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1. Introduction

Initially, the idea of graph domination was presented by author Ore in the year 1960, and after this it
is very important and vital area of research in theory of graph. The research regarding fractional
domination number presented by some researchers in the late 1980s as a generalized concept of
domination. A graph's fractional dominating number is described as minimum total weights assigned
to all the vertices of graph from fractional dominating set, where a fractional dominating set is a method
that gives each vertex a weight such that the addition of the weights of all vertices is at least one. At
the 18" south-eastern international conference based on Combinatorics, Graph theory and Computing
S.T. Hedetniemi initially defined fractional dominating as a function f:V — [0,1]is said to be
dominating function of the graph G = (V, E) if f(N[v]) = 1forall v € V. The fractional dominating
number of G is given by y; (G).

M. Farber examined the issue of figuring out whether to use the linear programming formulation of
¥ (G) could provide an integer solution to LPP.

https://internationalpubls.com 670



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 6s (2024)

yr (6) =MIN " x;,
Subjectto N.X > 1,,, where x; > 0.

The constraint system for domination is N.X > 1,, and using a closed neighborhood matrix N we
aim to reduce the weight of the function that accomplishes this with n-by-n binary matrix N = 4 +
I, , where [,, be the n-by-n identity matrix and A is adjacency matrix.

The authors [12] have discuss topological spaces generated by simple graphs using adjacency relation
and non adjaceny relation on vertices. They establish important results showing relations between
complete graph and discrete topological space. Also discuss the topological spaces related to complete
graphs, isomorphic graphs and study their properties.

The author [8] have taken the simple connected graph G of n vertices and m edges. Let L(G) is its line
graph, In this paper they have obtained lower bound and upper bound for addition of graph and its line
graph’s domination number. They continue to work on the block graph and further domination number
of graph. In the paper [9] they characterize regular graphs and unicyclic graphs of odd order for
which y(G) +y(L (G)) =n — 2. The authors [1] have studied another fractional version of k-
domination in the graphs and related parameters. Let G is the connected graph and k is the positive
number with k < rad(G).

A subset D S V' is known as a distance k-domination set of graph G iff every v € V — D, there exists
avertex u € D such thatd (u,v) < k.

The line graph of a graph represents the adjacencies between the line connections of the original graph.
This study investigates relationship between the fractional domination number of a graph and their line
graph for various graph classes. Our results show that there is a correlation between the sum of
fractional domination number of a graph and its line graph, and this sum is NP-hard in general,
however the correlation between the sum of the fractional domination number of a graph G and its line
graph L(G) is not straightforward. Generally, depends on the specific graphs involved or some graph
classes, it can be solved in polynomial time. These findings contribute to our understanding of the
properties of graphs.

In some graph classes, the fractional domination number of L(G) can be related to the fractional
domination number of G. If G has a high fractional domination number, this might imply that L(G)
also has a relatively high fractional domination number due to the structure and relationship between
the two graphs.

Positive Correlation: In some cases, the fractional domination number of L(G) can be related to the
fractional domination number of G. If G has a high fractional domination number, this might imply
that L(G) also has a relatively high fractional domination number due to the structure and relationship
between the two graphs.

No Simple Correlation: However, there is no universal rule stating that the sum of the fractional
domination numbers of G and L(G) must be correlated in a simple manner. The relationship is
influenced by various factors such as the size of G, its connectivity, and how vertices in L(G) are
dominated by sets of vertices in G. The goal of this paper is to investigate a generalization of y; (G),
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¥r (L(G)) and T; (G), T'r L(G) for some specific graphs. In this section we are going to give definitions
which are useful in further sections.

The definitions are given [5, 7] like the following:
Definition 1.1. Domination set and domination number:

Let G = (V,E) is agraph and subset D of vertex set VV is known as a dominating set of graph if every
vertex in V — D is adjacent to at least one vertex in subset D. A dominating set D is known as a minimal
dominating set if there isn't a dominating set of G that is a proper subset of D. The size of smallest
dominating set of graph G is called the domination number of graph G and it is denoted by y (G). The
maximum number of elements of minimal dominating set of graph G is known as upper domination
number of graph and it is denoted by I'(G) The domination number noted as y (G) and upper
domination number noted as I'(G) are described as:

Y(G) = min {|D|: D is minimal dominating set of G}, and
['(G) = max {|D|: D is minimal dominating set of G}
Definition 1.2. Fractional dominating function:

A dominating function f to be any f: V(G) — [0, 1] is a function of graph G which allocate values
for every vertex v € V(G) in unit interval [0,1]. The function f is known as fractional dominating

function if for every vertex v € V(G), f(N[v]) = Z

VEN|[V]
allocated to the vertices in closed neighborhood of v € V(G) such that N[v] is at least one, i.e.
(N[v]) = 1. (Since then any vertex v € V(G) is in the closed neighborhood of at least one vertex in
D, where D is subset of vertex set V).

f(v) = 1. It means the addition of the values

Definition 1.3. Fractional domination number:

The dominating function f is known as a minimal fractional domination function if there doesn’t exist
another domination function g # f for which g(v) < f(v) for all v € V(G) equivalently f as an
minimal fractional dominating function if for each vertex v with f(v) > 0, there exist a vertex w €
N[v] such that Z;‘;N[W]f(v) =1 By lemma [8] Let f be a dominating function for a graph G =

(V, E) then f is minimal dominating if and only if for any v € V(G) whenever f (v) > 0 there exists
some u € N[v] such that f(N[v]) = 1. (If there is a vertex v for which given condition is not true,
means if every vertex in the closed neighborhood of v carry out (N[v]) > 1, then we are in a position
to decrease f (v) to obtain a smaller fractional dominating function and so f is not a minimal fractional
dominating function. The fractional domination number of G, y; () and upper fractional domination

number of G, T's (G) are described as,
Yr (G) = min{|f|: f is an minimal fractional dominating function of G},

[r (G) = max {|f|: f is an minimal fractional dominating function of G}.

where |f] = ¥ f().
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Definition 1.4. Line graph:

Line graph of G is L (G) having its vertices are converted as the edges of original graph G with two
vertices of graph L (G) are adjacent for the condition if corresponding edges share a common vertex
in graph G. Another definition that the vertices of L (G) are the edges of graph G with two vertices are
adjacent whenever the corresponding edges of G are adjacent.

In any minimal dominating set S is subset of V (G), such that N[S] = V(G) and the closed
neighborhood of each v € S contains at least one vertex and which is not in the closed neighborhood
of any other member of S . (If this is not true for some v € S then S — {v} is a smaller dominating set,
contradicting the minimality of S). Consequently, every maximal irredundant set is likewise a minimal
dominant set. Hence ir (G) < y(G) earlier this result was obtained by [3] every minimal dominating
set induces a minimum dominating function, and every minimal dominating function is said to be a
minimal fractional dominating function. This implies that y, (¢) < y(G) < I'(G) < Iy (G).

Some preliminary known results:

Theorem 1.1. ([5]). For every graph G we have [ ] yY(G) < n—A(G).

1+A(G)

Theorem 1.2. ([5]). For every graph G we have —— A(G) =y (6) = 1+5(a)

Where A(G) is noted as maximum degree and §(G) is noted as minimum degree of graph G.

Theorem 1.3. ([5]). For any graph ¢ fractional domination number y; (¢) = 1if and only if
A(G) = n—1.
Corollary 1.1. ([5]). Let G is any simple connected graph with A(G) = n— 1 and let £ be any

fractional domination function with (G) = |£|. Then for only those vertices v € V(G) with deg (v)
=n — 1 satisfy f(G) > 0.

Theorem 1.4. ([3]). If the graph G is r-regular then y; (G) = 1

In section 2 we determine the fractional and upper fractional dominating number of graph G and
L(G). We also determine the y; (G) + v¢ (L(G)) , v (G) * v (L(G)) and T (G) +

I'r (L(G)), Tr (G) * T's (L(G)). We have taken the standard graphs like Cycle, Complete, Star, Bi-
Star graph, Wheel graph, Cubic graph, Cartesian product graphs. In section 3 we introduce
applications in terms of union and join of the considered graphs.

2. Relation between the fractional domination number ofgraph and their line graph
2.1 Cycle graph (Cn)

Simple graph G of order n where (n = 3) and number of edges n is known as a cycle graph. Every
edge in the graph creates a cycle with length n and each vertex has degree two. The line graph of cycle
graph is L(G) isomorphic to its cycle graph G with same vertex numbers and are adjacent in the
provided graph if the corresponding edges share a common vertex.

Theorem 2.1.1. If G is the simple connected cycle graph (C,) on n vertices and L(G) is line graph,
then
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2
D2y, (@) +7 W6) <5

i) 1 < yr (G) *yr (L(G)) <n?/9

iv) T (G) * Tp (L(G)) = n*/4
Proof: i) and ii) with the reference of previous chapter for cycle graph we have fractional domination
number is y¢ (C, ) = n/3, where n = 3,4,5, ...n. The line graph of cycle graph is L(G) isomorphic to
its cycle graph G with same vertex numbers and are adjacent in the provided graph if the corresponding
edges share a common vertex. Therefore, for line graph L(G) the fractional dominating number is
¥r (L(Cy)) = n/3. Forthe sum yf (G) + ¢ (L(G)) lower bound is 2 and upper bound is 2?" Therefore

we have 2 < v (G) + v (L(G)) < Z?n and 1 < yr (G) *yr (L(G)) <n*/9, n=345,..n

iii) and iv) The upper fractional domination number of cycle graph Cn isTf (C,) =n/2is
observed by assigning weight (%) to every vertex and the condition where vertex w €

N[v] such thatZ;EN f(v) =1 condltlon is satisfied. Therefore we found that I (G) +

a

Theorem 2.1.2 Let graph G is r-regular of order n then its upper fractional domination number is

Proof: Theorem 1.4. gives if graph G be r-regular of order n then y; (G) = T:l—l The fractional
dominating function f that allocates the weight 1/(r + 1) to each vertex of G so that function is the
minimal weight fractional dominating function, and its generalized formis yy 6) = rz—l So An
identical argument works for given upper fractional domination number where function f allocating
weights (1/7) to each vertex of G so that I'; (¢) is maximum cardinality of function f where f is
minimal fractional dominating function of G. Its generalized form is given by I'; (G) < n/r. Letv €

V(G) such that f(N[V]) = Z;"EN f(v) > 1. rf 6) =

Where |f| = Z;‘;Vf(v). So if graph G is r-regular of order n then its upper fractional domination
number is Tr (G) < n/r. o

2.2 Complete graph (Kn)

A simple connected graph G is considered to complete if every pair of vertices are adjacent. A complete
graph G is simple undirected graph in which pair of different vertices is connected by a unique edge.
In the line graph of complete graph number of vertices in L(G) are equal in number of edges in graph
G.
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n(n-1)

Theorem 2.2.1. Let graph G is a complete on n vertices and L(G) is its line graph on — vertices
then
D1 @)+ () =1 + 5
n(n-1)
ii) yr (@) *yp (L(G)) = m
i) T (6) + T, (L(G)) = 1 + 2= D/2
2n—4
nn-1)/2

iv) Tp(G) Ty (L(G)) =

Proof: i) and ii) If graph G is the complete then all pair of other vertices are connected by a unique edge
and the fractional dominating number y; (K,, ) = 1. Any set containing a single vertex is a dominating

set inK,. So y(G) = 1. For any graph G we have yf(G) < y(G). The graph G is a complete on

2n—4

n vertices as n — 1 regular graph we have Iy (K,) < ﬁ The line graph L(G) is having its vertices

are nothing but edges of G with two vertices of L(G) are adjacent if common vertex shared by
corresponding edges in G. In the line graph of complete graph number of vertices in L(G) are equal in
number of edges in graph G. (See the Figure 2.2.1A and 2.2.1B) where K, is complete graph with 4
vertices and 6 edges so in its line graph of K, we have 6 vertices with each vertex of degree 4. So
L(K,) is4-regular graph. In line graph of Complete Graph K4 we have every two nonadjacent vertices
are mutually adjacent to exactly four vertices.

es ey

(A)  Complete graph K, @) Line graph of Complete graph K,

Figure 2.2.1

Similarly, Ks is complete with 5 vertices and 10 edges so in the line graph of K5 we get 10 vertices
with each vertex of degree 6. For the generalized result we have the sequence of complete graph K,,

with set of vertices as {1,2,3,4,5,6,7, ... n}. So for complete graph on set of vertices n = {2,3,4,5, ..., n}

)

the sequence formed for graphs with number of edges {1,3,6,10,15,21,28, , IS triangular

number sequence. For G is complete graph with n vertices as n — 1 regular connected graph where
n(n-1)

n ={2,3,4,5,6, ...}, the line graph of complete graph L(G) on — vertices are (2n — 4) regular

connected graph. Line graph having each vertex with degree sequence is {0,2,4,6,8,10, ... 2n — 4}. So
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n(n-1) n(n 1)
we have y (L(G)) = @ 24) - hence for the sum y, (G) + vy, (L(G)) =1 + on 4)+1 and yr (G) *
n(n 1)
v (L(6)) = (2n- 4)+1

iii) and iv) The condition satisfies for the complete graph on n vertices as (n — 1) regulargraph
""'EN[ f(v) =1 and it is known that I's (K,) = 1. So if
graph G is complete and L(G) is its line graph then upper fractional dominating number of line graph

where each vertex w € N[V] such that ).

is Ty (L(G)) = M and for the sum we get Ty (G) +T; (L(G)) =1 +M and I's (G) =
n(n-— 1)/2
I (L(G)) = 2ty i
Number of Number of Graph with each vertex of | Line Graph with each vertex of
Vertices Edges Degree Degree
2 1 1 Yr(G) =1 0 Yr (L(G)) =1
3 2 v (6) =1 2 v L) =1
4 6 3 Yr(G) =1 4 Yr (L(G)) = 1.2
5 10 4 Yr(G) =1 6 Yr (L(G)) = 1.42
n nn—1) n—1 Yr(G) =1 (2n—4) nn—1)
2 _ 2
2n—-4)+1
Table 2.2.1

2.3 Star graph (S,)

Star graph Sn is noticed as complete bipartite graph like (K;, ), Aninterior node serves as the
central vertex of a tree containg n leaves.

Theorem 2.3.1 Let G is the star graph of order n and L(G) is its line graph then
D) v (@) + v (L(G)) =2
i) vy (G) xyf (L(G)) =1

iif) Ty (6) + Ty (L(G) <n + Z - ;

iv) Tr (G) * Ty (L(G)) < ’i_’z”

Proof: i) and ii) The term star graph refers to be complete bipartite graph in which each vertex in the
graph belongs to one set and other vertices to the other set. One central vertex is adjacent to every
other vertex. So, if G be the Star Graph (K5 )then y;(G) = 1 see the Figure 2.3.1A). The Line
graph of (K, 5) is complete graph see the Figure 2.3.1B) and hence the fractional domination number
is one i.e. ¥ (G) = 1. Therefore, star graph Spn is observed as complete bipartite graph
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like (K, ) where n = { 3,4,5, ...} and line graphs are all complete graph with n vertices where n =
{3,4,5,6, ... } so the general result for the sum v, (G) + v¢ (L(G)) = 2 and yf (G) * y¢ (L(G)) = 1.

€4

()
(A) StarSGraph 1{41,5 (B) Line graph of Star Graph K; 5

Figure 2.3.1

iii) and iv) As per observations the upper fractional dominating number of Star Graph (K;5) is 5
with considered closed neighborhood of every vertex satisfying the condition where the vertex w €

N(v)suchthat >~ ]f(v) = 1. By assigning weight zero to the central vertex and weight one to

VEN[w
remaining vertices. Upper fractional dominating number of Line graph of K; 5 is one. A Star graph
Sn is the complete bipartite graph like (K;,) wheren = 3,4,5, ... we have complete graph on n
vertices where n = {3,4,5,6, ... } s0 the generalized result for G be the star graph Sn on n vertices and
L(G) be its line graph on n — 1 vertices with n — 2 regular graph then the sum I'; (G) +
n%-n
n-—2

Iy (L(6)) < n + == and product Ty (6) * Ty (L(6)) <
O
2.4 Bi-Star graph

The Bi-star graph is two copies of the star graph or two copies of (K ,, ) with a tree's core vertex
being an internal node and n leaves.

Theorem 2.4.1. If simple graph G is the Bi-Star of n vertices and graph L(G) be its line graph then
Dy, @) +y LE)=3

i) yr (G) *yr (L(G)) = 2

iii) Tr (G) + Ty (L(G)) = 2n + 2
Proof i) and ii): ([11]) A bi-star graph is created by combining the apex vertices with two copies of a
star graph. The set of vertices of B, ,, V (B,,) = {u,v,ui,vi|1 < i < n}, where u, v are center
vertices and ui, vi are all pendent vertices. The set of edges of B,, ,, is E (B, ,) = {uv,uui,vvi |1 <
i <n}So, |V (Byn)l=2n+2and|E (B,,)| = 2n+ 1. The fractional dominating number of Bi-

star graph will be y¢ (G) = 2 by assigning weight one to central vertices and weight zero to remaining
vertices (see the Figure 2.4.1A). The given line graph of Bi-star (K, 3) is connected graph with two
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copies of complete graph connected by one point so this graph is one point connectivity graph (see the
Figure 2.4.1B). A vertex connected graph is one with a minimal number of vertices whose removal
which results in a disconnected graph. We get line graph of Bi-star graph is one connected graph
therefore y; (L(G)) = 1.

In general for Bi-star graph or two copies of (K, ,) where n = {3,4,5,6,7, ... } we get y; (Kl,n) =2
and y (L(Ky,)) = 1. For the sum we have y; (G) + v, (L(G)) = 3 and v, (G) =y (L(G)) = 2.

vy Vg €3 e7 (B)
(A) Bi-Star graph K(1,3) Line graph of Bi-Star graph K (1,3)

Figure 2.4.1

iii) and iv) The upper fractional dominating number of (K, 3 ) is I'f ((K1,3) ) = 6 with consideration
of each vertex's closed neighborhood that satisfies the requirement where the vertex w € N[V] such

that ZU‘EN[W
vertices. The upper fractional dominating number of Line graph of (K;3) is s (L(Km)) =2 by
assigning weight one to vertex e; and es for remaining vertices weight zero so that adjacency relation
will satisfied. In general for Bi-star graph or two copies of (K;,,) where n = {3,4,5,6,7 ...} we get
result for G be the Bi-star graph (K, , ) on n vertices its 'y ((K1,n) ) = 2n and line graph of Bi-star
graph (K;,) on n—1 vertices its Iy (L(Kljn)) = 2 then for sum Iy (G) + Ty (L(G)) = 2n +
2and T (G) * Tr (L(G)) = 4n. O

]f(v) = 1 by assigning weight zero to the central vertices and weight one to remaining

2.5 Wheel Graph (W,)

To create a wheel graph a cycle graph C,,_, is used, by adding one vertex or W,, = C,_; + K; . Every
vertex is linked to every other vertex, forming a hub of C,,_; The line graph of wheel graph L(W,,)
contains a complete graph K,,_, with cycle of n — 1 vertices where each vertex of the cycle is
connected to two vertices of K,,_; .

Theorem 2.5.1 If G is wheel graph on n vertices with size m and L(G) be its line graph of m vertices
then i)y (G) + v, (L(G)) =1+ =, Where § (G) is minimum degree of L (G) and ii) Ir(G) +

5(6)+1
-1
Iy (L(G) <2+

Proof i): [11] A wheel graph of n vertices contains a cycle graph of length n — 1 and all the vertices
of the cycle are connected to a single central vertex. Thus, wheel graph on n vertices denoted by W,
for n > 3 is acquired by connecting a vertex to every vertex of cycle graph. The fractional dominating
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number of wheel graph will be y, (W;,) = 1. Wheel graph of n vertices contains m edges so the line
graph of wheel graph L (W) is a graph in which vertices corresponds to the edges of the original
wheel graph so it contains m vertices with a complete graph Kn—1 and the cycle of n — 1 vertices
where every vertex of the cycle is adjacent to other two vertices of Kn—1. The max degree of line
graph 4 (G) = n and min degree of line graph 6 (G) = 4. For example if wheel graph G = W,
with number of vertices n = 4 and number of edges m = 6 then line graph L(G) contains m = 6
vertices with a complete graph Ks.1 and the cycle of n — 1 = 3 vertices where every vertex of the
cycle is adjacent to two vertices of K41, We know that y, (W,) = 1 and the line graph L(G) where

G = W,isoforderm = 6and 6(G) = 4 we getyy (L(W,)) = 6(;’;“ < 6/5 by assigning weight (1/5)

for each vertex of line graph. If wheel graph G = Ws is of order n = 5 and size m = 8 then line graph
L(G) contains m = 8 vertices with a complete graph Ks.1 and cycle of n — 1 = 4 vertices where each
vertex of cycle is connected to two vertices of Ks.1. We found that if y (Ws) = 1 and its line graph of

orderm = 8 and 6(G) = 4 then y; (L(W5)) = 52—

of line graph. If wheel graph G = Wj is of order n = 6 and size m = 10 (See the Figure 2.5.1A) then
line graph L(G) contains m = 10 vertices with complete graph Ks.1 and the cycle of n—1 =75
vertices where each vertex of cycle is connected to two vertices of Ks.1 (See the Figure 2.5.1B). We

< 8/5 by assigning weight (1/5) for each vertex

found if y; (W) = 1its line graph of order m = 10 and §(G) = 4 then we get yy (L(W;)) < 5(:;1 =
. m
2 Hence, we get the generalized result for the sum v (G) + v, (L(G)) <1+ OER
(A) Wheel graph Ws (B) Line Qraph of Wheel gréph Ws

Figure 2.5.1

if) Upper fractional dominating number of wheel Graph W, is T'r (W,) = 2 with consideration of
the closed neighborhood of each vertex satisfying the condition where the vertex w € N[V] such that

> [W]f(v) = 1. For upper fractional dominating number of line graph of wheel Graph W, is

Te(L(Wy)) < nT_l as we have W, = C,,_; + K; and the line graph of wheel graph L(W},) contains
a complete graph K,,_; with the cycle of n — 1 vertices where each vertex of the cycle is adjacent to

two vertices of K,,_; and each vertex in cycle having degree four. If we assign the weights (¥2) for

each vertex of complete graph K,,_; and each vertex in cycle having weight zero will get the result
n

I (L(W)) < % and hence result for the sum T's (G) +T'f (L(G)) < 2 + nT_l
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2.6 Cubic graph

The regular graph with degree three is known as cubic graph. Trivalent graphs are another name for
cubic graphs. The Cubic graphs with n vertices exist only for even n whereas the condition for a graph
is to be cubic is given by m/n = 3/2, with m as size of graph and n be the order of graph.

Theorem 2.6.1 Let graph G is the connected cubic graph or trivalent graph with n vertices and m
edges and L(G) be its line graph with order m then

) 7 (6) + vy (L(6)) = T
i) v () * v (L(6)) = 5

4n+3m
12

i) T; (G) + I (L(G)) <

iv) Ty (G) *Tp (L(G)) < 22

Proof i) and ii): A graph with degree three at every vertex is called a cubic graph or 3-regular graph.
Cubic graph are also called trivalent graph. Cubic graphs on n vertices exist only for even n. For

example if G be the cubic graph with n = 6 vertices or 3-regular graph with size m = 9 then y, (G) =
n

Fvwie 6/4 by the definition of fractional domination number

(see the Figure 2.6.1A). Its line graph L(G) has m = 9 vertices as 4-regular graph so y; (L(G)) =
I = 9/5 (see the Figure 2.6.1B). The cubic graph with n = 4 called tetrahedral graph, The cubic

4+1
graph with n = 8 called cubical graph, for all such connected cubic graphs which are 3-regular graphs

of order n = {4,6,8, ... } we get the generalized result as y; (G) = ﬁ where r = 3. For its line graph

L(G) of order m with (r + 1) regular graph where r = 3, we have y; (L(G)) = % so for the sum we

get vr () +yr(L(G) ===+ if r=3 then y(O)+yL(G) =7+T=
m mn

v (@) rr (L@) =52 =10

5n+4
T and

(A) Cubic graph of 6 vertices (B) Line graph of 3-prism graph

Figure 2.6.1
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iii) and iv) For upper fractional domination number we used result 2.1.2 Let G is r-regular graph of n
vertices and m edges then I'; (G) < n/r. So The generalized result for connected cubic graphs with

degree three at every vertex of order n = {4,6,8, ... } and size m for r = 3, we get I'; (G) < g and L(G)
is (r + 1) regular graph so I'r (L(G)) < :—1 we get T (L(G)) s% . So sum Ty (G) + T (L(G)) <

4n+3m
12

and Ty (6) * Tp (L(G)) S T+ =" o

nym_
3 4
2.7 Cartesian product of graph (K, x P,,)

If we take Path graph P, and Complete graph K, then Cartesian product graph by K, x B, . For the
Complete graph like K, we have the set of vertices V(K,) = {k4, k,} and the set of vertices of path

graph B, is {p1, p2,. pn} respectively.

The set of verticesvfor Cartesian product of K, X B, isV (K, X B,) =V (K;) xV(PB,) and V(K,)
XV(P,)={(ki,pj) | ki €EV(K3),p; € V(B,)}and ‘e’ be the edge for Cartesian product K, X P, iff
e =< (ki,pj),(kr,ps) > where the condition holds as

[)i= randp; p; € Edge set of (P,),
if)j=sandp; p; € Edge set of (K3).
We need the following theorems on y; (K, X P,).
Theorem 2.7.1 ([10,11]) If G is the Cartesian product graph (K, x B,) for n > 1 then

n+1 ] ]
> if nisodd
yf(KZXPn): TL2+ZTL
m, ifniseven

Theorem 2.7.2 If G is the Cartesian product (K, X B,) of order 2n for n > 1 and L(G) be its line
graph of order 3n — 2 then y; (L(K, X B,)) = 2?"

Proof: In Cartesian product graph (K, X B,) for n > 1, we noted that K, and B, both are one
distance graph and the Cartesian product of the two unit distance graphs is also unit distance graph.
Let G; = (K, X P,) is the cartesian product of K, and P, we can see that it is cycle graph of order 4

2
so its fractional domination number is y; (K, X P,) = % = 4/3 and its line graph L(G,) is
isomorphic to original graph G, = (K, x P,) of order 3(2) —2 =4 soy; (L(K, x P;)) = ? =
3+1

4/3.Let G, = (K, X P3) be the cartesian product of K, and P; we canseethaty; (K, X P3) = - =

2. Its line graph L(G,) is of order 3(3) —2 =750 y; (L(K, X P3)) = ? = 2 by assigning each
vertex with weight (1/3) except central vertex. For central (hub) vertex we can assign weight zero so
that adjacency relation will satisfied.

Similarly if G;= K, x P, be the Cartesian product of K, and P, is graph of 8 vertices with
{v2 v3 ve v7} having weights (1/5) and {v1 v4 v5 v8} having weights (2/5) so y; (K; X P,) =

https://internationalpubls.com 681



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 6s (2024)

42+42(4) 12

24D — 5 2.4 (See the Figure 2.7.2A).

€1 €3

€g ey

eg e ey

(A)  Cartesian product of (K, X P,) (B) Its Line graph ( K, X P,)

Figure 2.7.2

Its line graph L(G3) is of order 3(4) —2 = 1050y, (L(K, X P,)) = % = 8/3 with vertices

{e1, e, e3 €4 €5 €g €7 ejo } having weights (1/3) and vertices {eg ey} having weights zero. (See the
Figure 2.7.2B). These are minimal fractional domination numbers by considering the closed
neighborhood of each vertex satisfying the condition where the vertex w € N[V] such that

ZUEN f(v) = 1. Hence in general form by theorem 2.7.1 we get ys (K, X B,) =
T’ ifnisodd andys (K, X B,) = :(;Zl),Lf n is even. Therefore in its line graph L(K, X Pn)
with 3n — 2 vertices forn > 1 we have y; (L(K, X B,)) = 2?" . O

2.8 Cartesian product graph (K3 x P,,)

If we take the path graph B, and Complete graph K5 then Cartesian product graph represented by K5
X B, . For the three vertex Complete graph K3, The vertex set V(K3) = {k4, k, k3} and the vertex set
for path graph P,is {p1,p2. pn} resp. The vertex set for Cartesian product of (K3 X B,)is
V (K; X B,) =V(K;3) X V(B,) and

V(K3) X V(P,) = {(ki,p;) | ki € V(K3),pj € V(P,)} and ‘e’ be the edge for Cartesian product
(K3 x By)iffe =< (k;,pj),(ky ps) > where the condition holds as

[)i= randp; ps € Edge set of (B,), ii)j =sandp; ps € Edge set of (K3).
Theorem 2.8.1 Let G is the Cartesian product graph (K3 x PB,) of order 3nforn > 3 and L(G) be

22 and yy (L(K; X By)) = 22

its line graph of order (6n — 3).thenyr (K3 X B,) =

Proof: For the Complete graph K5 and path graph B, , we have graph of Cartesian product denoted by

(K3 x B,) of order 3nforn > 3. Let G; = (K3 X P3) be the Cartesian product of K; and P; we can

e

by assigning weight (1/5) to every vertex of the set {v1 v2 v3 v5 ve v7 v9 } and welght (2/5) to

every vertex of the set {v4 vg }. For G is Cartesian product graph (K; x P,) of order 3nforn =3

then for fractional domination numbers we found sequence of numbers as {11/5, 14/5, 17/5, 20/5,
Snt 22 see the Figure 2.8.1A).

see that it is graph of order 9 so its fractional domination number is y (K3 X P3) =

- S0 that in general y; (K3 X P,) =
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In contradiction if we have y; (K3 X B,) =k and k < % then adjacency relation is not satisfied

with Z;";N[W]f(v) = 1 therefore there does not exist such k where k < % Hence with minimal

3n+2

weights we have y¢ (K3 X P,) = =

Vy V3
e
@3 2 7
€12 €3
€4 €15
= I s 15 Vy
10 Ve 11
813 &4
@3 - f
Vg 5 Vs

(A)  Cartesian product of (K3 X P3)
Figure 2.8.1

In its line graph L(G;) = L(K3 X P5) of order 6(3) — 3 = 15 we get y; (L(K3 X P3)) =
3[2(3)+1]
7
{e1,e3 e5 e6 €9 €10, €12 e14 e15 } and weight (2/7) to every vertex of the set

{e2 e4 e7 ege11 e13} see the Figure 2.8.1B).

= % = 3. By assigning weight (1/7) to every vertex of the set

(B) Line graph of Cartesian product of ( K3 X P3)

Figure 2.8.1
Let G,= (K; X P,) be the Cartesian product of K; and P, we can see that it is graph of order 12 so
its fractional domination number is yf (K3 X P,) = 3(45)+2 = 14/5 by assigning weight (1/5) to 10

number of vertices and weight (2/5) to other two vertices. In its line graph L(G,) = L(K3 X P,) of

order [6(4) — 3] =215s0 Yr (L(K3 X P, )) — 3[2(‘;)+1]

of vertices and weight (2/7) to six number of vertices. These are minimal fractional domination

= 2—77 by assigning weight (1/7) to 15 number

numbers by definition satisfying the condition where the vertex w € N[V] such that ZUEN[W] fv) =
1. Hence if graph G is the Cartesian product (K; X B,) of order 3n for n > 3 then for the fractional
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3n+2

- } and L(G) be
its line graph of order (6n — 3) then fractional domination numbers formed by sequence {21/7, 27/7,

33/7,39/7, ... 225D y therefore yy (s x B) = 222 and g (L(K; x B)) = 222,

domination numbers we found sequence of numbers as {11/5, 14/5, 17/5, 20/5, ...

3(2n+1)
7

In contradiction if we have y; (L(Ks; x B,)) =k and k < then adjacency relation is not

satisfied with Z;N[W] f(v) = 1 therefore there does not exist such k where k < @ Hence with

3(2n+1)
7

minimal weights we have y; (L(K5 X B,)) = O

2.9 The Cartesian product of two cycle graphs Cm X Cn

Cycle graph Cn and Cp, taken to form Cartesian product and is denoted by (Cm X Cn) whose
vertex set is V (Cm ) X V (Cn) where u = (uq,u, ) and v = (v4,v,) are connected if u; = vy
in Cm and u, is adjacent to v, in Cnp or u, is adjacent to v; in Cm and u, = v, in Cn. It
is also known as torus grid graph Tm,» formed by Cartesian product of two cycle graphs Cm and Cn,

Theorem 2.9.1 Let cycle graphs Cm and Cn are two graphs with m and n vertices respectively
and let G = Cm X Cn is Cartesian product of two cycle graphs. Let L(G) be its line graph then
Dy (G +yr(L(G) =+

2mn
7
mn 2mn

i) vy (G) * vy (L(G)) = —*—,

fes mn mn

(i) Tr (G) + T (L(G)) < ~ T3

. mn mn

iv) T (G) *Tr (L(G)) < ~ * 5
Proof i) and ii): We have taken reference to [7], in graphs of Cartesian product C;n X Cn ) the set of
vertices of Cm will be V = {v1,v2,v3,..,vm} and the set of vertices of Cn will be U =
{u1,u2,u3, ... ,um } The graph G has order mn and size 2mn with each vertex has degree 4 or 4-
regular graph. The line graph L(G) has order 2mn with each vertex has degree 6 or 6-regular graph.
For fractional domination number we used the theorem 1.9 for following cases:

Case 1. When m and n are even and distinct if m = 4,n = 6 then the graph G = (Cm X Cn)
has order 24 and size 48 with each vertex has degree 4. Hence we have y; (Cy X Cg) = 24/5.The
line graph L(G) has 48 number of vertices with each vertex has degree 6. Therefore we get

Yr (L(G)) = v; (C4 X Cg) = 48/7.

Case 2: Whenm isevenandnisoddif m = 4,n = 3 thenthegraph G = (C4 x €3 ) forexample
circulant graph has order 12 and size 24 with every vertex has degree 4. Hence y; (C, x C3)= 12/5.
The line graph G has order 24 with each vertex has degree 6. Therefore we get y, (L(G)) =
Yr (Cy X C3) = 24/7.

Case 3: When m and n are odd and equal if m = 3,n = 3thenthegraph G = C; x C;3 for
example generalized quadrangle graph has order 9 and size 18 with each vertex has degree 4.
Therefore we get yr (C; X C3) = 9/5. The line graph (G) has order 18 with every vertex has degree
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6. Therefore v, (L(G)) = y; (C, X C3) = 18/7.

Case 4: When m and n are even and equal if m =4, n = 4 then the graph G = C4 x C4 for example
tesseract graph has order 16 and size 32 with each vertex has degree 4. Hence we get yf (C, X C,) =

%. The line graph (G) has order 32 with every vertex has degree 6. Therefore y; (L(G)) =
yr (Cy X C4) =32/7.

Case 5: When m and n are odd and distinct if m = 3,n = 5 then the graph G = C3 x Cs has

15 number of vertices and size 30 with every vertex has degree 4. Hence y; (C3 X Cs) = % = 3.

The line graph (G) has 30 number of vertices with each vertex has degree 6. Therefore y; (L(G)) =
¥r (C3 X Cs) =30/7. Hence in generalized if G = Cm X Cn be 4-regular graph with order

2mn

mn and graph L(G) be 6-regular graph of order 2mn then y, (G) + y¢ (L(G)) = % + and

7
mn 2mn

v (6) %y (L(G)) = T2 w202

7

Example 2.9.1 When m = 3,n = 4 the Cartesian product graph G = C; x C, given inFigure
2.9.1A). Soyf (C3 x Cy) = 12/5.

(A) Cartesian product graph G = C3 X C, "
(A)  Line graph of Cartesian product
G =C; X C,

Figure 2.9.1

The line graph of Cartesian product G = C; X C, given in Figure 2.9.1B) The line graph L(G) has
24 vertices with each vertex has degree 6. Therefore vy (L(G)) = y¢ (C3 X Cy) = 24/7.

iii) and iv) The theorem 2.1.2 give G = Cm X Cn be 4-regular graph of order mn then its upper
fractional domination number is T (Cm X Cn) < mn/r and L(G) be 6-regular graph of order

2mn

2
2mnthen Ty (L(Cm X Cn)) < % hence Ty (G) + Iy (L(6)) < % +=— and Ty (G) *

Iy (L(G) s -+ = O

https://internationalpubls.com 685



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 6s (2024)

3 Applications
Join and Union

The first graph G and second graph H have two set of vertices as V; and V2 which lack coherence
or disjoint whereas the edge sets are X; and X, respectively. The union (G U H) represented as
graphs such that V = (V; UV,) and X = ( X; U X;) If graph G has order n, and size m,, graph
H has order n» and size mo then forunion G U H we have n,+ n, vertices and m;+ m, edges. So
It is recognized that y, (GUH) = y;(G) + ys(H) and I's (GU H) =T (G) + Ty (H) here we
have taken graph (C3; U P; ) so immediately we have y;(C3U P;) = yr(C3) + yr(P3) and
Ir(C3UP;) =Tf(C3) +Tr (Ps). (see Figure 3A).

The Join for graph G and H denoted by (G + H) has vertex setV (G + H) = V(G) U V(H) and edge
set E(G+H)=E(G)VE(H)U{(gh)|g € V(G),h € V(H)}. If graph G has order n; and size mz,

graph H has order n2 and m2 number of edges then for join G + H we have n1 + no vertices and (m,
+m, +nyn,) number of edges. Here we consider the graph (C3 + P3) (see Figure 3B).

®

©
(A)  Graph C; U P,

Figure 3

We will now state several results involving fractional domination of graphs. Clearly,
¥r (G + H) <min {y; (G), y; (H)} and T; (G + H) = max {I} (¢), Ty (H)}.

We have the following theorems on y, (G + H) and T (G + H).

Theorem 3.1 ([4]). Given graphs G and H, we have

1 if yp(G)=1or ys(H) =1,
vr(G+H)= 9 _ Vi (@+yr(H) -2

Y @y (D1 Otherwise .

Ff G+ Ff (H)-2

And Ty (G +H) =2 - FEoi—

Theorem 3.2 ([4]). For graph G and graph H we have using 1/00 = 0,

1/ ys (H), if vr(G)=oo
-5 _ )1/ v (G), if vp(H)=o0
yf (G + H) 2 Te(G)+Tp(H)—2

@) T D1 Otherwise
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(Figure 3A) as union for 3 vertex cycle and 3 vertex path graph and (Figure 3B) as join for

the same. So y; (C3) = 1 whereas I'; (C3) = 3/2, yf(P;) = 1 and I'; (P3) = 3/2, Same concept

for 5 vertex cycle graph and 4 vertex path graph, as per the join and union we get y; (Cs) =5/3

and I's (Cs) = 5/2 whereas yr (P,) =2 and I'; (P,) = 4/2. Therefore theorem on union gives
Yp(CsUP,)=5/3 +2 =11/3 and Ty(CsUP,)=5/2 + 2 = 9/2. Theorem on join

(5/3)+2-2 — 9/7 and Ff (CS + P4) =2 — w = 11/8

gives yr(Cs+P) =2 — (5/3)2-1 (5/2)%2—1

Theorem 3.3 Let G is cycle graph C,, and L(G) is line graph, we have

1 if vr(G)=1or y;(L(G)) =1,
L = 2n _
vy (G + L(G)) 2— 5 2 Otherwise

-1
9

n-—2

and T'r (G + L(G))=2—

n? 1'
4

Proof. Theorem 2.1.1 and Theorem 3.1 gives y; (C,,) = n/3 and y¢ (L(C,)) = n/3 s0y¢ (G) +
2
vr (L(G)) =S and y; (G) * v (L(G)) = hence y; (Cp + L(C)) = 1if ¥£(6) =

®_s
=2 _ ., _ 6n-18

n? 1 nz-9

Lor y;(L(G)) = 1 otherwise y; (C, + L(C,)) =2 — . Similarly Ts (C,,) =

9

n/2and Ty (L(C,)) = n/2 S0 Ty (Co) + Ty (L(C)) = nand Ty (C,) Ty (L(C,)) = 2~ hence

-2 4n -8
[r(Cp +L(Cy)) =2— :_2_1=2— -
4

O

Theorem 3.4 For the graph G as complete graph K,, and L(G) be its line graph, we have

1 if vr(@=1or y(L(&)) =1,
G+ L(G)) = 14 2202
Vf( (@) 2 _ % Otherwise
n-4)+1 1
n(n-1)/2

2
and Ty (G +L(6)) =2 - —mii—
2n-4

. . . _ n(n-1)/2

Proof: Theorem 2.2.1 and Theorem 3.1 gives y; (K, ) = 1 and y; (L(K,)) = a1 O
_ n(n-1)/2 __n(n-1)/2

¥y (6) + vy (L(G)) = 1+ =2 and vy (6) + ¥y (L(O)) = G

Hence ys (K, + L(K,;)) =1, if yf(G) =1or y;(L(G)) = 1, otherwise
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nn-1)/z2

Ve (Ko + LK) = 2 — 2t — — . Similarly Ty (K,) = 1 and Iy (L(Ky)) = —n(;:_li/z S0
n—-a)+1
Ir (6) + T (L(G)) = 1+ 52 and Iy (6) + Ty (L(6)) = "2 hence Ty (K, + L(K,)) =
nn-1)
1 22
2~ :
D

2n—4

Theorem 3.5 Let G is the S,, as star graph, L(G) be its line graph, we have

vs (G +L(6)) :{1 if ve(G)= 1'or Yr (L(G)) =1,
2 Otherwise
n+o— -2
and T'r (G + L(G))<2 - e
n-2

Proof: Theorem 2.3.1 and Theorem 3.1 gives y¢ (S,) = 1 and y; (L(S,)) = 150y (G) +
¥ (L(G)) = 2 and y; (G) * ¥; (L(G)) = 1 hence y; (S, + L(S,)) = 1if y; (G) =
Lor y;(L(G)) = 1 otherwise yf (S + L(S,)) = 2. Similarly l“f (Sp) =nand Iy (L(S,)) =

-1

Theorem 3.6 Let G is the graph (K ,, ) a as bistar graph and L(G) be its line graph, we have
Vi (G+L(G)=1if y;(G)=1or y,(L(G) =1

and T (G + L(G))=2—

4n-1'

Proof: Theorem 2.4.1 and Theorem 3.1 gives y; (G) = 2 and y (L(G)) = 1s0 y; (G) +

¥y (L(G)) = 3 and y; (G) * y; (L(G)) = 2 hence y; (G + L(G)) = 1if y;(G) = 1or ¥, (L(G)) =
1. Similarly Ty (6) = 2nand Ty (L(G)) = 2 soTf (G) + Ty (L(G)) = 2n + 2and I (G) *

Iy (L(G)) =4n, T, (G+L(G)) <2 — 2’1 -

O

Theorem 3.7 For the graph G be the wheel graph on n vertices with size m and L(G) be its line
graph, where §(G) is minimum degree of L(G) we have

1 if ¥r(6)=1or y (L) =1,
G + L(G))= 1+L—
G CO S P i Otherwise
5(G)+1
2+nT_1—2
and Tp (G +L(G) <2 —-—F—
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m
5(G)+1

hence y; (W, + L(W,)) =1 if y;(G) =

Proof: Theorem 2.5.1 and Theorem 3.1 give yr (W,) =1 and y; (L(W,)) =
yr(L(G)) =1+ 5@ and yr (G) *yr (L(G)) =
Lor v, (L(G)) =1,

0 yr (G) +
m
5(G)+1

. 1 +ﬁ— 2
otherwise y; (W, + L(W,,)) = 2 — — - Similarly [y (W,) = 2and Iy (L(W)) =n—1/2s0

5GO+1

Ir (G)+ T (L(G) <2 + ”T‘l and Ty (G)*T;(L(G)) <n—1hence T, (G +L(G))<2—

2422 _
n-—2
Theorem 3.8 If graph G be the connected cubic graph or trivalent graph with order n, size m and

L(G) be its line graph of order m we have

1 if yp(G)=1or vy (L(G)) =1,

G + L G)= sn+4m
yf( ©) 2 — —5% 12 Otherwise

4n+3m_

and T (G + L(G)) <2 ——&

12

Proof: Theorem 2.6.1 and Theorem 3.1 gives yf (G) = n/4 and yf (L(G)) = m/5 s0 y¢ (G) +
__5n+4m

v (L(G)) = % + % ==——and y; (G) * vy (L(6)) = g * % = mn/20 hence y; (G + L(G)) =1 if

-1

5n+4m

¥r (G) = 1or yr (L(G)) = 1otherwise y (G + L(G)) = 2 — & 2 Similarly I's (6) = n/3 and

1 .
20

__ 4n+3m

Ir(L(G)) =m/4. So T;(G)+ T (L(G)) < g + % = =" and Ty (G)* Ty (L(G)) < mn/12

an+3m

hence Iy (G + L(G)) < 2 — —f—— D
12

Theorem 3.9 Let G is the Cartesian product graph (K, x B,)forn > 1
and L(G) be line graph of order 3n — 2 we have

( "T“+2?"—2
2_
n+1 2n
L ]
2 3
Vf(CH'L(G)):< n?4+2n  2n
2_2(n+1)"'?
n2+2n*2_n
\ 2(n+1) 3

if nisodd

-2

if nis even.

-1

Proof: Theorem 2.7.1 and Theorem 3.1 gives y; (K, X P,) = nT“ if nis odd and

2
Ve (K, X Py) = ;l(n"flr;, if nis even. The theorem 2.7.2 gives y; (L(K, X B,)) = Z?n s0 y¢ (G) +
n+1 2n . . n%+2n 2n ., ,
vr (L(G)) = — t 5 if nisodd and y¢ (G) + v (L(G)) = PTETEY + 5 if niseven. Hence
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v, (G +L(G)) =2 - Wﬂ_j if nis odd and v, (G + L(6)) = 2 —

2 3
TL +2n 2n
2(n+1) 3 . .
—n2+2n — if niseven. i

2(n+1)

Theorem 3.10 Let G is the Cartesian product graph (K53 X B,) of order 3n forn > 3 and L(G) is
its line graph of order (6n — 3) then

1 if vr(G)=1or y(L(G))=1,
3n+2 3@2n+1
v (G +L(G)) = nt2 3@+l _,
4 __2 7 Otherwise
3n+2*3(2n+1)_1
5 7

3n+2

Proof: Theorem 2.8.1 and Theorem 3.1 gives y; (K3 X P,) =
3(2n+1)

and y; (L(K; X B,)) =
and v (G) * ¥y (L(G)) = 22, X2 hence

3n+2 3(2n+1) 2

Y (G+L(G®)=11if ys(G)=1or y;(L(G)) =1and y,(G +L(G)) =2- W

5 7 1
otherwise. O

3n+2 3(2n+1)

$0 5 (G) + vy (L(G)) = +

3Tl+2

Theorem 3.11 Let Cm and Cn, are the two cycle graphs with m and n verticesrespectively and let
G = Cm X Cn be the Cartesian product. Let L(G) be its line graph we have

1 if v(G)=1or y(L(G)=1,
2mn
G+L(G)) = =+ S0 2
yf( ( )) 2 — 5 7 Otherwise
mn 2mn 1
5 7
and Ty (G + L(G)) < 2 — i
4 3

Proof: Theorem 2.9.1 and Theorem 3.1 gives y; (G) = % and y; (L(G)) = Zan where G =
Cm X Cn observed as Cartesian product cycle graphs so yr (G) + y; (L(G)) = m + Zm—n and

Yr (G) * v (L(G)) = — "+ 2™ hence Vs (G + L(G)) =1if yr(G)=1or ys (L(G)) =1,
otherwise yy (G + L(G)) =2- % Similarly I's (G) <X and s (L(G)) <50 I'r (G) +
Ir (L) <+ 28 and T (6) * Ty (L(G)) <=2« hence I (G + L(G) <2 — #_:_i

4. Applications

. Transportation Networks: Graph theory helps in optimizing transportation networks, such as
road networks or flight routes. Line graphs can represent these networks where nodes represent
intersections or airports, and edges represent roads or flight paths.
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. Communication networks: Graph theory is used in designing and optimizing communication
networks, such as telephone networks or internet routing. Line graphs can represent these networks
where nodes are switching points or routers, and edges represent communication links.

. Computational Biology: [13] Here we have used these concepts in computational biological
systems such as gene regulatory networks, protein-protein interaction networks and healthcare network
optimization. Line graphs can represent these networks where nodes are biological entities and edges
represent interactions or biochemical reactions.

5. Conclusion

we have obtained bounds like lower and upper for sum of y, (G) + y¢ (L(G)) and exploring the
graphs for upper fractional domination number including cycle, complete, star, Bi-star, wheel, cubic
graph, graph of Cartesian product like (K, X B,), (K3 X B,) and (Cm X Cn). For these graph
classes, the fractional domination number of L(G) can be related to the fractional domination number
of G. Our results show that there is a correlation between the sum of fractional domination number of
a graph and its line graph. Parameters related to fractional domination in line graphs towards
generalization.
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