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1. Introduction

The exploration of non-Newtonian fluid dynamics, especially those exhibiting variable properties,
holds paramount importance across a multitude of industrial and engineering domains, including
polymer processing, food manufacturing, and biomedical engineering. A critical component of these
fluids is their reaction to thermal influences, which can profoundly affect their flow behavior and
heat transfer properties. The studies delve into the traits of 3D fluid flows with Maxwell fluids that
have changing properties like viscosity and thermal conductivity. These studies investigate the
effects of temperature, shear rate, and magnetic fields on the flow behavior of such fluids. Imtiaz [1]
investigated the effects of factors such as the Maxwell fluid parameter, thermal radiation parameter,
Schmidt number, and Prandtl number on velocity, temperature, and mass transfer rates. Furthermore,
the Cattaneo-Christov double diffusion model is used to assess flow over bi-directional stretching
surfaces, taking into account concentration-dependent diffusivity, temperature-dependent dynamic
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viscosity, and thermal conductivity, as investigated by Upreti et al, [2]. The findings highlight the
importance of knowing how these factors influence fluid dynamics and heat transfer processes in
complicated flow settings, which may provide useful insights for industrial applications. The
viscosity of the fluid is modeled through an Arrhenius-type relationship, while the heat necessary for
melting is depicted as a source term within the energy equation by Sinha et al. [3]. A numerical
analysis of a steady biomagnetic fluid flow (BFD) driven by a magnetic dipole across a two-
dimensional stretching sheet with variable viscosity and thermal conductivity was carried out in the
paper by Murtaza et al.[4]. Using the concepts of magnetohydrodynamics (MHD) and
ferrohydrodynamics (FHD), the model treated blood as a polarized, electrically conducting fluid.
Furthermore, the effect of boundary slip on fluid dynamics in sedimentary formations with low
permeability emphasizes the necessity of taking slip conditions into account in complicated porous
systems, particularly when working with the heterogeneous structures that Muzemder & Singh [5]
analyzed. Moreover, the examination of fluid-structure interactions in three-dimensional domains
using Navier's slip interface conditions highlights the significance of taking into account various
slipping conditions at fluid-structure interfaces instead of depending exclusively on the conventional
no-slip boundary condition studied by Fara et al. [6]. In many industrial applications, it is essential to
understand 3D flow with varying viscosity and liquid characteristics, especially Maxwell fluids. Due
to their dual viscous and elastic characteristics, Maxwell fluids are useful in the polymeric industries
that Sudarmozhi et al. [7] studied. The significance of taking into account variable characteristics in
fluid dynamics investigations is demonstrated by Muhammad et al. [8] observation that the impact of
concentration- and temperature-dependent diffusivity and viscosity on flow behavior has been
investigated. Numerous studies have been conducted on the changing characteristics of liquid in
magnetohydrodynamic (MHD) fluid flow in a variety of settings. In their investigation of the effects
of changing fluid characteristics on the temperature and velocity fields during peristaltic motion of a
third-grade fluid, Choudhari et al. [9] found that these fields were less affected. In an unsteady MHD
free stream flow across a stretched sheet, Taneja et al. [10] investigated the effects of varying fluid
viscosity and thermal diffusivity on heat and flow behavior, emphasizing the transition points in
velocity profiles and the impact of magnetic fields.

The constant three-dimensional flow and heat transmission of three different kinds of water-based
nanoparticles copper (Cu), aluminum oxide (Al203), and titanium dioxide (TiO2) due to stretching
sheets in the presence of heat sources and magnetic fields were studied by Tarakaramu et al. [11].
The study by C et al. [12] explores the analysis of magneto hydrodynamic boundary layer flow with
heat and mass transfer of Williamson nanofluid over a stretched sheet featuring variable thickness
and variable thermal conductivity. Nanofluids with mass fractions of 0.1%, 0.3%, and 0.5% were
produced by Sun et al.[13] researchers using nanoparticles (Cu, Fe203, and Al203) with average
particle sizes of 50 nm. They employed different concentrations of dispersants, such as sodium
dodecyl benzene sulfonate (SDBS), to increase the stability of the nanofluids. Additionally, they
looked at the nanofluids' capacity for convective and flow heat transfer in a plate heat exchanger.
Sheikholeslami and Rokni [14] investigated the laminar nanofluid heat and mass transfer between
two contracting and revolving surfaces. The Buongiorno model is employed to model nanofluids.
Prasannakumara et al. [15] have studied the similar and different chemical processes that affect the
movement of a three-dimensional electrically conducting flux that contains titan dioxide and a
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nanofluid based on ethylene glycol as it passes through a tendue containing NP aggregates. Alhazmi
& Ahmed [16] used the Cattaneo—Christov double-diffusion theory approach to study the 3-
dimensional (3D) induced flow of second-grade viscous nanofluids across a permeable stretched
surface. The effects of Maxwell and Smoluchowski temperature variations on the
magnetohydrodynamic (MHD) debit of the hybrid nanofluid on a tilted surface have been studied by
Rafique et al.[17]. Aziz et al. [18] have qualitatively examined the impact of various parameters on
the system's thermal performance. Include the effects of varied thermal conduction and variable
viscosity on the heat-transfer characteristics and flux of a Power-Law type nanofluid. The combined
effect of Soret and Dufour with temperature-dependent viscosity, as well as radiation, chemical
reaction, and porosity, were studied by Mishra et al. [19] on inclined composite stenosis. Rehman et
al. [20] investigated the effects of varying viscosity in an infinite disc and Marangoni (MC)
convection in the engine oil as a base fluid with viscosity dissipation. The flow system takes into
account the effects of the changeable viscosity, the convective boundary conditions, and the viscosity
dispersion. Ali et al. [21] investigated the temperature-dependent viscosity's effect on the
magnetohydrodynamic boundary layer-Nanofluid flow with double stratification using the Cattaneo-
Christov Heat flux Models. In his research, Basha [22] investigated an interface that might be
expanded in two ways. One is persuaded to assume that nanoparticles have an undetected mass flux.
In addition, the flow model accounts for a source of heat generation or absorption and slip conditions
at speed.

The above mentioned literature only focuses on investigations. In this process, the effect of
temperature-dependent viscosity on the magnetohydrodynamic boundary layer flow is investigated in
order to analyze the heat transfer with double stratification through a stretching-sheet in Williamson
nanofluids. Considering the thermal radiation and Hall current and this model is significant because
it allows for a more accurate estimation of temperature distribution. It is assumed that the viscosity
of the fluid decreases as temperature increases. A Reynolds exponential viscosity model was
considered in light of this framework. In order to solve converted assembly equations, the RK-4th
order method was applied. MATLAB software was used for programming in this instance. The goal
of this study is to thoroughly examine how various types of parameters and thermodynamic
conductivities behave through a detailed discussion. Additionally, a numerical evaluation of the
current results is shown and reflected in the figures.

The vast range of applications in industrial and technical processes, together with their complicated
character, have drawn substantial interest to the examination of magnetohydrodynamic (MHD)
fluxes, especially those using non-Newtonian liquids like Williamson nanofluid. When variables
such varied viscosity, dynamic liquid properties, and chemical reactivity are taken into account, the
study significantly gets more complex. We cover here the 3D MHD flow of chemically reactive
Williamson nanofluid with thermal radiation effect, which also show variations in viscosity and
liquid properties.

2. Mathematical Formulation

This study examined a steady, viscous, and incompressible flow of nanofluid in three dimensions
(3D) under the auspices of the Williamson model on a bidirectional stretching surface subjected to
slip conditions in terms of velocity, convection conditions in terms of thermal state, and flux of
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nanoparticles conditions in terms of particle concentration. The flow's geometry is restricted to z =
0, and it occurs in the domain z > 0. Additionally, the Cartesian coordinate system is chosen so that
the liquid is occupied at z > 0 and the feather is associated with the xy- plane (see Fig. 1).

A~
NANOPARTICLES
STRETCHABLE SURFACE

;\llt/

‘ ' ‘ X, u
Y, v t

Figure.1 Physical Interpretation of the flow

In the first-order chemically reactive nanofluid, the influence of the thermal radiation and also
referred heat generation or absorption. The liquid is electrically conducted, and an applied magnetic
strength Bo acts transversely to the flow in the z-a direction. The prevailing equations for an
incompressible, non-Newtonian Williamson nanofluid are typical mass conservation, thermal energy,
and species nanoparticle equations, using the customary boundary layer approximation:

Uy +u, +u, =0 Q)
uux+vuy+wuz=£(;—zy(T)g—:)— u+\/_l"gugl2t 2
uvx+vvy+wv2=pif(%,u(T)%)— +\/_[‘Z”222 3
uz—i+vz—;+wg—z=%(af(T)g )+T<DB(C)Z—;Z—:+ (Z:)) ﬁ(aqr)+ oBE(u? +v?) (4)
ugitviirwil =2 (DsOF) + 2 (52) ~ ke(C — ) ®)

The equations u, v, and w indicate the velocity components in the X, y and z-directions, respectively,
describing the fluid’s flow in three dimensions. The liquid’s temperature (T) can affect its
characteristics. The constant density of a liquid p, determines its mass and behavior under different
forces. uy is the coefficient of viscosity, which describes the fluid’s resistance to flow and shear.
Finally, u are inverse temperature functions that impact the fluid’s viscosity and other
thermodynamic characteristics.

_ Ky R § _
H= 14X (T-Teo)’ ¢ Hf’uf C(T -Tr)’ yand T, = To, Xf ©)

Here c is the constant illustrates fluid type, with ¢ < 0 indicating gasses and ¢ > 0 representing
liquids. T, , py are constants thermal and coefficients of viscosity at a distance far away from the
sheet, x feature of hot fluid. While C, indicates specific heat, Electrical conductivity is represented
by S, and specific heat is represented by Cp. Additionally, the temperature is represented by the heat

https://internationalpubls.com 363



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 1 (2025)

conductivity K(T) and the species depending on the molecular dispersion of diffusing species Dg(C)
are provided to fluctuate as direct functions of the respective types of thermal and species diffusion:

_ kp KM _ Ky (Too—T) Coo—C
ap =L =L (1+e — ), Dp(T) = Dyy (1+ &2 _Cw) @)

The symbols e;and ¢, likely represent variable conductivity and a species parameter, respectively.
Consider ky and Dgythese figures likely represent thermal conductivity kr and species dispersion
Dy far from the surface. The Thermophorotic force coefficient Dy describes the force on particles in
(prep),,

(pep) s

capacity of nanoparticles is compared to the fluid heat capacity. When equations (6) and (7) are
substituted into equations (2-4) and (5), a new set of equations is formed that includes the
expressions described in (6) and (7). These new equations are likely to characterize the system’s
behavior in more depth or specificity, perhaps accounting for the impact of factors such as
conductivity, species characteristics, thermal conductivity, and thermophoresis forces.

a fluid due to a temperature gradient.¢: This parameter is given by t = L is the effective heat

Ul + VU, + WU, = plf% (m ZZ) apB 2v FZ—”ZTZ (8)
uvy + v, + wy, = plf aaz (m ZZ) op—va + 2vag—v% 9)
uTy + vTy + wT, = (af (1 + ey ;7:_:;) az) +1 (DBf (1 te (Ct_"ci)g—jg—z) + %: (‘;—Z)Z) +
;ki‘;:jp - ;’pr (u? + v?) (10)
UG, +vCy +wC, = 5-(Dpy (148, 20) 52 ) + %:3272 —K.(C - Cu) (11)

The linked and utilized boundary conditions are:
u=uw=k13—:+ax;v _kza + by;w O;kfg—z=hf(T—Tf);C=Cwatz=0}(12)
u=0v=0T->T,,C >Cyrasz—

Where hy is the heat flux coefficient, T is the temperature of the hot liquid, a and b are positive

constants. In mathematical modeling non-dimensional variables are a common tactic for simplifying
equations and exposing underlying relationships across diverse physical scenarios. Scaling variables
are commonly used in this process (see details Vaidya et al.[23]).

Similarity transformations
(w,v,w) = (axf'(), ayg' (), —~V2v(f(n) + g(n)))} 13)
(T,0) = (Too + (Tw — T)0(M), Coo + (Coy — Cer)P(1))

Through this similarity transformation equations (8)-(11) transformed as

f'” + 0 f" _ n Wef,,fm + (f + g)f" f!2 Mf =0 (14)

(1_9%) 6 (1_9r)
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T+ —— + Weg"g" + (f+9)g" —g'* —~Mg' =0 (15)
(%) 6(1-3)
(14 &0)0"” + Rd0" + Pr(Nb(1 + £,0)¢'0" + (Nt + )02 + (f + g)0") + M(Ec, f"* +
Ecyg?)=0 (16)

" (1 + e,0) + 202 + Sc((f + 9)p' — Krp) + —9" =0 (17)

Boundary conditions transformed as:

f=9=0f'(0) =K f"(0)+1,9'(0) = (Kpg" + 1)8, 6'(0) = —Bi(1 ~ 0(0)),} (18)
Nbg¢'(0) + Nt6'(0) = 0, f(e0) = 0, g(0) = 0,8(0) = 0,¢p(e) = 0

For slip parameters, use Ki and Kz, We Wiesenberger number Schmidt number is denoted Sc,
Thermophoresis factor Nt, Thermal radiation factor Rd, Ec, Eckert number in x axis, Ec, Eckert

number in y axis, the Prandtl number is Pr, The fluid viscosity is represented by 6,, Brownian
diffusion factor is Nb, chemical process K,, Magnetic field parameter M, Biot number Bi, § is
stretching rate / ratio parameter,

6, =1, Pr="LKy =k [£ Kz—"z—“(f) Bi = hfﬁfs—SM:a—BoS ooy Vb =

DB (Cw—Coo) Nt = DT (Tw—Teo) We = J:axr Rd = 160TS
) ) Vf y .

vy TooVy 3k*kf

Physical quantities are the surface skin friction coefficient C,, Cr, and the local heat flux Nu, are
defined as

— YfTwx — Ytwy - w
Cfx B ug ' ny B vl Nux B af(Tyw—Too)
u r [(ou)\?
Twx = Ky (a—z +5 () )z=o
v r fou\?
_ (T (ou 19
Twy = Hy <az+\/5(az) )z=0 (19)

o= (),

Transformed quantities are

Reg>Crx = {f"(0) + Wef"(0)?}
ReQ>Cry = {g"(0) + Weg" (0)?}
Re;%5Nu, = —(1 + Rd)6'(0)
Re;**Sh, = —¢'(0)

=0

(20)

Re, & Re,, Represents local Reynolds number

3. Numerical Algorithm

Higher-order differential equations are transformed into a set of first-order ODEs. Use the MATLAB
bvp4c function to numerically solve the boundary value problem (BVP). Grid analysis verifies the
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solution’s dependability and precision. The bvp4c function effectively manages the modified first-
order ODEs and boundary conditions.

4. Results and discussions

Figure 2 and 3 present the results of the inquiry into how the magnetic number and Williamson
parameter affect velocity in the X and Y directions, respectively. Lorentz forces provide an inverse
relationship between the magnetic number and the velocity in the X and Y directions. The velocity is
slowed down in the X and Y axes directions by the Williamson parameter augmentation. Williamson
parameter and viscosity are directly related. The fluid’s velocity slows down as a result of its
viscosity. The presence of the stretching ratio parameter delta on g’, the slip constants Ky on f’, and
K2 on g', along with higher magnetic parameter values, result in a strong Lorentz force that drives
liquid motion, as seen in Figure 4 and 5. As a consequence, decrease the velocity profiles for slips
and increases with stretching ratio parameter. When the radiation and magnetic parameters are
augmented and their impact on temperature is investigated in Figure 6, it is discovered that they are
exactly proportional to one another. The Eckert number influence on the temperature profile is seen
in Figure 7. The combination of thermal diffusion, cooling mechanisms, and viscous dissipation may
cause the total temperature profile to show a slower rate of decline, even though a higher Eckert
number typically indicates a faster conversion of kinetic energy to thermal energy.
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Figure 8 shows variations in Pr on the temperature distribution. The profile theta is shown to shrink
with increasing Pr values. Pr values physically signify a strong momentum diffusivity that enhances
the fluid temperature. Therefore, the thermal diffusivity and the thermal boundary layer thickness of
Pr are inverse proportional. The impact on variable species diffusivity parameter &, and variable
thermal conductivity parameter &;0n the temperature profile is shown in Figure 9. With an
improvement, the temperature profile &; and &, values rose.
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Figure 10 illustrates how Biot number Bi affects the temperature profile. While increasing Bi
thickens the thermal boundary layer and causes a fall in the temperature profile, raising Bi results in
a decrease in the temperature profile. The reason for this is that bi is inversely proportional to
thermal conductivity. The concentration profile is enhanced by Ecx and Ecy increase, as illustrated in

Figure 11.

Figure 12 depicts how varied species diffusivity factor e,and variable thermal conductivity factor &;
affect the concentration profile. As the concentration profile diminished the e;and e,values
increased. Figure 13 illustrates the effect of Kr (chemical reaction) and Sc (Schmidt number) on
¢(n). Increasing Kr and Sc reduces nanoparticle concentration. Sc is defined physically as the ratio
of viscous and molecular diffusion rates. Increasing the Schmidt number reduces mass diffusivity,
which causes the concentration sketch for Sc to decrease.
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Figure 14 &15 illustrate the impact of viscosity parameter 6, on fluid velocities f'(n) and g'(n)
respectively, increasing values of 6, enhances the fluid motion on X, y- directional velocities.

Momentum Boundary layer thickness decreases while increasing viscosity parameter increases.
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Table 1. Comparison of skin friction coefficient for We = K; = K, = M = 0, 6, = 0 for different
values of velocity ratio parameter.

Wang [24]

Table 2. Computing values of Re;%°Sh, in relation to various estimates of Sc, Kr, €, €5, Nt.

)

Present results

—f"(0)

—g"(0)

—f"(0)

—g"(0)

0.0

1.000000

0.000000

1.000000

0.000000

0.2

1.039511

1.148745

1.039143

1.147738

0.4

1.075765

1.349214

1.075016

1.340786

0.6

1.109951

1.560532

1.109932

1.596173

0.8

1.142491

0.866685

1.142482

0.860629

1.0

1.173722

1.173722

1.173742

1.083780

Sc | Kr| & | & | Nt | Rez%5Sh,
04102]03|0.2]0.2| 0.931725
05 0.803549
0.6 0.571101
0.5 0.543284
0.8 0.618974
0.4 0.609807

05 0.649579

Table 3. Computing values of Re;%>Nu, in relation to various estimates of Nt, Nb, Rd, Pr, Bi,
&1, &y, M, ECx, ECy

Pr

Bi

Rd

Nt

Nb | M

&1

&

Ecx ECy

Re;%5Nu,

3

0.2

0.3

0.2

042

0.3

0.3

1 1

0.427824

4

0.430930

4.5

0.476731

0.3

0.489788

0.4

0.661929

0.5

0.893992

0.3

0.417120

0.4

0.490633

0.5

0.725826

0.3

0.573341

0.4

0.568533

0.4

0.571806

0.6

0.557728

0.473318

0.491645

1.587171

0.4

0.544124
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0.5 0.584008
0.6 0.636663
0.4 0.591191
0.5 0.568432
0.6 0.525145

5. Conclusion

This paper examines the numerical analysis of a 3D MHD Williamson nanofluid flowing over a
stretched sheet with varying thermal conductivity and diffusivity under thermal radiation, velocity
slip, and convective boundary conditions. We suggested a modified RK-4th order numerical
approach, bvp4c shooting technique, to solve the problem using the created mathematical model. The
most significant points are noted below.

i.The x and y velocities drop down progressively due to magnetic field effects and the Williamson

fluid parameter.

ii.The behavior of the temperature field dims as the values of M, Rd, Ec increase, however the
reverse behavior is found with higher values of Pr, Bi, variable thermal conductivity, and variable
species diffusivity.

iii.Higher viscosity suggests higher internal friction throughout the fluid, slowing the flow of fluid
particles and reducing velocity.

iv.Concentration distribution is lowered by the first-order chemical reaction's increasing rate and
Schmidt number Sc.
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