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Introduction

Bi-groups are a particularly useful tool since they provide solutions to a significant difficulty that all
groups encounter, namely that the union of two subgroups does not create any algebraic framework,
but they do make a good bi-algebraic framework. The bi-group research was conducted from 1994 to
1996. Maggu were the initial one to use a syntax for bi-groups. Vasantha Kandaswamy and Meiyappan
expanded this theory in 1997. Several individuals propose adjustments to some of Maggu's already
proven outcomes. These conclusions included supplementary bi-group characterisation results.
However, Vasantha Kandaswamy has lately researched the idea of bi-algebraic framework.Agboola
and Akinola investigated bi-cosets in a bivector space..l expanded upon it the ternary operation is one
of the operations in algebraic frame work that | used, and then used the same idea in every way that |
could. G. Srinivasa Rao et.al[1-2, 13-18] discussed about ternary semirings, ordered ternary semirings
and gamma semirings and their properties.

1. Preliminaries:

Definition 1.1: A non-empty setGand’  'is a binary operation on G if it satisfies the following
conditions, then algebraic structure(G,x) is called a group.

a,beG=axbeG

iia*x(bxc)=(axb)*cVa,b,c€G

iii)Ife € GSuchthataxe =exa =avVa € G

iv) meant for each a € G present exist part b € G such withtheaimofa*b=bxa=-e

whereb = a1
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Definition 1.2: A non-empty group Gand ' = " is a dual procedure on G if it satisfies the following
conditions, then algebraic structure(G,*) be call a semi group.

a,beG=axbeG

i)ax(b*c)=(ax*b)*cVa,b,c €G

Definition 1.3: A non-empty group be a T. Then T be understood to exist a ternary semi group
fromT X T x T - T which map [x;x,x3] = x;x,x5 satisfy the condition:[(x;x,x3)x4x5] =
[x1 (xax3%4)x5] = [x1%2(x3x4x5)] forall x; € T,i = 1to5.

Definition 1.4: A non-empty set (G, +,") with dual action two are ' + ' & " -’ be call a bi-group if
here be real two suitable sub sets G; & G, of G follow

)G =G, UG,

ii) (Gy+)isagroup.

iii)(Gy,") is group.

Example 1.5: Let G = {set of integers } U {i, —i} be a bi group.

Definition 1.6:A non-empty set (G, +,-) with dual actiontwo are " + ' & ' - " is call a bi semi group
if here be real two suitable sub sets G; & G, of G as follow

G =G, UG,

ii)(G4, +) be semi group.

iii)(G4,) be semi group.

Example 1.7: let ¢ = (Z*,+) U ({1,—-1,i,—i},) is a bi semi group.
2. Main Results:

Definition 2.1: A non-empty set T = T; U T, be a bi ternary semi group. Then both T, and T, are
satisfy the conditions of ternary semi group. i.e. [(xyx3x3)x.xs] = [x1(X2X3%x4)x5] =
[x1%2 (X3%4%5)] Vx; € Ty

Similarly [(abc)de] = [a(bcd)e] = [ab(cde)]Va,b,c,d, e €T,

set of non-empty is T with ternary growth be a mark of [ ] is said to be a Bi-Ternary semi group if
T =T, UT, someplace T; & T, be proper subsets of T such that

i)T, is ternary semi group.
ii)T, is ternary semi group.

. i . f[0 011 O1f1 O][0 1770 010 O o
Example 2.2: Let T = {i, L}U{O 0],[0 0],[0 1],[0 0 ,[1 O]’[O 1 } then T is bi
ternary semi group under complex multiplication and matrix multiplication.

Example 2.3: Let T = CU Z is of bi ternary semi group.

Example 2.4: Let T = C; U Z is of bi ternary semi group.
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so that T is Bi ternary semi group.

Definition 2.6: A nonempty sub set S = S; U S, of a bi ternary semi group T be understood to be a bi
ternary sub semi group, when if both S; &S, satisfy the condition: a,b,c;Vay, b1, ¢, € Sy

a,b,c,Vay, by, c, €S,

Note 2.7: A non-blank sub group S = S; U S, of a bi-digit group T be tell to be a bi ternary sub semi
group if and only ifS; 5,5, € S,

S,S,S, € S,

T.S0,S < T is ternary sub semi group of T.

Theorem 2.9: The non-empty intersection of two Bi-ternary sub semi groups of a Biternary semi
group T is a Bi-ternary sub semi-group of T.

Proof. : Let S; S, be two Bi-ternary sub semi groups of T.leta, b, c €5, NS,
a, b, c €S;,NnS, Then a, b, c €S;anda, b, c €S,

a, b, c €5;,S; isaBi-ternary sub semi group of T ,abc € S;

a,b,c €5,,S,isaBi-ternary sub semi group of T, abc € S,

So, thatabc € S;, abc € S, thenabc € S; N S,

Therefore S; N S, is a Bi-ternary sub semi group of T.

Theorem 2.10: The meeting point of some relations of Bi-ternary sub semi groups of T is the Bi
ternary sub semi group of T.

Proof : Let {S,},ca be a family of bi ternary sub semi groups of T, And S = Nyep Sq-
Leta,b,c €ES=>a,b,c € NgepSqy = a,b,c€ES,Va€eA

a,b,c €S, ,S, isabiternary sub semi group T then abc € S,

Now, abc € S, ,VYa € A= abc € Ngea Sy

Then abc € S. Therefore S is a bi ternary sub semi group of T.

Theorem 2.11: Let T be a bi ternary semi grouping & A be a non-empty sub set of T. Then < A >=
the intersection of all bi ternary sub semi groups of T'containingA.

Proof : Letting A be a group comprising all bi-ternary primary semi-groups of T containing A.
bi ternary be T, sub semi group of "TcontainingA. T € A, accordingly A+ @

Agree S* = NgeaS

GivingthatAc SvSeAandAc S*
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Since S* is the intersection of bi ternary sub semi groups of T.

S0,5* is a bi ternary sub semi group ofT.

Since S* € Sforall S € A, S* is the smallest bi ternary sub semi group of T containing A.
Hence $* =< A >

Definition 2.12: A bi-ternary semi group T be thought concurrent if for every a, b, ¢ € T, then wehave
abc = bca = cab = acb = bac = cbha

3.1deals In Biternary Semi Groups:

Left Ideals in Bi-ternary semi groups

Definition 3.1: A nonempty sub set A = A; U A, of a bi-ternary semi group T be thought concurrent
left ideal of T if both A; and A, are Left ideals of T; and T, such that if b,c € T;,a € A; implies
bca € A;

Similarly, b,c € T,,a € A,implies bca € A,.
Note 3.2: A unfilled auxiliary set called A of a biternary semigroup T is considered that it's left
idealistic if justif TTA < A.

Example 3.3:T = T, U T, Be a Bi ternary semi group Where T; = {[Z 2 ,a, b, ¢ € Z} :

T, = { J(; JZ/] X,V ZE Z}are ternary semi groups of T. I = I; U I, where

I; = {[Z 8 ,a, be Z}, I, = {[g 8 , a € Z} are left ideals of T; n T,respectively. Thus I is
the left idealistic of Bi ternary semi group T.

Theorem 3.4: The intersection of any two left ideals be a bi-ternary semi group T be left T is idealistic.
Proof. : Let A, B left idealistic of two beT. Leta € An B andb,c €T .

Ifa € A NnBthena€eAanda € B

a € A; b, ce T, Abe leftidealistic T then bca € A.

a € B;b,c €T, B be left idealistic of T then bca € B

therefore, bca € A,bca € B = bca € A N B.

Therefore A N B is a left ideals of T.

Theorem 3.5: T's left ideally suited represents the non-empty intersection of any set of left ideals bi-
ternary semi groups.

Proof: Let A,, a € A be group to be left idealistic of T & let A = NyenAg
Leta € A;b,c e T.Nowa € A,a € NyeprA, = a € A, foreverya € A.
a €Ay b ceT | A, beleftidealistic of left of T = bca € A,

bca € A, forall @ € A= bca € Nyep Ay = bca € A.
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Therefore A be left idealistic of bi ternary semi group T.

Theorem 3.6: The unification of other two left ideals of bi-ternary semi group T is a left ideal of T.
Proof: Let I;, I, idealistic left two of bi ternary semi groupT .
LetaelUl,=a€l,ora€l,orbothand a,f €T

a,f ET,a€l, = afa€l;

a,PET,a€l, = afac€El

afa € l,afa€l, = afa€l,Ul,

afa €l U,

Thenl; U I, is left ideal of T

Theorem 3.7: Any family combined of left idealistic of bi-ternary semi group T be left ideal of T.
Proof.: Agree to A,, @ € A be arelated of left ideals of T and let A = Ugep Ay

Clearly A is a non empty sub set ofT.

Leta € A;b,c € T.Nowa € 4,a € Ugep Ay thena € A, forsome a € A

a €Ay b,ceT A, beleftidealistic of T = bca € A,

bca € A, forall @ € A= bca € Uyep Ay = bca € A.

Therefore A be left idealistic of bi ternary semi group T.

Lateral Ideals in Bi-ternary semi groups:

Definition 3.8: A non — blank auxiliary set A = A; U A, of a bi-ternary semi groupT be lateral
ideal of T if both A, and A, are Lateral ideals of T; and T, such that if b,c € T;,a € A; implies
bac € A;

Similarly, b,c € T,,a € A, implies bac € A,.

Note 3.9: A non-empty auxiliary set A of a bi-ternary semi groupT be to lateral ideal if and only if
TAT < A.

Example 3.10: T = T; U T, Be a Bi-ternary semi group WhereT; = {[Z (C)] a b cE Z} |
T, = {[J(; 321] X, y, Z € Z} are ternary semi groups of T. I = I; U I, where

_ ([0 0 _ [0 a . . .
I, = {[b O],b € Z}, I, = { 0 O],a € Z} are lateral ideals of T, &T,respectively. Thus I is the

lateral Ideal of Bi ternary semi group T.

Theorem 3.11: The connection by two lateral ideals of a bi-ternary semi group T be a lateral idealistic
of T.

Proof: Agree A, B be two lateral perfects of T. Be inagreementa € A n Band b,c€eT.

Ifa € A n BthenaeAdanda €B
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a € A;b,c €T, Ais a lateral perfect of T thenbac € A.
a € B;b,c € T, B is a lateral perfect of T then bac € B
Hence, bac € A,bac € B = bac € AN B.

Therefore A N B is a on the side perfect of T.

Theorem 3.12: The non-empty joint of any family of lateral ideals bi ternary semi group T is a lateral
perfect of T.

Proof: Agree A,, @ € A be a combined of on the side perfect of T and let A = Ngea Ay
Leta€e A;b,ceT.Nowa € A,a € NyepA, = a € A, foreverya € A.

a €Ay b,ceT |, A, were perfect on side perfect & T = bac € A,

bca € A, forall @ € A= bac € NyepnAy = bac € A.

thus A be a lateral idealistic of bi ternary semi group T.

Theorem 3.13: The amalgamation by two lateral ideals of bi-ternary semi grouping T is a on the side
perfect of T.

Proof : Agree to I, I, any two on the side perfect of bi-ternary semi-grouping T.
LetaeLUl,=a€lora€l,orbothand a,f €T

a,PET,a€l, = aaf €1,

a,f ET,ael, = aaf €I,

aaff € lj,aaf €1, > aaf €, U I,

aafd €1, U I,

Thenl; U I, is lateral ideal of T.

Theorem 3.14: The combined be all related of lateral ideals be bi-ternary semi grouping T is a lateral
ideal of T.

Proof: Agree to A,, « € A become a group of transverse ideals. of T and let A = U,ep 44
Clearly A is a non-blank sub set of T.

Leta€ A;b,c eT.Nowa € A,a € Ugep A, thena € A, for some a € A
a€A,;bceT ,A,isatransverse ideals of T = bac € A,

bca € A, forall @ € A= bac € Uyep A, = bac € A.

thus A is a lateral ideals of bi ternary semi group T.

Right Ideals in Bi-ternary semi groups:

Definition 3.15: A non-empty sub set A = A; UA, of become a family of lateral ideas.
A bi-ternary semi-group T is considered the proper optimum of T if equally A; and A, are right ideals
of T, and T, such that if b,c € T;,a € A, implies abc € A,
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Note 3.16: A non-empty auxiliary set. A of a bi-ternary semi-group T is considered to be correct if
justif ATT < A.

Example 3.17:T = T; U T, Be a Bi ternary semi group Where T; = {[Z (C)] a, b, c€e Z} , Ty, =

{[i; )z]] X, y, Z € Z} are ternary semi groups of T. I = I, U I, where

_f(la b _ ([0 a . . . i
I = {[0 ol’ a b € Z } I, = { 0 O],a € Z} are right ideals of T; & T,respectively. Thus Iis
the right Ideal of Bi ternary semi group T.

Theorem 3.18: T's right ideal is the non-empty confluence of multiple right conceptions of a bi-ternary
semi group.

Proof: Agree to I;, I, be two ideals of bi-ternary semi group T.
Leta,be [ NL&a,BET

Alsoa,f €T, a€l, = affa€l,

a,LET,a€l,= afa€l,

afa € l,afa€l, = afa€l, N,

Hence I, NI, is the right ideal of Bi ternary semi groupT .

Theorem 3.19: The non-empty intersections of any group of right conceptions be Bi-ternary semi
grouping T is a right ideal of T..

Theorem 3.20: The amalgamation of neither of the right ideals be bi-digit semi grouping T were right
picture of T.

Proof : Agree I, I, be multiple (two) right ideals of bi ternary semi groupT.
letaelUl,=a€l,ora€l,orbothand a,f €T

Alsoa,f €ET,a€l, = afa € I,

a,f ET,a€el, = afac€El,

afa € lj,afa€l, = afa€l,Ul,

a,fET,aeUl,,afa€l; VUl

Thenl; U I, is rightideal ofT.

Definition 3.21: A nonblank set A be bi ternary semi groupT is said to be ternary ideal or just an
perfect of T if

b,c €T,a € AThen, bca € A,bac € A,abc € A.

Definition 3.22: An Ideal A = A; U A,be a Bi-ternary semi group T be maximal perfect. Both
A;&A, are maximal ideals of T;&T, provided that A,&A, any good ideals of T;&T,. Hence A is
maximal ideal of Bi ternary semi groupT .
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Definition3.23: An ideal A be bi-ternary semi group T, the Principal Bi ternary ideal generated
by a if A;&A, are ideals of T, &T, generated by {a} for some a € T. is denoted by (a).

Definition 3.24: An ideal A of a bi ternary semi groupT is said to be globally idempotent.If 43 =
A

Definition 3.25:A bi ternary semi groupT is said to be globally idempotent.T3 = T.

Theorem 3.26: If T is a bi ternary semi group with unity 1 then the union of all proper ideals of T is
the unique maximal ideal of T

Proof: Let M be the union of all proper ideals of T. Since 1 is not an element of any proper ideal of T.
1 ¢ M. Therefore M is aproper sub set of T. By theorem union of all ideals of T is an ideal of T.M is
an ideal of T. Thus M is a proper ideal of T. Since M contains all proper ideals of , M is a maximal
ideal of T. If W is any maximal ideal of , then

W € M < T and hence W = M. Therefore Mis the unique maximal ideal of T.

Definition 3.27: Let T be a bi ternary semi group and A be non empty subset of T. The smallest left
ideal of T'containing A is call left perfect of Tgenerated by A.

Theorem 3.28: The intersection of all left ideals of T that include A is the left perfect of a bi modal
semigroup T created by a non-empty auxiliary set A.

Proof: Agree of A a put the left ideals of T contaiing A. Given that T is a left perfect and includes A,
T € A.So A+ @. Agree S™ = NgepS. Seeing as A is a resulting put of S forall S € A,A € S*. S isthe
left ideal of S. Let P be the left ideal of T containingA.P be the left perfect of T. Clearly A <
P.ThereforeP € A= S* € P & hence S* be the left perfect of Tcontaining A.

Definition 3.34: Preservative auxiliary semi group Q of a bi-ternary semiring T is called quasi ideal
of bi ternary semiring T then Q = Q; U @, mutually Q; & Q, are quasi standards of T, & T, if

T TN TQ:T 1+ T, ;0,7 T))N Ty T,Q; € Q4
Q, T, T,n(T,Q,T,+ T, T,Q,T, T,)Nn T, T,Q, < Q,. Again Q is a quasi-ideal of T

Definition 3.35: A apt perfect of P = P; U P, of a commutative bi ternary semi groupT is prime
ideal if, together P, & P, were main ideals of T;&T, correspondingly if X;,Y;,Z; are ideals
of T;andX,, Y,, Z, are ideals ofT, such that

X2, € P, =X, CPjorY, €S PiorZ, € P,
XY, Z, € P, = X, € PorY, € P,orZ, C P,

Definition 3.36: A put perfect by P = P, U P, of a commutative bi ternary semi groupT is
completely prime ideal if, together P; & P, are completely prime ideals of T;&T, separately
if x;,y1, 2, are of T;andxy, y,, z, are ofT, such that

X1Y1Z1 € P, = x4 € Pyory, € Pior z; € P;

xzyzzzEPZ:XZepzoryzepzor'Zzepz
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Theorem 3.37: Let T be a bi ternary semi group with identity. Then T's maximum notions are all
fundamental concepts.

Proof: Agree P be a ultimate perfect of T. Let 4, B, C be ideals of T such thatABC < P.Suppose that
A,Bnot contained in P. Then AUP=Tand BUP=T. AseeTsoe€ AUPande€BUP
impliese€ Aoree Pande€eBore€eP. Sincee¢ PsoecAand ee B=>A=TandB =T.
Now sincee € T, SOTTC = C and C = TTC = ABC < P suggests C € P. Henceforth P is a main
idealistic of T'.

4 HOMOMARPHISM ON Bl TERNARY SEMI GROUP:

Definition 4.1: Let (S,,,*x) where S = (S51,7) U (S5,%) and (T,0,Q ) = (Ty,0) U (T,,Q) be two bi
ternary semi groups. A plan @ = @; U @, on or after S to T is bi ternary semi group homo-
morphism. If @,preserves homomorphism from S;toT; , @, preserves homomorphism from S,to T,
such that

Dda-b-c)=0(a) e d(b) °0(c)
2)P(a*b*xc)=0(a)®D(b)®B(c)forall a,b,ceS&P(a)d(b),d(c)€ET.

Definition 4.2: A bi ternary semi group homomorphism @: S — T is onto homomorphism is called
Epimorphism

@:S->T.

Definition 4.3: A bi ternary semi group homomorphism @: S — T is one-to-one homomorphism is
called Monomorphism @:S — T.

Definition 4.4: A bi ternary semi group homomorphism @: S — T'is both one-to-one and onto (i.e.
Bijective) homomorphism is called Isomorphism@: S — T. it says that S is isomorphicto 7. S = T.

Definition 4.5: A bi ternary isomorphism @ is defined from same bi ternary semiring onto itself is
called an Automorphism.

Definition 4.6: A mapping @: S — T is bi ternary semi group homomorphism the kernel of the
homomorphism ker@ is defined as ker® = {e € S: @(e) = e’} Where e’ € T is the identity of T.

Theorem 4.7: Let S = S; U S, andT = T, U T, be two bi ternary semi groups with @ is a bi ternary
semi group homomorphism from S — T then ker® = ker®, U ker®, is ideal of the set S.

Proof: Given that S is a bi ternary semi group.

Let ker® = {a € §:0(a) =0'}

We prove that ker@ is an ideal of S.

We first prove ker® is a non empty set.

Let us assume 0 is the 0(zero) section of S, also 0’ is the 0(zero) section of T.
Let0ES=>0€ES,US, =0€S5,&0€ S, = 3,(0) = 0'&p,(0) =0’

Thus 0 € ker® .Hence ker® is non empty.
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Let x, y € ker® by the definition of ker®

If x € ker® = 0(x) =0'&0(y) = 0’

Leta,b e kerp &s €S

Since a,b € ker® = ¢(a) = 0'& @(b) = 0’

Consider,@(abs) = @(a)@(b)?(s) = 0'.0".0(s) = @(s) =0’
=~ abs € ker®

Similarly sab € ker® ,asb € ker®

Hence Va, b € ker® &s € S then abs € ker® ,sab € ker® ,asb € ker®
So ker@ is an ideal of S.

Theorem 4.8: The homomorphic image of an ideal is an ideal. If @:S — T is an bi ternary semi
group onto homomorphism and A is an ideal of S then @(A) is an ideal of T.

Proof: Perfect 0 & 0’ be the additive identity of S & T respectively.
P(A) ={p €T:3u € Ss.tO(w) =u'}

0€eAs.t@d(0) @A) =0 € @(A) where p(0) =0"€T

= @(A) is a non-empty.

~ PA)CST

Leta' ,b' € (A)Ja, b€ A

Such that@(a) = a’,0(b) = b’

Leta',b' € p(A)&t€ET.

We prove a'b’t € @(A)

Since@isontods €S s.tB(s) =t

Consider, a’b’'t = @(a)?(b)d(s) = @(abs) € B(A)

Sincea,b € A&s € S = abs € A has a perfect of S.

~a'b't e @A)

Similarly ta'b’ € (A)&a'th’ € P(A)

Hence @(A) is the left, on the side, right perfect of T.

Hereafter @(A) be idealistic of T.

Definition 5.1:Bi ternary semi field: Let T is a bi ternary semi ring, T said of T is a bi-digit semi field
condition T; is a ternary semi field & T, is a ternary semi field everyplace T = T; U T5.i.e. equally T;

& T, stand shifting ternary semi rings thru non zero(0) element has multiplicative inverse.
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