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1. Introduction

The concept of metric spaces and the Banach contraction principle are the backbone of the field of
fixed-point theory. Axiomatic interpretation of metric space attracts thousands of researchers towards
spaciousness. So far, there have been many generalizations on metric spaces. This tells us of the beauty,
attraction and expansion of the concept of metric spaces. Zadeh [12] established the basis for fuzzy
mathematics in 1965. Fixed point theory is considered to be the fascination and active area of research
and development of nonlinear analysis. Kramosil and Michalek [6] introduced fuzzy metric spaces in
a variety of ways in 1975. With the help of continuous t-norm. George and Veeramani [3] present the
concept of fuzzy metric spaces in 1994. Atanassov[1] stirred things up by adding the idea of non-
membership grade of fuzzy set theory. Smarandache [9] described the concept of neutrosophic logic
and neutrosophic sets in 1998. In this study provides a common fixed point theorem for pair of self
mappings and occasionally weakly compatible mapping fulfilling various constraints in the
neutrosophic metric space

2. Preliminaries
Now, we begin with some basic fundamental aspects, notations and definitions.

Definition 2.1.[6] A binary operation =: [0,1] x [0,1] — [0,1], is named continuous t-norm if it meets
the following :

0] * IS associative and commutative,

(i) = is continuous,

@ii) t+x1=tforall t€[0,1],

(iv) tx¢<jz=xbwheneverf<gzand¢ <b.
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Definition 2.2. [6] A binary operation ® : [0,1] x [0,1] — [0,1], is named continuous t-conorm if it
meets the following:

Q) ® is associative and commutative,

(i) @® is continuous,

(i) tOO=tforallfe[0,1],

(iv) fO©{<3O©bdbwheneverf<jzand ¢ <bd.

Example 2.3.[2]

0] rxs=min{r,s} forallr,s € [0,1].
(i) r*s =max{r+s— 1,0} forall r,s €[0,1].

Example 2.4.[2]

Q) r©s =max{r,s} forall € [0,1].
(i) r©®s=min{r+s1}forallr,s €[0,1].

Definition 2.5. The 6-tuple (£,R, S, T *, ©) is called a Neutrosophic Metric Space [NMS] if E is an
arbitrary non void set, = is a continuous t-norm, ® is a continuous t-conorm and R, S, T :
Z X E X (0,00) — [0,1] are fuzzy sets, fulfilling the following assertions:

Forall ,¢,3€ Z; 0,p € (0,0).

D RES ) +6(1G0) + (G0 <3,
(20 <R(EE0)<1;0<6(f¢0) <1and0 < IT(5¢0) <1,
@) RS0 >0,

4)RE,¢,0)=1,forall p € (0,0) &= ¢,
®) RS0 =R L 0),

6) R(E,3,0+p) = R(E S 0) *R(G3,0),

(7) R, ¢, 0): (0,00) — [0,1] is continuous,
@) &t ¢ 0 <1,

(9) &(},¢,0) =0,forall p € (0,0) & f = ¢,
(10) 8¢ 0) = S(4.1,0),

(11) 63,0 +p) = 61,0 ©S(S3,p),
(12) &(%,¢, 0): (0,00) — [0,1] is continuous,
(13) TS0 <1,

(14) (X, ¢,0) =0forallp € (0,0) &t = ¢,
(15) T(t.¢, 0 =T(( L o),

(16) T(t3,0 + p) < T(1 ¢, 0)OT( 3, ),
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(17) T, ¢, 0): (0,0) — [0,1] is continuous.

The triplet (R, S, ) is named a NMS. The function R(%, ¢, 0) , S(, ¢, 0) and I(, ¢, o) indicates the
degree of nearness, non-nearness and neutralness between f and ¢ with respect to g.
Example 2.6: Let 2 = R and let r * s = min{r, s} and t®s = max{x, s}, for all r,s € [0,1]. For each

[t=¢l i3l i3l

0>0,5¢€ E wedefineRE o) =e ¢ ,8(Go)=(e e —1)e e and

[£=5I

I, ¢0)=(e ¢ —1). Then (E,R,S,T *©) isaNMS.

Definition 2.7: Let (5,R, S, T *,©) be NMS and £ and It are self mappings on E. The self mappins
£ and M are named to be commuting if 2M(E) = ML(T), for all £ € Z. The self maps £ and M are
named to be compatible if

lim |R(LME,, ML, 0)| = 1, lim |S(LIME,, ViLE,, 0)| = 0and
n—-oo

n—-oo

lim |T (M, MLE,, 0)| = 0,0 > 0.
n—-oo

Whenever {, } is a sequence in E such that lim £%, = lim M {,, forsomef € =.
n—->oo

n—->oo

Definition 2.8: Let (5,R, S, T *,®) be NMS and £ and Dt are self mappings on E. The self mappings
£ and 9t are named to be Occasionally Weakly Compatible [OWC] if and only if there is a coincidence
point f in = of € and M commute. i.e., LINE = MLL.

Lemma 2.9: Let (5,R,6,Ix®) be a NMS with lim R, ¢, 0) =1, lim &(f,¢,0) =0 and
Q—)OO Q—)OO
lim (¢, 0) =0, forall £,¢ € E. If R(E, ¢, b0) = R(E,¢,0), (%, ¢ do) < S(E ¢ 0) and
0—00
T ¢, b0) < I, ¢ 0) forsomed € (0,1), forall o > 0, then T=¢.
Proof: Suppose there exists b € (0, 1), such that R(, ¢, v0) = R(E, ¢, 0),6(F, ¢, d0) < S(%, ¢, 0)
And T(%,¢,00) < I(X,¢,0),forall £,¢ € Zand o > 0.
So that R(5,6,0) = % (£6,2) 6(55,0) < &(16.2) and T(t,6 0) < T(16,2).
Repeated application gives,
R0 =R (56,:%), 6550 <6 (16:%) andT(150) <T(162)
for some positive integer n. On taking n — oo, reduces to
R(E G o) =1and S(f,¢0) < 0and T(%,¢,0) < 0. Thus, we have T = ¢,
Lemma 2.10: Let {f,,} be a sequence ina NMS, (g, R, S, T,*, ®) with lim R, ¢, 0) =1,
Q—)OO
lim S(%,¢,0) =0and lim T(f,¢,0) =0, forall f,¢ € =. If there exists » € (0, 1) such that
Q0—0 0—

9{(an+1rlfn+21 DQ) = ER(fnr fn+1' Q)ae(fn+1:fn+2' DQ) = 6(fn' Jfn+1' Q) and
T(E 41, Tnro 0) < (X, T41,0) forall o > 0and n=0,1,2.... Then{t, } is a Cauchy sequence in Z.
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Proof: Forn =0, we have
Rt E0) 2 R (f0,11,2), 6(E, 12, 0) < & (o, 11,2) and T(t, T,0) < (1,11, 2),
forall o > 0 and b € (0, 1). By induction,
Q
Rtne1, Tnsz 0) 2 R (T0,f1 557) S (Ensr, Fvz 0) < & (o, Ty oy ) and
Q
T(Eps1, e 0) < it(fo,fl,ﬁ), for all n.

Thus for any positive integer g and using (6), (11) and (16), we have

0 . 0
iR(fn, Theg Q) >R (fn, fn+1,a) * ... (qtimes) * ...x R (fn+q_1,fn+q,a)
>R (fo,fl,qb%) * ...x (qtimes) * ..* R (fo,fp qota- 1)

0
S (b Erser0) < & (En Fusa, )@ 0@ times)® .08 (frrg-1.tuser )
< 6(f0,f1, )@ .O(q times)® ...OS (fo,fl, preer 1)

0
Tt tarer@) S T (I Fre1, $) © . O times)® . OF (fasg-t v

<% (to 1, 2%) © - O times)® .. OF (fo, 11 oty )
Which on taking n — oo, reduces to

lim R(E, By 0) = 1% 1x.x 1, lim S(%,, fr1q0) <00 ...0 0 and
0—00 0>

lim T(t,, £1400) <00..00.

Q—)OO

Since b < 1, QEE‘O R(En frrq0) =1, ;Lrgo T(En, Eniq 0) < 0and Qlirg S(t,, Enrg0) < 0. This
necessitates that {f,,} is a Cauchy sequence in £

3. Main Results

In this section, we present the concept of NMS and prove several FP results.

Theorem 3.1: Let (E,R,S,T,%,©) be a NMS with li_r)glo REC o) =1, lll’g &(,¢,0) =0 and
éij{}o I, ¢, 0) =0,forallf,¢ € Zand o > 0 and let £ and ?m be self mapping gn =. If there exist

® € (0,1) such that
R(LE MG, 00) = R(E, ¢, 0), S(LEMS,do) < S(%,¢,0) and
T(LE,M¢,do) < T(Y,¢,0) forallf,¢,e =, andforall o >0 (3.1.1)

Then £ and 9t have a unique common fixed point in E.
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Proof. Let T, € E be an arbitrary point and we define the sequence {f,,} by f,,+1 = 8F,, and I5,,4, =
M, N=0,1,2,....

Now, for d € (0,1) and for all ¢ > 0, then from (3.1.1) we have

R(Ezn+1 Tansz 00) = R(LEyp, Mizp 14, 00) = R(Ezn T2ner, 0),

R(Tzn T2ns1, D0) = R(LEp—q, Mz, 00) = R(Ezn-1, T2n 0)-

S(t2n+1 fant2 D0) = S(8z,, Mizny1,00) < S(T2n, T2nt1, 0),

S(Ean, tons1, D0) = S(LE,,_1, My, 0)S(E2n_1, T2n, 0) and

T(E2n+1 fonsz, D0) = T(Lhop, Mizp g1, 00) < T(Tzn, Tane1, 0),

T(T2n T2ne1, 00) = T(LEzn—1, Mz, 20)T(Ezn-1, 20, 0)-

In general, we have

R(Ers1, Tnez, 00) = R(En Trrn, 0), S(Ense, Trrz, Do) < S(Ey, The1, 0) and
T(Fps1, tne2,00) < T, Euiq,0) forallp >0andd € (0,1); n=0,1,2....

By Lemma (2.10) {f,,} be a Cauchy sequence in E. Since E is complete then there exists ¥ € E such
that f, » 9 asn —» o and {f,,}, {f,n4+1} are sub sequences of {f,,} converge to the same point

9 €E iet,, =9, = Yasn — co. Now from equation (3.1.1) we have,

b0 b b b
R(LI, 9, b0) = N (&9, 9, 79 + 79) >R (&9, tin) ;) <R (f2n+2,ﬁ, ;)

=R (20, Mizns1,7) * R (s 0 5) 2 R0, Tonr1,5) * R (ansz 05

Do Do Do
S(29,9,00) = G (&9,19,7 +- ) <G (&9 foniz )@6 <f2n+2,19, > )

=G (&9 Mizni1,2) OF (Eaniz 0, 2) < 6 (8, Fanss, 2) O (f2n+2,19, Z’?@) and

bo Do Do Do
T(L9,9,d0) = %(&9,19,7 > ) <3 (&9 foneo >®I <f2n+2,19, > )

= T (29, Myn11,2) OF (t2ns2 9, 2) < T (9, Fanrn2) OF (Fanaz 9,2).
Taking limit n — oo.
R(LY,9,00) = 1+1 = 1,6(29,9,b0) < 000 = 0,T(2Y,9,b0) < 000 = 0.
So 29 = UY; Again,

b0 b b b
R(9, M, bo) = R (19, Mo, 79 + 79) > R (19, Fyi ;) + R (f2n+1, 1&97‘?)

=R (19, f2n+1,b;‘~’) « R (szn, 91319,%9) > R (z9,f2n+1,§) « R (on,ﬁ,%@) and
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bo Do Do Do
S, MY, bp) =G (19,91319,7 + > ) <6 (19 i —= )@6 (f2n+1,171§19 )

S (0, fznﬂ,%’) 06 (ﬁfzn,ﬂw,%’) <6 (ﬁ fyrt, ) oS (f2n, , 9).
In addition,

Do Do Do Do
T, T, bo) = T (19, w9, % + > ) <z (19 fin, )@1 <f2n+1,§1)319 k )

= T (9, tn1,2) OF (L0, W9,%2) < T(9, Tansr, 2) OF (120, 9,2).
On taking limit n — oo.
R, MY, b0) = 1 %1 = 1,609, MI, b)) < 000 = 0, and T(I, MY, o) < 000 = 0.
SoWI =Y, and LI = WY = IJ. Hence Y is a common fixed point of £ and IB.
For uniqueness, let s be any another fixed point of £ and 23. Now from (3.1.1),
R, s,00) = R(LY, Ws, dp) = R, s,0);
S(9,5,d0) = S(LY,Ws, do) < S(V, s, 0)and
T, 5,00) = T(LY, Ws, bo) < I(V,5,0).
We know that when (Z, R, S,*, ©) be NMS such that
€Ei_r)glo R(E, G 0) =1, gl_r)glo &%, ¢,0) =0and gl_)ngo I, ¢,0) =0,forall f,¢ € E.

IT R(LE L6, o) = R(E G 0), S(LE L¢, o) < &(%,¢, 0) and
T(LE, 8¢, d0) < I(f,¢,0), forsome 0 <d < 1,forallf,¢, € &, o € (0,0),thent = ¢.

Hence ¥ = s.

Example: 3.2: Let £ = [0, 1]. Consider the metric d(%,¢) = |t — ¢| with R(E, ¢, 0) =

)

Q+d(f %

S, ¢,0) = QfS’(?E) and T(f,¢,0) = d(f 209 and the self mappings £ and W on Z, defined by

() = i, W) = I The self mappings L and 3 satisfies all the conditions that are stated in Theorem
4 2

(3.1), then £ and 2 have unique common fixed point at 0.

Corollary 3.3: Let (§,R,&,I*®) be a NMS with lim R(, ¢ 0) =1, lim &(%,¢,0) =0 and
Q—)OO Q—)OO

lim T(%,¢,0) =0, forall {,¢ € Zand o > 0 and let £ and Mt be self mapping on E. If there exist b €
Q—)OO

(0, 1) such that

R(LE, 8¢, d0) = R(E, ¢, 0),5(LE, LG, o) < S(1,¢,0) and T(LE, 8¢ do) < T(],¢,0) for all §,¢,€E,

and for all o > 0, then £ have a unique fixed point in =.
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Theorem3.4: Let (E,R,S,T,*%,©) be a NMS with gl_rgo R(EC0) =1, gl_rgo S ¢,0) =0 and
éli_rj)lo T(f,¢,0) =0, forall £,¢ € Eand 2, B, & and W be self mappings on Z. Let the pairs {2, &} and
{B, W} be OWC. If there exists d € (0, 1) such that

R(AL, B¢, bo) = min{R(LE, WS, 0), R(LE, UL, 0), R(BE, W, 0), R(VE, WE, 0), R(BE, 8%, 0)}(3.4.1)
S(Ut, B¢, vo) < max{S(LF, W¢, 0), S(LE, AL, 0), S(BE, WE, 0), S(AL, WS, 0), S(BE, £8,0)}(3.4.2)
T(UF, B¢, bo) < max{T(LE WS, 0), T(LE, UL, 0), T(BE WS, 0), T(UL, W, 0), T(BE, £8,0)}(3.4.3)
forall f,¢ € E and o > 0, then 2, B, € and B have a unique common fixed point in Z.

Proof: Since the pairs {2, 2} and {8, I} be OWC, so there are point f,¢ € E such that

AE) = L) and B(E) = W(¢). Now, by the given conditions (3.4.1) and (3.4.2) we get
R(AL, B¢, bo) = min{R(LE, W, 0), R(LE, UL, 0), R(BE, WE, 0), R(VL, We, 0), R(BE, 8%, 0)}

= min{R(AL, B¢, 0), R(VL AL, 0), R(BE, B, 0), R(AL BE, 0), R(BE, Uk, 0)}
= min{R(UAL, B¢, 0), 1, 1, R(AL, B¢, 0), R(BE, U1, 0)} = R(VL BE, 0).

S(Ut, B¢, vo) < max{S(Lf, W¢, 0), S(LE, A%, 0), S(BE, WE, 0), (UL, W¢, 0), S(B¢, 88, 0)}
= max {S(UL, B¢, 0), S(UE, UL, 0), S(BE, BE, 0), S(UE, B¢, 0), S(Bé, Uk, 0)}
= max{S (A%, B¢, 0), 0,0, S(AL, B¢, 0), (B¢, U, 0)} = S(UE, B¢, 0).

(AL, B¢, o) < max{T(LE WS, 0), T(LE, UL, 0), T(BE WE, 0), T(UL, Wé, 0), T(BE, £8,0)}
= max {T(AL, B¢, 0), T(VE UL, 0), T(BE, BE, 0), T(WL, BE, 0), T(BE, U, 0)}
= max{Z (£, B¢, 0),0,0, T(AL, B, 0), T(BVE, UL, 0)} = T(AL, BE, 0).

In view of Lemma (2.9), we have Uf = B¢ and therefore At = 8f = B& = W¢.  (3.4.4)

Suppose that the pair {2[, £} have an another coincidence point w € Z.i.e., Yw = Lw.

Now,
R(Aw, B¢, do) = min{R(Lw, W¢, 0), R(Lw, Aw, 0), R(BE, WE, 0), R(Aw, W¢, 0), R(BE, Lw, 0)}
= min{R(Aw, B¢, 0), R(Aw, Aw, 0), R(BE, B, 0), R(Aw, BE, 0), R(BE, Aw, 0)}
= min{R(Aw, B¢, 0), 1,1, R(Aw, B, 0), R(BE, Aw, 0)} = R(Aw, B¢, 0).
S(UE, B¢, o) < max{S(Lw, W¢, 0), S(Lw, Aw, ), S(B¢E, W, 0), S(Aw, WE, 0), S(BE, Lw, 0)}
= max{S(Aw, B¢, 0), S(Aw, Aw, 0), S(B¢, B¢, 0), S(Aw, BE, 0), S(B¢, Aw, 0) }
= max{&(Aw, B¢, 0),0,0, S(Aw, B¢, 0), S(B¢, Aw, 0)} = S(Aw, B¢, 0).
T(UF, B, v0) < max{T (8w, WE, 0), T(Lw, Aw, 0), T(BE, WE, 0), T(Aw, WE, 0), T(BE, Lw, 0)}

https://internationalpubls.com 119



Communications on Applied Nonlinear Analysis

ISSN: 1074-133X

Vol 32 No. 1 (2025)
= max{Z(Aw, B¢, 0), T(Aw, Aw, 0), T(BE, BE, 0)T(Aw, BE, 0), T(BE, Aw, 0) }
= max{Z(Aw, B¢, 0), 0,0, T(Aw, Bé, 0), T(B¢, Aw, 0)} = S(Aw, B¢, 0).

Again, in view of Lemma (2.9), we have 2t = B¢.

Therefore, Af = 2f = B¢ = W¢. (3.4.5)

From (3.4.4) and (3.4.5), Af = Aw and therefore the pair {2, 2} have a unique coincidence point
{ = Ut = 8. Thus by Lemma (2.9), w is the uniqgue common fixed point of the pair {2, £}.
Similarly, we can show that this pair {3, 23} also have a unique common fixed point.

Suppose thisisn € Z. Now,
R({,n,b0) = R(AC, Bn, bo)
> min{R(8¢, Wn, 0), R(LL, AT, 0), R(Bn, Wn, 0), R(A, Wn, 0), R(Bn, £¢,0)}
=min{R({,n,0), R, ¢, 0), R, 1, 0), R, n,0), R, . 0)}
=min{R({,n,0), LL, R, n,0),R(®,{,0)}= R, 0).
S(¢,n,00) = &(UA¢, B, do)
< max{&(8¢, Wn, 0), (L, A, 0), S(Bn, Wn, 0), S(AL, Wn, 0), S(Bn, £¢,0)}
=max{&({,n,0),8({,¢,0),8(m,n,0),6({,n,0),6(1,¢,0)}
=max{&({,n,0),0,0,&6({,n,0),8(n,¢,0)} =&(¢,n,0) and
T(¢,n,b0) = T(AC, Bn, bo)
< max{it(ﬁ(, MWn, Q),it(ﬁi, A, Q),it(i’?n, Wn, Q), T (A, Wn, Q), S(%n 2], Q)}
=max{Z({,n,0),E((, ¢, 0), T(M,n,0),T((,1,0),T(M,{,0)}
=max{Z(¢,n,0),0,0,%((,n,0),T(M,{,0)} =T ({0, 0).

Therefore using Lemma (2.9), we have ¢ = n consequently, ¢ is common fixed point of 2, B, & and
. Now,
R(, 1,D0) = ER(Q"I(, %T,bg)

> min{R(8(, W, 0), R(8{, UA¢, 0), R(Br, Wr, 0), R(A¢, Wr, 0), R(Br, £¢,0)}
=min{R({,7,0), R, ¢, 0),R(z,7,0), R, 7,0),R(7,, 0)}
=min{R((,7,0), 1,1, R, 7,0),R(7,{,0)} =R, 7, 0).
S(¢,7,%0) = S(U¢, B, vo)
< max{&(8¢, W, 0), S(8¢,UA{, 0), &(Br, Wr, 0), S(AL, Wr, 0), S(Br, £¢,0)}
=max{&(¢,7,0),8({,{,0),6(7,7,0),6({,7,0),6(1,{, 0) }
=max{&({,,0),0,0,6({,7,0),6(1,,0)} =6({,7, ) and
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T({,7,00) = T(A, B, d0)
< max{T (2], Wr, 0), T(8(, U7, 0), T(Br, Wr, @), T(U, W, 0), T(Br, 24, 0)}
=max{Z({,7,0),T({,{,0), Xz, 7,0),T((,7,0), T(7,, 0)}
= maX{z(CJ TJ Q)' 0'0' z((f T' Q)’ Z(Ti (’ Q)} = z((' T’ Q)'

By Lemma (2.9), we have ¢ = 7. Hence 2, B, € and 23 have a unique common fixed point.

Example 3.5: Let Z = R. Consider the metric 4(%,¢) = || + |¢|, forallt = ¢and 4(f, ) = 0, forf =

¢onZ. Letr*xs=min{r,s}and r®s = max{r,s}, forall v,s € [0,1]. Foreachp > 0,%,{ € E,
lt=g| =3I =gl lt=¢|

we

define R(,¢,0)=e e, S ¢o)=(ee —1)e ¢ and T o) =(e e —1). Then

(E,R, 6,3 *©) is a NMS with
lim R, ¢,0) =1, lim &(%,¢,0) =0and lim T(f,¢,0) =0, forall §,¢ € E.
p—00 p— p—®

Now we define the self maps 2, B, & and 2 on Z by A (f) = E,SB(f) = 1—2,53(f) = 2 W(E) = z.

Letbzg. Fort # ¢,

N (i) (g s)  -(s+E)  -(EHED
R (QIf, B, 5): e e e @ —e ¢ >e © = R(LE, WS, 0).
e 3(Jin]+|5]) a(ege) (sl (5D (El+ED ~(l51+12)
(i Bs2)=(c ¢ -De ¢ =(¢ ¢ -De ¢ =(¢ ¢ —1e ¢
(I]+[]) ~(I3]+[])

<(e ¢ —1e ¢ =06(LWC 0).

3] +[8c]) 3ol z21) (l5l+1zD) (zl+:D)

T(WBe2)=(e ¢ -D=( ¢ -D=( ¢ -D<( ¢ -1)
= T(LF, WS, 0).
For = ¢, % (U1, 85,2) = 1 = R(LL W5, 0), & (QIf $5,2) = 0 = (81, WG, o) and
T (ﬁtf,ifsc, §) = 0 = T(LE, WG, 0). So that for any £, ¢ € E,
. . 0 .
% (4, Be, §) > R(LE, WS, 0)
= min {R(LE, WS, 0), R(LE, UL, 0), R(BE, W¢, 0), R(UE, We, 0), R(B¢, £8,0)}.
. .0 .
o (4, 8¢, 5) < &(LF, WS, 0)

= max{S(2f, W¢, 0), S(L% AL, 0), S(BE, We, 0), S(AE, WE, 0), S(B¢, £%,0)}-
T(AL BE, bo) < T(LE,WE, 0)
T (AL, BE, v0) = max{T(LE, W¢, 0), T(LE, AL, 0), T(BE, WE, 0), T(VE, WE, 0), T(B¢, L8 0) ).
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Hence, the maps 9, B, & and 2 satisfies the condition (3.4.1) of Theorem (3.4) for b = %

Also, the pairs {2, 8} and {8, W} are obviously OWC. Thus all the condition of Theorem (3.4) are
satisfied at f = 0 is the unique common fixed point of %, B, & and W in Z.

Theorem 3.6: Let (E,R, S ,T,*,O) be a NMS Withgi_r){}o RE G 0) =1, 32{30 &(%, ¢, 0) =0and
éii?o T(f,¢,0) =0, forall £,¢ € Zand U, B, & and W be self mappings on Z. Let the pairs {2, £} and
{B, W} be OWC. If there exists b € (0, 1) such that

R(AL, BE, do) = h(min{R(LE, WE, 0), R(LE, UL, 0), R(BE, WE, 0), R(AL, WS, 0), R(BE, L5, 0)})
S(UL, B¢, do) < h(max{R(LE, WS, 0), R(LE, UL, 0), R(BE, W, 0), R(VL, WS, 0), R(B¢E, 8%, 0)} and
(AL, BE, v0) < A(max{R(LE WS, 0), R(LE AL, 0), R(BE, WE, 0), R(AL, WE, 0), R(BE, 28, 0)}
forallf,¢ € Zand o > 0, where 4 : [0,1] - [0,1] with A(f) > k forall T € [0,1].

Then 2, B, £ and W have a unique common fixed point in E.

Proof: The proof follows from Theorem (3.4).

Theorem 3.7. Let (,R,5,T,x,©®) be a NMS with 31_r>r010 REC0) =1, 31_{210 &(t,¢,0) =0 and
giglo T(f,¢,0) =0, forall £,¢ € Eand 2, B, & and W be self mappings on =. Let the pairs {%, &} and
{B, W} be OWC. If there exists d € (0, 1) such that

R(AL, BE, do) = R(LE, WS, 0) * R(UL, LF 0) * R(BE, W, 0) » R(AE, WS, 0) (3.7.1)
S(Uf, B¢, bo) < S(LE WE, 0) OGS (AL, 28, 0) OS(BE, WE, 0) OGS (AL, WE, 0) (3.7.2)
T(AF, B¢, o) < T(LE, WS, 0) O (AL, 28, 0) O (BE, W, 0) O (UL, ¢, 0) (3.7.3)

forall f,¢ € Eand o > 0. Then 2, B, £ and W have a unique common fixed point in &.
Proof: The pairs {2, 8} and {8, W} be OWC, so there are point f,¢ € Z such that A(f) = £(f)
and B(¢) = W(&). Now, by the given conditions (3.7.1), (3.7.2) and (3.7.3), we get
R(AL, B¢, bo) = R(LE WS, 0) * R(AL, L5, 0) » R(BE, WE, 0) » R(UE, W, 0)
= R(VE B¢, 0) * R(UL, UL, 0) = R(BE, B, 0) = R(VE BE, 0)
= R(UE BG, 0) * 1+ 1+ R(UL, BE, 0) = R(UL, BS, 0).
S(UE, B¢, do) < S(LE, WE, 0)OS (UL, LF 0) OS(BE, We, 0) OS(UE, W, 0)
= (911, Bé, 0) O (U, Ut 0) O (B, Bt, 0) O (911, B¢, 0)
= &(Uf, B¢, 0) Q000G (UL, B¢, 0) = S(UE, BE, 0) and
T(9F, BE, o) < T(LE, WE, 0) O (UL, L1, 0) OT (B, W, 0) OF(UE, WE, 0)
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= T(UL, B¢, 0) OT (UL, UL, 0) OT(VE, B, 0) OT (UL, B, 0)

= 3 (AL, B¢, 0) ©0000T (AL, BE, 0) = T(AL BE, 0).

In view of Lemma (2.10), we have 2t = B¢ and therefore Af = LF = BE = WE. (3.7.4)
Suppose the pair {2, 2} have an another coincidence point w € &, i.e.,%w = Luw.
R(Aw, B, bo) = R(Lw, WE, 0) * R(Uw, Lw, 0) * R(BE, WE, 0) * R(Aw, WE, 0)

= R(Aw, B¢, 0) * R(Uw, Aw, ¢) » R(Bw, Bw, 0) * R(Aw, BS, ¢)

=R(Aw, B, 0) * 1+ 1+ R(Aw, BE, 0) = R(Aw, B¢, 0).

S(Uw, B¢, do) < S(Lw, WE, 0) OG(Aw, Lw, 0) OS(BE, We, 0) OS (A, W, 0)

= 6(Aw, B¢, 0) OS(Aw, Aw, 0) O (Bw, Bw, 0) OS(Aw, B¢, 0)

= &(itw, ¢, 0) 000006 (i, ¢, 0) = &(dim, $¢, ¢) and

T (U, BE, do) < T(Lw, W¢, 0) O (Uw, Lw, 0) O (B¢, WE, 0) O (Uw, W¢, 0)

=T (Aw, B¢, 0) O (Aw, Aw, 0) O (Bw, Bw, 0) O (Aw, B¢, 0)

=T (Yw, B¢, 0) O0000% (w, B¢, 0) = T(dw, B¢, 0).

By lemma (2.10), %w = B¢ and consequently Aw = Lw = BE = WC. (3.7.5)

From (3.7.4) and (3.7.5) 9f = 9w and therefore the pair {&, £} have a unique point of coincidence
{ = Ut = gt is the unique common fixed point of {3, £}. Similarly, we can show that there is unique
common fixed point € E of {%B, W}. Now,

R(¢,n,00) = R(AC, Bn, bo) = R(LJ, Wy, 0) * R(AC, 24, 0) * R(Bn, W, ¢) * R(AS, Wn, 0)

= R(U¢, Bn, 0) * R(US, A, 0) * R(Bn, B, 0) * R(US, B, 0)

=R(AC, B, 0) * 1+ 1 =« R(AC,Bn,0) =R(UL, Bn, 0) =R, 7, 0).

S, nbo) = S(UL, By, do) < S(LY,Wn, 0)O S(UL, £7,0)O &(Bn, Wy, 0) OGS (¢, Wn, o)

=6(A¢, Bn, 0)O® S(AL, AL, 0) OS(Bn, Bn, 0) OS(AL, Bn, 0)

=&(U¢, B, 0)©0C0OS(U¢, B, 0) = S(UT, By, 0) = &(¢,7, 0) and

T(¢,m,00)=T(AL, Bn, de) < T(LL, Wy, 0)O (AL, £¢,0)O T(Bn, Wn, 0) O (A, Wy, 0)

= T(¢, Bn, 0)© (U, 9¢, 0)OX(B1, Bn, 0)OT(US, B, 0)

= T(A¢, Bn, 0)©0Q0OI(UG, Bn, 0) = T(UG, B, 0) =T({, 71, 0).

By lemma (2.10), we have ¢ = 1 and consequently ¢ is common fixed Point of 2,8, & and 8. For
uniqueness, let 7 is an another common fixed point of 2, B, & and 1. Therefore,
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R((,7,00) = R(UC, Br,bo) = R(LJ, Wr, 0) * R(A, ¢, 0) * R(Br, Wr, o) = R(A, Wr, 0)
=R({,7,0) * R, C,0) *R(z,7,0) * R, 7,0)
=R({, 71,0 *1x1xR({,7,0) =R, 7,0).

S({,7,00) = S(AL, B, do) < &(L¢, Wr, 0)OS(AC, ¢, 0)OS(Br, Wr, 0) OS (AL, Wr, 0)
=6({,1,006({,{,006(1,1,006((,1,0)
=6({,7,00000006((, 7,0) = &({,7,0) and

T(,7,00) = T(U, B, do) < T(LY, W, 0)O (AL, £¢,0)O (B, W, 0) O (AL, Wr, 0)
=T, 1,00 %((, 00 X1, 7,00%((,7,0)
=Z({,7,0)00000 X({,1,0) = T({,7,0).

In view of Lemma (2.10), we have { = 7. Hence 2, B, £ and 28 have a unique common fixed point.

Example 3.8: Let Z = R. Consider the metric 4(%, ¢) = || + |¢|, forallt = ¢and 4(f,§) = 0, forf =

¢.Letr*xs=min{r,s}and t©s = max{r,s}, forallr,s € [0,1]. Foreach o > 0,%,¢ € E, we define
=2 lt=g| lt=3| lt=3|

REG0)=e ¢,6(Go)=(e ¢ —1)e ¢ andIT(EGo)=(e ¢ —1).
Then (8, R, S, T *,®) is a NMS with lim R(%, ¢, 0) =1, lim 6(%,¢,0) =0 and lim T(f,¢ 0) =0,
p—00 p0—00 0—00

forall f,¢ € E.

Now we define the self maps 91, %, € and 28 on & by % (f) = —, B(f) = lis,ﬁ(f) = W) =

i
10’ '

3

Letbzi. Fort # ¢,

gy sUuee)  s(allsl) (D) o)
R (QIf,QSof, E): e ¢ = ¢ =e ¢ e ¢ =R o),
s (i +[82]) 5(|5l+|=]) -3(sl+/z))

(i Bs2)=(c ¢ -1=( ¢ -De ¢

(tz+5D) ~(altlsl) (D) -(el)
=(e ¢ —1e ¢ <(e ¢ 1e ¢ =6(LEWCG,0)

s +|8c]) (ol (Izl+D) (11+5])

T(WBe%)=(c ¢ -D=( ¢ -D=( ¢ -1<( ¢ -1

= T(LE, W, 0).
Forf=¢.

R (i)if,ﬂ"se, g) = 1 = R(LE WS, 0), S (i’l’f $,2) = 0 = (et W5, o) and

T (41, 8¢,2) = 0 = T(LL WS, 0). So that forany £, S € &,
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% (4, B¢,2) > R WS, 0)

= min {R(LE, WE, 0), R(LE, AL, 0), R(BE, WE, 0), R(AL, WE, 0), R(BE, £, 0)}

g
5

= max{S(Lf, W¢, 0), S(LL, Ut 0), S(BE, WG, 0), S(UL, W¢, 0), S(BE, £, 0)}

o (4, $¢,2) < (2515, 0)
T(AL, BE, bo) < T(LE,WE, 0)
= max{T(LL WS, 0), T(LE UL, 0), T(BE W, ), T(AL, WS, 0), T(VBS, 28 0) ).

Hence, the maps 2, B, £ and B satisfies the condition (3.7.1), (3.7.2) and (3.7.3) of Theorem (3.7)
forbd = % Also, the pairs {21, 2} and {38, 23} are obviously OWC.

Thus all the condition of Theorem (3.6) are satisfied at f = 0 is the unique common fixed point of
A, B, L and W in E.

Corollary 3.9: Let (E,R,6,T,*,©) be a NMS with é1,1_1)1010 RE, ¢ 0) =1, é1,1_1)1010 S(%,¢,0) =0 and
giglo T(1,¢,0) =0, forall £,¢ € Z and let A and L be self mappings on E. Let 2, & be self mappings
on E . Let the pair {2, 2 } be OWC. If there exists b € (0, 1) such that

R(AL, A¢, bo) = R(LE 8, 0) * R(AL, LF, 0) * R(AS, 8¢, 0) * R(VE, ¢, 0),

S(2Ut, U, bo) < (8, 8¢, 0)OS (4, 8F,0) OGS (¢, £¢, 0) OGS (2, £¢, 0)and

T(91%, 91¢, bo) < T(LX, 8¢, 0)OT (UL, 21, 0)OT(¥¢, 8¢, 0) OT(UF, 8¢, 0)

forall £,¢ € Zand ¢ > 0. Then 2 and £ have a unique common fixed point in E.

Theorem 3.10: Let (5,R,6,T,x,©®) be a NMS Withgijrgo REC0) =1, (}‘l‘(}o &t ¢,0)=0and
32& T(£¢0) =0, forall £¢ € £ . Let the pair {2, 8 } be OWC. If there exists d € (0, 1) such that

R(LE, L¢, o) = TR(UE, UG, 0) + & min{R(VL AS, 0), R(LE AL, 0), R(LE, UE, 0)}
S(L2F 8¢,b0) < fS(UL A, 0) + § max{S(UL, A, 0)S(LE A, 0), S(L¢, U¢, 0)} and
T(LF, ¢, do) < FX(AL UG, 0) + § max{T (AL A, 0), T(LE A, 0), T(L¢, A, 0)} (3.10.2)

Proof: The pairs are OWC, so there exists f € Z such that (f) = &(f). Suppose that there exists
another ¢ € E for which (&) = £(¢). From the condition (3.10.1),

R(LE, 8¢, p0) = TR(WL UG, 0) + & min{R(UL, UE, 0), R(LE AL, 0), R(LE,US, 0)}
=f R(LE, 8¢, 0) + § min{R(LE, L¢, 0), R(LE, L, 0), R(LF, 8¢, 0)}
=T R(LE, £¢, 0) + § min{R(LE, £¢,0), 1,1}
=T R(LE L6, 0) + GR(LE, LG, 0) = (F + HR(LL LG, 0).
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Since f +§ > 1, R(LF, 8¢, do) = R(LE, ¢, 0).
S(LF 8¢, b0) < FS(UL UG, 0) + § max{S(UL, AE, 0), S(LE, AL, 0), S(L¢,U¢, 0)}

=fS(8F, 8¢, 0) + § max{S(Lf, ¢, 0), S(LF, LF,0), S(L¢, L¢,0)}
= S(2f, 8¢, 0) + § max{S(Lf, £¢,0),0,0}
=T S(8% L¢,0) + 36(8% 8¢, 0) = (T + §)S(LE 8¢, 0).

Since f+§ > 1, S(8f, 8¢, b0) < S(8F,2¢,0)
T(LF, 8¢, 00) < T T(AL UG, 0) + § max{T (AL, AE, 0), T(LE AL, 0), T(LE, AC, 0)}

= T(8F, 8¢, 0) + § max{IT (L, £¢, 0), T(LE, £F, 0), T(LE, £¢,0)}
=§ (8 8¢, 0) +  max{T(LE L¢, 0),0,0}
=T T(LE, £¢, 0) + 3T(LE 8¢, 0) = (F+ §)T(8E L¢, 0).

Since T+ 3§ > 1,T(LF, 2¢, dbo) < T(LE, LG, 0). In view of Lemma (2.10), we have £f = 2¢ and
consequently 1 = 2¢. Therefore the pair {2, £ } have a unique point of coincidence { = At = £¢.
Thus, 2 and £ have a unique common fixed point in Z.
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