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1. Introduction

Real-world models can be more accurate when fuzzy sets of numbers are used, especially when it
comes to uncertainty models like statistical fluctuations in observed lifetime. VVoids are another type
of uncertainty that arises when an observation is not a precise number but rather a fuzzy one. Zadeh
used the term "fuzzy variable" in 1965 [1] to refer to incorrect linguistic idiom and vernacular. Fuzzy
set theory got its start with this. A fuzzy set is made up of elements with different membership levels.

The Rayleigh lifetime distribution to study the dependability properties of systems, where the
lifespan parameter is taken to be a generalized intuitionistic fuzzy number, When the systems follow
a generalised intuitionistic fuzzy Rayleigh lifetime distribution, generalised intuitionistic fuzzy
dependability, generalised intuitionistic fuzzy hazard function, and generalised intuitionistic fuzzy
mean time to failure are explored along with their cut sets. With this method, the danger and
dependability curves for each unique cut set resemble a band with upper and lower bounds. A
numerical example is provided to demonstrate the suggested methodology. Additional reliability
study is conducted for both the parallel and series systems [2].

An intuitionistic fuzzy Weibull lifetime distribution to examine the fuzzy dependability of a few
systems, Because of data imperfection and uncertainty, fuzzy lifetime parameters are postulated.
When systems follow intuitionistic fuzzy Weibull lifetime distribution, expressions for fuzzy
dependability, fuzzy mean time to failure, fuzzy hazard function, and their a-cut have been
addressed. To demonstrate the process for calculating the fuzzy reliability characteristics of systems,
a numerical example is also provided by [3].

An intuitionistic fuzzy random variable with exact parameters was created and used to assess the
reliability functions of a k-out-of-n system. Some reliability evaluation criteria were explored and
interpreted. Numerical assessments were also presented to demonstrate the determination of system
dependability criteria in the form of intuitionistic fuzzy numbers [4]. Finally, many potential
engineering applications for the suggested technique were discussed.

Generalized intuitionistic fuzzy numbers are used to assess the reliability of various systems. The
reliability features of systems using the Pareto lifespan distribution are explored, under the
assumption that the lifetime scale parameter is a generalized intuitionistic fuzzy number. In general,
the cut sets for the generalized intuitionistic fuzzy reliability function, generalised intuitionistic fuzzy
conditional reliability function, generalized intuitionistic fuzzy hazard function, and generalized
intuitionistic fuzzy mean time to failure are examined. The reliability functions listed above are
discussed for generalized intuitionistic fuzzy Pareto lifespan systems. Furthermore, reliability
analysis of series and parallel systems is performed, and a numerical example is provided [5].

The intuitionistic fuzzy sets (IFS) idea, along with the triangle fuzzy number (TFN) and Weibull
lifetime distribution, is used to determine the same system's fuzzy dependability. In addition, an
averaging operator with equal weights is applied to a set of three triangular intuitionistic fuzzy
numbers. A numerical example is solved as an illustration [6].
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The simulation results demonstrated [7] that the fuzzy reliability at the estimation stage of the
Maximum Likelihood Method and the Mixed Thompson Method outperform the other methods in
terms of Mean Squared Error (MSE), indicating that the use of this type of estimation is
recommended. The fuzzy values also outperform the real values for all sample sizes.

A new technique for analysing fuzzy system reliability based on intuitionistic trapezoidal fuzzy set
theory is described, in which the reliabilities of system components are represented by intuitionistic
trapezoidal fuzzy numbers to simulate uncertainty and vagueness in real-world circumstances [8].
The suggested method may describe and analyse fuzzy system reliability in a more adaptable and
intelligent way. The suggested method also compares different complex systems using the score and
accuracy functions. The score function can assist the decision maker in making his decision more
efficiently in a decision-making dilemma.

This method is then applied to a wireless communication system to evaluate its intuitionistic fuzzy
reliability and availability, with each performance state and probability represented by a TIFN. The
acquired results are also shown graphically for better understanding. This work contributes to a
better understanding of FMSS, making them more dependable [9].

The foundation of reliability engineering is reliability theory. Reliability analysis is vital for
developing several system improvement alternatives during the design, configuration, and tuning
stages, all of which are required for a complex system to operate efficiently. This work focuses on
estimating the reliability of a degradable system with imperfect coverage and unknown information
about its components[10]. The Weibull intuitionistic fuzzy set (WIFS) idea was utilised to address
data uncertainty. The trapezoidal intuitionistic fuzzy number (TrIFN) and its arithmetic operations
are discussed. Trapezoidal intuitionistic fuzzy numbers (TrIFN) are used to represent the failure rate
of the system.

Simulation results indicate that Bayesian estimation outperforms maximum likelihood estimation for
estimating dependability. The proposed approaches are tested against real data to demonstrate their
usefulness. These approaches reliably evaluate the reliability of intuitive fuzzy life data, serving as a
valuable reference for reliability analysis in science [11].

The current work used a fuzzy intuitionistic fuzzy set to analyze the inverse Weibull distribution's
probability density function, cumulative density function, and Reliability Estimation with real-time
data. This study focused on Andra’s agriculture in 2019.

2. Fuzzy Mathematical Approach.

The probability density function (pdf), cumulative distribution function (cdf), and reliability function
of IWD are defined as follows:
y(t; 4,n) = Ant " texp(—At™"),t >0
Y(t; 4,n) = exp(—=At™),t >0
R(t)=1—exp(—At™),t >0

where 1 > 0 is the scale parameter and n > 0 is the shape parameter,
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A fuzzy set expresses the concept of fuzziness. Similarly to the
definition of the characteristic function of a classical set, the definition of a fuzzy set can be achieved
by expanding its domain.

Definition 2.1

Let T represent a non-empty universal set. The fuzzy set A is defined as A = {< t,uz(t)) I t €
’Jl‘}, where pz: T - [0,1]] represents the degree of membership of tin A. .

Definition 2.2

Let T represent a non-empty universal set. IFS A is defined as 4 = {(t, uz(t),vz(t) >|t € T},
where uz: T — [0,1] is the degree of membership of t in A and v;: T - [0,1] is the degree of non-
membership of t in A. They satisfy 0 < uz(t) + v4(t) < 1 for each t. When T has only one element,
A =<z vz > isfrequently referred to as intuitionistic fuzzy number.

The membership and non-membership functions are:

t_
(a ¢ t € [a,b]
b—a
t € (b,
ux(6) = 4 da—t (b.¢)
aﬁ t € [c,d]
0 else
(b—t t—a
b—a+’8b—a t € [a,b]
_ B tthis € (b,c)
x(t) =+
At Tttt eloal
d—c ﬁd—c ©
\ 1 else

where o is the maximum membership degree and B is the minimum membership degree.

In paper, we assume T be a set of real numbers, which is T=R. Additionally, we assumed that the
IFSs discussed in this paper were TralFNs. To better investigate the estimation problem on the basis
of intuitionistic fuzzy data, some concepts in the probability theory were extended to intuitionistic
fuzzy random variables.

Definition 2.3

Consider a probability space (R™, 2, P), The probability of an intuitionistic fuzzy observation % in
R™ is defined as

[ 1T—ve(O) + p(t)
P(%) = fRn > dP

The continuous random variable T = (Ty,T,, ..., T,) follows the IW (4,1), and its intuitionistic
fuzzy observations are denoted by ¥ = (X4, X5, ..., X,). The conditional density of random variables
in probability theory is introduced, and the intuitionistic fuzzy conditional density is given as
follows:
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sy A4n)
s()y(t; A, n)dt

where s(t) = M In this case, the intuitionistic fuzzy likelihood function of IWi/0i(4, ) is:

y(tlf)=f
R

ramin =[] raiam=]] [ seyeima
i=1 i=1

1—Uj‘€i(t)+#5‘-i(t)

where s;(t) = .

Finally, intuitionistic fuzzy conditional expectation is defined. Using the intuitionistic fuzzy
conditional density and observation X = (%, X,,..,%,), the intuitionistic fuzzy conditional
expectation of a random variable T = (T4, T, ..., Ty,) is:

E(T | %)= f ty(t | ®)dt
R

s(t)y(t; 4,
=jt Oy&EAn)
R hAnlX%)
2.4 Maximum Likelihood Estimation

The above Equation shows the intuitionistic fuzzy likelihood function of IW (4,n7) Thus, the
intuitionistic fuzzy log-likelihood function is given as follows:

Hn 1 %) =In h(An | %) = z In U (DO (& A,n)dtl
i=1 R

The MLEs 4,,; and 7,,, are obtained by the below equations:

OH(An | %)

oA
HAN D) _

on

OH(An|% OH (AR .
@115 and 21D o6 shown in below

n
OH(A,n | X 1 dy(t; 4,
( nlx):Z _ fsi(t) y&GA .
04 L h(An | %) g 02
=

- n
JUCIE i o S AL TCT)
on L h(n 1 %) Jg on

sy (6 At ay(;;j‘") and By(;:,n) are shown in below:

where

Here, A(A,n | %) = |
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ay(t4m) 1

- (t/’ln)—t"y(t/ln)

oy (t; A, 1

% = EY(t; A —yEGAD Int+At7y(t; 4,n) Int

It is evident that the equations above are nonlinear and difficult to solve. Then we considered the EM
algorithm.

The EM technique is equally applicable to intuitionistic fuzzy data because the observed
intuitionistic fuzzy data can be viewed as imperfect characterizations of the completed data. To
better illustrate the iterative process of the EM method,

From above equation we get,

~ n [00)
OH(A,n | x)= Z 1 f+ 5.(6) ay(t; 4,n) it
oa Lramml T aa

B zn: Wf e Ey (&AM —tTy(5 4, n)] dt

O (R Ls@y@an 5Oy An)
_Z . ThGnim) ¢ Zf TR ®)

taH(/Ln | %)
© o
where
e syt An)
E-=E(T_’7|J?-)=J T
t ' 0 h(A,n | %)
~ n [oe)
OH(A,7 | %) =Z 1 f* S.(t)ay(t;/l.n)dt
on — h(4,n1%)Jo l on
n n
1
:n__z E21+AZ E3i
n i=1 i=1
OH(A,n | %)
et ——— "2 =,
an
where

s (Oy(t An)

h(4,n 1 %) (In dt

E,;=E(nT|%) =J
0

and
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siOyGAn

E;; =E(T™"InT|X) = f (t7"n t)dt

o hAnlx)
The iterative processes for obtaining MLEs with the EM method are as follows:

Step 1: Let the initial value be 8 = (A(®,n©®), and set j = 0. Give the accuracy & > 0.

Step 2: At the (j + 1)th iteration, compute the intuitionistic fuzzy conditional expectations shown
below.

+00
i t t,l,

£, = g SOy &G A dt.
h()l»ﬂ | xi)

0

gU+D —g()

+00
()y(t; A,
B = j sy An) w“

h(4,7n 1 %;)(Int)
U+ =g

dt.

E, = j 5 (0y(6 An)
3i = EYENE R
0 0(j+1)&=60)

Rz &t

Step 3.

-1

n
A0+D = (Z Eu)

i=1

From above equations we get,

n n -1
nU+D = n(Z E,; _,1(1')2 E3i>
i=1 i=1

Step 4: If [§U*D — 9U)| < ¢, the MLEs are produced by 4,,, = A9 and iy, = 7. If not, set j =
j + 1 and go back to step 2.

The MLE/0} MLE R, (t)can be calculated using maximum likelihood estimation invariance as
follows:

Ry,(t) =1—exp (—/iMLt"ﬁML)
2.5 Bayesian Estimation

In Bayesian statistical inference, the prior distribution is important. It indicates our prior knowledge
or assumption about the parameters and can be used to better precisely predict the posterior
distribution .Choosing an appropriate prior distribution is critical since it influences the final
inference results.

The gamma distribution is a versatile continuous probability distribution with numerous desirable
qualities, making it a popular candidate for the prior distribution of parameters in Bayesian statistics.

The parameters of the gamma distribution can be changed to fit various prior beliefs. Furthermore,
the gamma distribution is conjugate, which means that when employed as a prior distribution, the

https://internationalpubls.com 96



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 32 No. 1 (2025)

product with the likelihood function remains a gamma distribution; simplifying posterior distribution
computations .The pdf for the gamma distribution is [11]

a

I'(a)
In this section, we assume that A and 1 are independent random variables. A follows Gamma (c;, d;)
and n follows Gamma (c,, d,). That means:

(1) «x 417 1e=14) > 0,¢; > 0,d; > 0
m,(n) «x n%~le~¢My > 0,c, > 0,d, > 0.

w? e oy >0,a,b >0

m(w) =

Thus, the joint prior distribution of A and 7 is:
(A1) = 1 (A) X wp(n) oc A%~y daTlmerAmee
With reference to the Bayesian formulation, the posterior distribution of 1 and 7 is
n(An | X)x h(4n | X) Xxm(4,n)
The posterior expectation of the function g(4,n) of A and n is:

n(A,n|X)
n(A,n | X)dAdn

E[g(Am) | F]= f f 90 Fr dAdn

| g, m)eH O+ d (2, m)
J' H(/lnlx)+G(An)d(/L 77)

Elg(Aam 1 x] =

where G(4,1) = In n(4,7).
B . R 1
A=(g+293G")¢ a+ (95 +29%G )
B = (9" +29°2G )b an + (g " +29 G )b ny
C=(9"2¢0"11+99 an)(H 220 22 + H paad "y + H 102 P an + H "ynad ")
D= (9 29 Anl +9 Anqb Ann)(H AMn‘p atH Anln‘p Anl +H A/lnnd’ Aﬂn +H Amm‘ib Ann)

The element ¢;;(i,j = 4,n)represents the inverse matrix of —H;;.. The symbol g,, signifies taking

the second derivative of g(A,7) with regard to A and putting A, into it. Similarly, the rest can be

illustrated as follows:
c +eo ay(t A m,
Hyp = Z [2h_3(/1,77 | %;) <J si(t) ——— >
i=1 0

_ N y(t; A,m)
—h (47| xi)fo sl(t)Tdt

Hypn = Hypa = Hyaa
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= Z |:2h_3(l,77 | fl) f+oo Si(t)%n/mdt <f+oo Si(t)Wdt> ]
i=1 0 0
n +00 . + o0 2 .
_Z lh‘z(/l,n | %) f 5,0 2 EA (ta’ A1) 4 f 5,0 2 EAM gt/lj D 4

3y (t: A,
+z h- 1(/1n|x)f si(0) g;an”)dt

Hyna = Hyan = Hypy
n

_ i N RN YD) <+°° dy&An )
—E[Zh Az | s@F 5P| a5

i=1

_z lh-z(z,nmi)f msi(t)—ay(ta;;'n)dtj l(t)—y( A1) e
A
+Z[ 1(An|xl)f (0 g“;a;” ]

t; A,
Hypy = Z [2h_3(/1:77 | %) (f i) ——F— y( 77) >

Fh | xl)f sl(t)Mdt]

The loss function plays an important role in Bayesian statistical inference since it evaluates the
difference between model predictions and actual outcomes. In the Bayesian framework, we used the
posterior distribution to represent uncertainty and the loss function to select the best decision or
prediction. Different loss functions produce different conclusions or predictions; thus, choosing an
appropriate loss function is critical to the precision and reliability of Bayesian inference. Then, we
investigate Bayesian estimate of unknown parameters using the SE and SSE loss functions.

2.6 Bayesian Estimation under the SE Loss Function

The SE loss function is defined as follows,

L1(6,6) =

CD| D>
<D>| D
|
[\]

where 8 is the estimator of unknown parameter 6.
3. Real Data Analysis

In this application, we used real-time agriculture data from Kaggle.com [12] to analyze the Andra
agriculture data set in 2019. We evaluated the data using an inverse Weibull distribution with
intuitionistic fuzzy data, as shown in Tables 1 and 2. Mean Square Error for each crop 1.0551,
0.0419, 0.2632, 28.5692, 0.0126, 0.0507, 0.0915, 0.0125, 1.0093, 0.0397 and Bayesian Estimates
and Reliability (MSE) for each crop 0.0172, 0.0173, 0.0129, 0.0241, 0.0075, 0.0212, 0.0139, 0.0151,
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0.0372, and 0.0073 respectively, Estimated fuzzy parameters for the A are 2.5554, 2.8394 and 3.1233
for the n are 3.6139, 4.0155 and 4.4170.

Crop Season Area(ha) (MT) (kg/ha) Value®R)  (R/kg) Crop
Arecanut Kharif 1096 10418  899.2 188249 405.52 7.253333
Arhar/Tur Kharif 237647 114451  899.2 40818249 87929.39 0.44
Arhar/Tur Rabi 5940 3747 899.2 1020254  2197.8 0.43
Bajra Kharif 20484 47045  899.2 3518332 7579.08 2.004545
Bajra Rabi 4592 11322 899.2 7887219 1699.04 2.48

Banana Whole Year 97695 5861700 899.2 16780093 36147.15 60

Black pepper Whole Year 17645 17645  899.2 3030705 6528.65 1

Cashewnut Kharif 115785 115785 899.2 19887232 42840.45 1
Castor seed Kharif 36827 25270  899.2 6325406 13625.99 0.7625
Castor seed Rabi 1056 637 899.2 181378.6  390.72 0.684

Table.1. Agriculture data of Andra in the year of 20109.

Crop Season  Membership Degree Non-Membership Degree of
(W\mup) Degree (v\nuv) Uncertainty (m\pir)
Arecanut Kharif 0.70 0.20 0.10
Arhar/Tur Kharif 0.80 0.10 0.10
Arhar/Tur Rabi 0.60 0.30 0.10
Bajra Kharif 0.65 0.25 0.10
Bajra Rabi 0.55 0.35 0.10
Banana Whole 0.90 0.05 0.05
Year
Black Whole 0.85 0.10 0.05
Pepper Year
Cashewnut Kharif 0.75 0.20 0.05
Castor Seed  Kharif 0.60 0.30 0.10
Castor Seed Rabi 0.50 0.40 0.10

Table.2. intuitionistic fuzzy data values of Andra in the year of 2019 .

Maximum Likelihood Estimator (MLE) Table 4 = 4.3956 and n = 7.3543.
S.No Observed Yield(kg/ha) Predicted Yield(kg/ha)

1 5.00 5.00
2 4.67 4.67
3 4.00 4.00
4 3.60 3.60
5 3.33 3.33
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Mathematical Results of the inverse Weibull distribution.

Empizrical PDF vs. Inverse Weibull Distribution PD Inverse Weibull Distribution PDF

—— WD A =05 1 =05
—— WD A =10 —_— =10
1.5 WD A = 2.0 15 A=20
—— WD A =50 ’ A =50
== == Empirical PDF .
L W
Q 1 o 1
o a
4
0.5) 0.5
N\
0 0
0 2 4 6 8 0 2 4 6 8 10
X X

Fig. 1: PDF and Empirical PDF of inverse Weibull distribution using intuitionistic fuzzy set.

Empi1rical CDF vs. Inverse Weibull Distribution CD 1 CDF of Inverse Weibull Distribution
f)\ IWD A =05
08 \ IWD 4 = 1.0 0.8
J IWD A = 20
IWD A = 5.0
L 06 = = Empirical CDF . 08
a o
@) O
04 0.4
ozf! 0.2
I
O O e
0 2 - 6 8 0 2 - 6 8 10
X X

Fig. 2: CDF and Empirical CDF of inverse Weibull distribution using intuitionistic fuzzy set.

Reliability Estimation of Inverse Weibull Distribution with Intuitianistic Fuzzy Sets

Fig.3 : Reliability Estimation of inverse Weibull distribution with intuitionistic fuzzy set.
4. Results and Discussion

Fuzzy lifetime data can be used to estimate the reliability of IWD in real-life scenarios due to
uncontrollable factors. However, fuzzy sets only have one membership degree parameter, resulting
in a less precise description of the objective world. In contrast, intuitionistic fuzzy sets can better
express uncertainty and fuzziness when dealing with fuzzy information.

The EM algorithm was used to obtain MLEs, followed by the Lindley approximation to obtain BEs
under SE and SSE loss functions. Results showed that changing the true values of multiple sets of
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parameters resulted in a significantly smaller mean square error under Bayesian estimation compared
to the maximum likelihood estimator.

Kaggle.com supports the current research findings [11]. We discovered results for the Probability
density function as well as PDF and Empirical PDF (Fig.1), Cumulative density function as well as
CDF and Empirical CDF (Fig.2), and Reliability Estimation (Fig.3) in the Inverse Weibull
distribution intuitionistic fuzzy set to the agriculture problem of Andra in the year of 2019 with fuzzy
parameters and supporting MATLAB tool, which shows how well the suggested technique performs
in predicting crop production for all seasons.

5. Conclusion

In this study, the Inverse Weibull distribution model is applied to real-time data in a fuzzy
environment. This value is generated by combining the inverse Weibull distribution with the
intuitionistic fuzzy set, and the resulting curve is used to assess the performance of the given data.
The calculated Mean Squared Error (MSE), Maximum Likelihood Estimator (MLE) and Fuzzy
operating characteristic curves for several functions are examined. This includes the probability
density function, empirical PDF, cumulative density function, empirical CDF, and reliability
estimation for the inverse Weibull distribution. This study determined that the proposed approach
can be implemented if the product's quality is uncertain. The study discovered that the strategy is
quite efficient in unpredictable agriculture and situations.
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