < oo,

j InCx, y)|Pdxdy < < oowhich gives neL? (R)
R

cP
JR (1 + |xy|™)P
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. Define a sequence i, such that
nn(x,y) = f(x,y),if =N < x,y < N; and otherwise it will become 0.
= AnyeS(R), feLP (R) such that

fR |77N _flpdx - 0.
as N — oo,
“Hence S*(R) is dense in LP(R)."
Proposition 1.2. Let h,, = a, ¥, + (1 — a,) 0y, Where {0, }nen, {00 nen are approximate identities
and0 < a, <1.
“(a) For 1 < p < +ooand every feLP(R), lim(h, — ) x f - 0and lim (h,, — g,,) * f - 0.
n—-oo n—-oo
(b) For every feL*(R), lim(h, —y,) x f = 0 a.e..
n—oo
(c)For1 <p < +4w,if), (1—-a,)P < +ox,thenforevery feLP(R), lim(h, —,) x f = 0" a.e.
n—-oo
Proof. (a) “If 1 < p < +oo and every feLP(R).
Using Minkowski’s inequality,
10 =) * FI|, < (1= ) (llow = £ = FI| + [lon % £ = £1] )
Now, As proved by Singh D. and Singh D. [2] , we have
If h,,(x) is an approximate identity and feLP(R) , then h, x f — feLP(R).
So, by using the above, we obtain ||(h,, — a,,) * f||p - 0."
(b) “For feL*(R), [(hy — ¥n) * f| < [|(hy — ) * f1| = 0 by part (a).”
(c) “For feLP(R),
Jo T (L= a)Plo,* f(x, ) Pdxdy = T || (1= a)an* fFuWIE < T (1= a)PIfIIE <
+00."
Then (1 —ay)o, x f = 0 ae.. Similarly (a,, — D, x f = 0 a.e.

Definition 1.3. “An approximate identity {h,} is called LP-good if h, x f — f a.e. for all feLP(R),
and it is called good if it is LP-good for every 1 < p < +oo. An approximate identity {h,,} is called L?
-bad if therte exists feLP(R) such that h,, x f not approachable to f on a set of positive measure.
Definition 1.4. Let {y,, }.en and {o},,cy be approximate identities , a,, be a sequence of real numbers
with 0 < a,, <1 and a,, —» 1. We call preturbed approximate identities any approximate identity
{h, }nen Of the form by, + (1 — @) 0,."

2. Main Results.
Theorem 2.1.

(1) Given any good approximate identity {y,},.y there exists a perturbed approximate identity
{h,},eN such that feLI(R)

(ho % ) $) = (G, $)F () (An (G 0IF G 0)) > fF 1< g <p
(i) (R, #)7 (. #)) = £ Cx,y) for g > p and (Ra(Z, $)7 (¢, $) ) not approaches tof (x, y) for 1 <

q=p.
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(ii)) (a6, )/ (6, 9)) = f(x,y) for g = oo
(h,(Z, $)f(Z, $) not approachable to f(x,y) for1 < q < o0."
Proof. (i) Let

1 1
- (xl+yP) 7 £ - (x{+yP)
9n) = 7= f I B, PG = = f S CLHYDE (0, $) f £ (x,y)dxdy
1 A n
- = f h(x + )f e, y)dxdyor = (hy % ) (e (G $IF Q)
R

1 7 A
= Ef el(Xf+Y¢)hn((' M F (L, p)dlde = (h, *x f)(x,y)“Fixq = p
R

and taking 1 — a, Since ), (1 —a,)? <+ and , is an L7-good approximate

- (nlog2n)i/p’
identity , using Proposition 1.4. we obtain that h, is also an L7-good approximate identity."
Hence for g = p,(h, x /) (x,y) = f(x,¥)

k
Now, we have to prove that for each 1 < g < p. there exists f;eL7(R) so that “limsupy|x|* % (hk *

fy = ©)" on a set of positive measure.

Set,
1
faboy) = (eytogGe/zy ) 101 ()elq(R).
Take
I U S TR
Tn - Tl1+1/p(logn)2/p ’ an - rn - n1/p (logn)p p ]

“In = [an — T an + rn] and

U = [_an + T —Qpyr t rn+1]’

for sufficiently large n and for all k > n, xeU,.

hi > fa (6, y) =2 (1 — ) oy * fo(x) =

1
7 f or(x,¥) fa(x — y)dxdyNow, we have,
(klog?(k)) "~ -1k

fa(Cr (logk)?/P+1)
(klog2k)1/p e

hy * fq(x,y) = ox(x,y)dxdy

2
k1/a+1/p4(10gk)PaP+1)

or, fq(Crk(logk)z/p+1) = )2/q

c1/4(log(c/2k@+D/P (10gk)?/PP+D)

11 1

Then, by * f;(x,¥) = C! 7 P'Hy (k) > k® = n%),

_2 2
(logk)pap+1) P

C1a(log(c/2k®+D/P(1ogk)2/P(P+1)

where, H, (k) =

2/q

https://internationalpubls.com 388



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 1 (2025)

and0<dé6<1/g—1/p+1/pnqg.
d_kd_k d_kd_k 1/q-1/p+1/pq
S0, Gomagt (e * a0 2 € e (k Hy ()
dn dn dTL dn
or, ey g gy (i > fy o)) 2 ey L)y = 9) gz e y)dxdy
) ak dk nd* s pd® at ( 1

fork =n, |xy|*— Ik (hk * fq(x, y)) > |xy|"—=n® = |xy|" - ((x_y)ps)
_ lxyI"(=D)"(ps+n-1)!
T (pd)(x—y)PsHn

(-1 (pS+n—1)!
(p&)!crp(logn)2/P+1(logn)28/p+1

> |xy|™ -S> o00asn — oo,

“In view of Sawyer’s Principle [4] , there exists a functions feL9(]0,1)) € L9(R) such that

limsupnlxyl"%:? (h, *x f) = o a.e. on aset of positive measure in R. It follows that (h,, * ) not

belongs to S(R) or h,, x fnot approachable to f or h,,(¢,¢)f({, ¢) not approachable to f(x,y) for
1<qg<p.

Let p,, be a decreasing sequence of real numbers such that p; > p, >..... 2 S p. for each p; we
can construct a perturbation {h}}, of {i,} that is L9-good for q > p;, and L9-bad for 1 > q < p;.
Consider a sequence of blocks {Tj}x.n, Where Ty = {hy, _ 11,..... ,hﬁk} and {n,} is a sequence of
positive integers increasing to infinity. Let S, = {nx_; + 1,....,n,}. and let {h,},, = Uy T,. Now, fix
q > p. There exists nyeN so that for all n > n, we have p,, < q".

1 Q/pno

k _—
Z}?:no Znssk (1 - an)q = z:’clo="o ansk (nlog?n)

1
—<
(nlogzn)q/pno

Using Proposition 1.2(c), we get h, * f — f for feL9(R),q > p, or h,({, ) f () - f(x,y) for
q>Dp.

Now consider a sequence “C}¥ — oo as i - . Since {h}},, is L-bad for all ¢ < p;, it is also LP-bad.
These exists f;LP([0,1)) and A} > 0 such that

||suUpnsn,_, hh * fi (6, ) 11> [ |G * fi(x, y) IP dxdy > CV||f;(xy — 2]
= 2CM, [IIfiey = AN = 274, ¢V = 20-DpHrc
It follows that there exists n; > n;_4, S0 that ||supy,_ <nen,hh * f; 1> CF.
Set f=% foten|fll, <X llfillp < 2.

“Suppose that {h, } satisfies a weak (p, p) inequality in LP ([0,1)), We know that if u be a finite positive
Borel measure, then there exists a sequence u,, of atomic measure that converges to u weakly or if f
has compact support then

<

J dunf(x,y) > J f(x, y)dudy
R R

where, u, — wand y,, = y, weakly.
If feL'(R), dudy = |f(x,v)|dxdy is a finite Borel measure, so we can find
Yabn = Xit1 C'8;n - py weakly.
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Consider
tsupn(h = ] = [ WGy G- naxdy < [ [hGo)dunGe = )P dxay
N—]k y =Jk
<11 fay =M ) clMlif Gy =201 < CYIIFIE,
i=1 i=1
= 27C " (1)
On the other hand

[(supn (> O} < |5uPn,_,<nzn, (R = FO)}| > € @)
Combining equations, we get
cll > cNBut ¢ - o

as i = +oo. Hence h,, * f not approachable to f in LP([0,1)). Since the spaces L?([0,1)) are nested ,
{h,}is L9(]0,1))-bad for all 1 < q < p. Therefore, such a choice of {n,} makes {h,} LY(R)-bad for
all 1<gq <p. This implies that h,,(¢,¥)f({,3) not approachable to f(x,y) for 1 <q <p.
(ii1) “Let {Y,}nen be a good approximate identity and let {¢, },.y be any approximate identity. Let
{p.} be a sequence of real numbers satisfying

Consider the blocks {T}}, where each block T is related to p; , for ieS,,, let
h; = afypF + (1 — a{‘)aik.

Choose n,, such that af — 1. Then since {1,,} is L good,

Y, x f = fae. forall feL”(R),

and, afyp¥ « f - f ae. forall feL(R)

Since, g/ * £ (%) < ||f]co-

(1—af)af » f > 0ae. forall feL™(R).

it follows that h,, x f — 0 a.e. for all feL*(R).

This implies that (E(f,l[))f((,l/))) > f(x,y) for q = .

The approximate identity {hX},, is LP™-bad for every me{1,...., k}, since it is L9-bad for every 1 <
q < pi. There exists £;XeLPm([0,1)) with ||£X (xy — /1',‘,1("’)” = 2"‘,/1’,‘,1("’) > 0 and n¥, > m,,_, so that

K (hk « £k CN || £k _ kN1 Pm Ci
|[{supn,_, <n <nf (b Y > CVIAR (Y = Al = S
Let f = Yysr, fio: then [If[Ipx, < 2.
S0, |{supn(hn * )] < ColIf1I < 2PkoC. 3)
. Ck w
Hence, |[{supn(hn * f)} 2 [{supn,_, <n <ni (b * fie | > Zo 4)
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Using the equations, we get
N

C
N 7k
Co > kD (kD) oo

Thus we conclude that h,, (¢, %) f({, ) not approachable to f(x,y) for 1 < q < oo.

Hence, the proof is completed.
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